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Preface 



There are many books on classical mechanics. They can be roughly divided 
into two classes. One contains books which, in order to be more accessible, are 
sometimes less transparent with respect to the underlying theoretical struc- 
tures; the other contains books giving the general, analytical and geometrical, 
structures of classical mechanics. In the latter, due to greater complexity of the 
mathematical tools involved, it is however difficult to find books suitable for 
teaching the subject to graduate students, often because they do not contain 
a teaching proposal but rather they appear to be written by authors for their 
colleagues. This book is intended to belong to the second class, but without 
the shortcoming that was just mentioned. 

Part I, Part II and, partially, Part III are intended to be a teaching proposal 
suitable for graduate students. Thus, they are written from the point of view 
of a student but with the aim of giving a general understanding of the theory. 

Part IV, instead, is concerned with the current research topic of completely 
integrable field theories and could be even used independently of the others. 
This part is not written with the same pedagogic spirit that animates the 
previous chapters and probably it would have required additional chapters 
concerning the Lagrangian and the Hamiltonian formulation of field theory. 
However, a pedagogic treatment of the last subject would have taken too much 
space-time. 

I am grateful to my friends: 

Giuseppe Marmo, for the invaluable help in reading the manuscript, criti- 
cism and important suggestions and for the very many years of common efforts 
toward an understanding of complete integrability in field theory. 
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Giovanni Sparano and Alexandre M. Vinogradov, for criticism and several 
remarks in special topics. 

Vladimir S. Guerdjikov, Mario Rasetti and Geoffrey L. Sewell who strongly 
encouraged me to write this book. 

I also wish to thank my friends: 

Sergio De Filippo and Gianni Landi for many years of collaboration. 

Finally, I wish to thank Roberto De Luca whose expertise, both in Physics 
and English, allows me to offer a readable final version. Of course, I am the 
only one responsible of remaining mistakes. 

G.Vilasi 

Salerno , April 1998 




Introduction 



A large amount of scientific activity has been devoted to the asymptotic and 
geometrical analysis of dynamical systems. This interest was born towards 
the close of the nineteenth century after the publication of Les Methodes Non- 
velles de la Micanique Celeste in 1892, by Henri Poincare. The proposed new 
methods insist on interpreting differential equations as integral curves of vector 
fields on manifolds, and to analyze the problems concerning long term stabi- 
lity of a dynamical system, for instance, the solar system, by studying their 
topological properties. 

Henri Poincare was the first to recognize the extraordinarily complicated 
behavior (today known as chaos) of orbits in the vicinity of a separatrix, whose 
analysis needed the introduction of entirely new mathematics. 

Poincare’s suggestion lies in the origin of modern topology, with its powerful 
tools consisting of tangent and cotangent bundles, differential forms, exterior 
algebra and calculus, homology and cohomology. All such notions are usually 
associated with general relativity, string theories, or gauge theories, and not 
with their main source, Classical Mechanics. 

On the other hand, in the last few decades there has been a renewed interest 
in completely integrable Hamiltonian systems, whose concept goes back to the 
last century, and which, loosely speaking, are dynamical systems admitting a 
Hamiltonian description and possessing sufficiently many constants of motion, 
so that they can be integrated by quadratures. 

This interest, which previously had considerably weakened, for the really 
exiguous number of physically prominent examples of completely integrable 
dynamics with finitely many degrees of freedom, revived with the discovery of 
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Introduction 



Lax Representation and Inverse Scattering Method . The Lax Representation 
made possible the solution of many problems of remarkable physical interest as 
the ones described, for instance, by Korteweg-de Vries , sine-Gordon , nonlinear 
Schrodinger equations and Todays lattice. All such dynamics are Hamiltonian 
dynamics on infinite dimensional weakly- symplectic manifolds, on which the 
classical Liouville criterion of integrability can be extended in terms of mixed 
tensor fields with vanishing Nijenhuis torsion. 

Peculiar, in the approach to integrability in terms of invariant mixed tensor 
fields, is the direct construction of abelian maximal algebras of symmetries, 
leaving out the associated groups, so that only the algebraic aspect of the 
traditional methodology is reproduced. An exemplary case is given by the 
Kepler dynamics, in which both the integrability and the degeneration, classical 
and quantum, are inferred by identifying the corresponding invariance groups 
(50(3) and 50(4)). 

On the other hand, it is just by means of the modern theory of Hamilto- 
nian systems, based on the analysis of symmetries, that an algebraic group 
approach arises from the analysis of Lax dynamics. This approach arises from 
the observation that Hamiltonian dynamics, on the orbits of the coadjoint rep- 
resentation of a Lie group endowed with their natural symplectic structure, are 
Lax dynamics, provided that an internal product, invariant under the adjoint 
action, exists in the Lie algebra. The group approach analysis, even if from 
one side has the merit to be constructive, on the other, is not fit to investigate, 
a priori , the possible integrability of a given dynamics. 

In these lectures we shall look at this geometric approach to the study 
of Hamiltonian dynamical systems, specially in connection with the kinds of 
problems which arise in completely integrable 2-dimensional field theories. 

It would have been interesting to include a chapter concerning noninte- 
grable dynamics, an essential topic for the theory of particles dynamics in 
accelerators. 

However, this last one is a vast subject and goes beyond the purposes of this 
book. We will spend however a few words to delineate the idea of invariant tori 
in phase space, to define and illustrate the structures for organizing dynamics 
and the origin of chaotic orbits in nonintegrable systems. 

Finally, I also hope to lessen the impression, sometimes due to a formal 
approach, that classical mechanics is a closed subject with no mysteries left to 
explore. 
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Part I 

Analytical Mechanics 




The aim of this part is a self-contained treatment of Classical Mechanics in 
an advanced formulation. Many topics relevant to applications will not be 
treated, since they can be found in excellent textbooks . 9,21 ’ 23 ’ 24 ’ 32,38,39 ’ 47,57 
Our treatment is inspired by two important classical textbooks, Lezioni di 
Meccanica Razionale by T. Levi-Civita and U. Amaldi, and The Analytical 
Foundations of Celestial Mechanics by A. Wintner . 36 ’ 58 

Definitions will be given for a particle , i.e. for a body whose space dimen- 
sions can be neglected with respect to the dimensions of the space in which it 
moves, and naturally extended to systems of particles and to continuous sys- 
tems (fields). The simplicity of the formal extension from systems of particles 
to fields, and the difficulties for a rigorous extension, will limit the treatment 
to systems of particles. 
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Chapter 1 

The Lagrangian Coordinates 



1.1 A Primer for Various Formulations of Dynamics 

1.1.1 The Newtonian formulation of dynamics 

The Newton formulation of classical mechanics is based on three principles : 
The First Principle or Galilei's* Principle of Relativity 

• There exist special observers with respect to which a particle not being 
acted upon by any force moves with a rectilinear motion. 

• Such an observer will be called an inertial observer or an inertial frame. 
He can define the time in such a way that the motion appears to be 
also uniform. 

• Any observer moving with rectilinear and uniform motion with respect 
to an inertial observer is an inertial observer too. 



•Galileo Galilei was born in Pisa on February 15, 1564 and died in Arcetri (Florence), 
Italy on January 8, 1642. The author of Dialogo dei Massimi Sistemi ( Landini ed. Florence , 
1632), and Discorsi e dimostrazioni matematiche intomo a due nuove scienze attenenti alia 
meccanica e i movimenti locali ( Leida , 1638), Galilei is considered as the inventor of the 
dynamics. 
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The Lagrangian Coordinates 



The Second Principle or Newton’s t Second Law 



• In an inertial frame, once the time has been chosen as specified before, 
the motion of a particle is governed by the differential equation: 

rna — F , 

where m is the mass of the particle, a its acceleration and F the force 
acting on the particle. 

• It is an experimental observation that forces acting on a particle can 
change with time t or with the position r and the velocity v of the 
particle. Thus, the force is represented as a vector function of variables 
(£,r,t?), and the second law is more explicitly written in the form 



d 2 r 



m 



dt 2 



= F 




(i.i) 



Third Principle 

• The total momentum P and the total angular momentum L of an 
isolated system of particles do not change in time. 



dP 

dt 



= 0 , 




(1.2) 



In many elementary textbooks a statement can be found, namely: that 
the first principle is a particular case of the second principle when the force 
vanishes. So expressed, the statement is wrong. Actually, it suggests that 
the distinction between kinematics and dynamics is artificial, and that inertial 
frames can only be defined dynamically, as the following discussion well shows. 



1 . 1.2 A discussion on space and time 

In Newton’s principles, at least three concepts are given as natural and abso- 
lute, namely: 

• we are able to state that no forces act on a body; 

t Isaac Newton was born in the castle of Woolsthorpe, a little village to the south of 
Grantham in Lincolshire, England, on Christmas 1642, eleven months after the death of 
Galilei. He died in a suburb of London in 1727. The author of the celebrated Philosophiae 
Naturalis Principia Mathematica ( London , 1687), in which the foundations of mechanics 
and mathematical physics are exposed, Newton invented, by himself, the main tool of in- 
vestigation; i.e. the differential calculus. On his grave, in Westminster Abbey, it is written: 
Sibi gratulentur Mortales tale tantumque extitisse Humani Generis Decus. 
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• we have a notion of an absolute straight line; 

• we have a notion of an absolute time as “ flowing uniformly” to quote 
Newton. 

Concerning the absence of forces, it is evident that Newton’s definition of a 
free body as “ a body far away from any other body in the Universe” presumes 
that all forces decrease with distance. Thus, Newton was only thinking of 
gravitational forces. 

It is clear that it was an attempt by Newton to abstractly generalize the 
definition of an inertial observer given by Galilei, who defined inertial as a 
frame which is stationary with respect to the “fixed stars”. However, after 
Mach, we are aware that the inertia is related to the surrounding Universe, so 
that the more pragmatic definition given by Galilei is much more acceptable. 

Galilei recognized, as a result of clock measurements, that approximately 
free bodies move in an approximately inertial frame, along approximately 
straight lines with approximately constant velocities. His tools were an in- 
clined plane to slow the fall, a water clock to measure its duration, and a 
pendulum to avoid rolling friction. 

“ Inoltre , e lecito aspettarsi che , qualunque grado di velocita 
si trovi in un mobile , gli sia per sua natura indelebilmente 
impresso , purche siano tolte le cause esteme di accelerazione 
e di ritardamento ; il che accade soltanto nel piano orizzontale\ 
infatti nei piani declivi e di gia presente una causa di accelera- 
zione , mentre in quelli acclivi di ritardamento ; infatti , se e 
equabile , non scema o diminuisce, ne tanto meno cessa” (G. 

Galilei, Discorsi e dimostrazioni matematiche intomo a due 
nuove scienze , Terzo giorno) 

Newton was aware that Galilei’s conclusion might be only approximately 
true, but he was very impressed by the existence of numerous coordinate trans- 
formations leading to coordinate systems, in which the Galilei description can - 
not be given. Then he elevated the Galilei approximate empirical discovery to 
the position of a rigorous principle, the inertia principle ) and stated that ab- 
solutely free bodies move, in an ideal inertial frame, with absolutely constant 
velocities along perfectly straight lines. 



“ Absolute space , in its own nature and with regard to any- 
thing external , always remains similar and unmovable . Relative 
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The Lagmngian Coordinates 



space is some movable dimension or measure of absolute space , 
which our senses determine by its position with respect to other 
bodies , and is commonly taken for absolute space” 

From that, Newton also defines an absolute time congruence. 

As far as the notion of a straight line is concerned, we need a structure of 
vector space, and we know that, on the same space, we can give different vector 
space structures. Thus, the notion of straight line is observer-dependent. 

The same can be said about Newton’s allusion to time, for a rate of flow 
can be recognized as uniform only when measured against some other rate of 
flow taken as standard. In other words, we need a comparison dynamics . 

Even if, from a theoretical point of view, the law of inertia should allow us 
to get an accurate determination of congruent intervals, the impossibility to 
observe freely moving bodies, due to the presence of frictional and gravitational 
forces, suggested to define a frame to be Galilean if a perfectly rigid sphere 
rotating without friction about an axis, fixed in the frame, has a uniform or 
constant rate of rotation. Here, constant is understood as measured in terms 
of the standards of time congruence, defined by a freely moving body under the 
ideal conditions required by the principle of inertia. The previous definition 
is still far from perfect, but at least, is coherent with a definition of time 
congruence based on the principle of causality which, following Weyl, can be 
given as follows: 

“If an absolutely isolated physical system reverts once again to 
exactly the same state as that it was at some earlier instant , 
then the same sequence of states will be repeated in time , and 
the whole sequence of events will constitute a cycle. In general , 
such a system is called a clock. Each period of the cycle lasts 
equally long” 

We now come to Einstein’s definition of Galilean frame, as implicitly given 
in special relativity: The velocity of a light ray passing through an inertial 
frame will be the same regardless of the relative motion of the luminous source 
and frame , and regardless of the direction of the ray. 

Remark 1 Actually , this property of the light defines the conformal group 
which contains the Lorentz group as a subgroup . 

The optical definition presents a marked superiority over those of the 
pre-relativistic physics. While, with earth’s rotation, we had to assume the 
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correctness of Newton’s law to determine the corrections required by earth’s 
breathing and by the friction of the tides, the new definition is just based on 
the most highly refined experiments known to physicists. 

The relevance of Einstein’s definition lies in the consequences which follow 
from the attempt to correlate space and time measurements between two in- 
ertial frames in relative motion. The concepts of space and time congruence 
lose the classical attributes of universality given to them by the Newtonian 
physics. It is then found that congruence can only be defined in a universal 
way (independent from the observer) when we consider the extension to the 
4-dimensional space-time. 

“And now , in our time , there has been unloosed a cataclysm 
which has swept away space, time and matter , hitherto regarded 
as the firmest pillars of natural science , but only to make place 
for a view of things of wider scope, and entailing a deeper vi- 
sion” H. Weyl (Space, Time and Matter). 

Wonderful as they may appear, Einstein’s previsions have thus far been 
verified in every detail. 

After our short discussion on 

• the Galilean and Newtoriian principles of relativity , 

• the Einstein special principles of relativity , 

it appears useful, after 115 years from the appearance of Mach’s book, 40 and 
after 83 years from Einstein’s article, 90 to also discuss 

• The Einstein general principles of relativity. 



The principle is assumed after the results of the mentioned Galilei’s exper- 
iments on free falling bodies, later confirmed by Eotvos’ (1889) and Dicke’s 
(1967) measurements, which suggest that, at any point in space-time, a refer- 
ence frame can be chosen, henceforth called locally inertial frame , such that, 
in a sufficiently small neighborhood of the point, the motion of a free falling 
particle is described by the equation 



d 2 r 

dr 2 



= 0 , 



where the £’s are the coordinates in the locally inertial frame, and r is any 
parametrization of the curves ( principle of equivalence ). 
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Thus, by assuming that a differentiable map exists between the coordinates 
x a in the laboratory frame and the coordinates £ in the locally inertial frame, 
by the above equation we obtain 

± (dt°\ = a v 

dr \ dr J dr “ dr ) 



3 



-E 



(±?e\ 

\ dr dx>* J 



dx* 4, 

0 



ag a tfx» 
dx v dr 2 



4, d 2 g a dxrdx* 4^ d <fx^ 

dx^dx” dr dr dx ^ dr 2 ’ 

M=0 (i=0 

so that, multiplying by dx x /dtf and summing over A, we finally have 



d?x x A dx ** dx v 

+ E ^ = 

W=0 



dr 2 



dr dr 



(1.3) 



where the functions 

r A w 

' d(° exrdx" 

are called the affine connection coefficients. Since Eq. (1.3) represents the 
equation of a particle moving in a gravitational field, we are forced to inter- 
pret the affine connection coefficients as representing the gravitational force 
in the laboratory frame. We notice that no assumptions have been done on 
background mathematical structures as a vector space structure or a metric 
structure. 

An alternative version of the principle of equivalence is given by the so- 
called principle of general covariance which states that an equation, which is 
taken to describe a physical phenomenon, will be true if the equation holds in 
absence of gravitation, and moreover, it is form invariant for any coordinate 
transformation. 

Thus, this principle states that the mathematical expressions of the laws of 
the nature must maintain the same form regardless of our choice of a reference 
frame. Moreover, by extending the invariance of the laws of the nature to all 
types of motions of the reference frame, this principle marks the starting point 
for the possible relativization of acceleration. 
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1.1.3 Inertial frames revisited 



At this point, we are in a position to revisit elementary mechanics, avoiding a 
lot of assumptions on the space of events or carrier space , as follows. 

We shall start with a 4-dimensional smooth manifold, for instance Si 4 , as 
space of events, for the description of the evolution of particles. By using, in 
our laboratory frame, a coordinate system, say (a; 0 ,^ 1 ,^ 2 ,^ 3 ), it is an experi- 
mental observation that the evolution of states is governed by a second order 
differential equation of the type 



d 2 x x 
dr 2 




We can now state what a free particle , and subsequently, a comparison dynam- 
ics are in this space. 

A motion of a particle is said to be a free motion , if there exists a coordinate 
system, namely (£°,£\£ 2 ,£ 3 ), such that the equations of the motion can be 
written in the following form: 



d 2 £« 

dr 2 



= 0. 



Solutions of the above equation will define a vector space structure on the 
carrier space and will represent the world-line of a physical system ; i.e. a really 
existing system, iff d£°/dr ^ 0. 

Thus, inertial frames are dynamically defined relatively to some chosen 
comparison system , avoiding any reference to dynamical systems arising in a 
specific gravitational theory. 

In this sense, Einstein’s general theory of relativity is not a theory of in- 
variance or covariance, as special relativity, which gives prescriptions about 
the choice of the reference frame, by requiring the parameter characterizing 
the frame (the velocity) not to appear in the transformed dynamical equa- 
tions. 

Einstein’s theory is a dynamical theory of the gravitational field, since it 
does not require the parameter characterizing the reference frame (the affine 
connection) to be absent from the transformed equations of the motion; it just 
prescribes how this parameter should appear in these equations. 

We conclude our revisiting by noticing that a system has to be physical 
with respect to all locally inertial observer, so that we shall call equivalent , two 
inertial frames, namely (£°, £ 2 , £ 3 ) and (£'°, f' 1 , £ /2 , £' 3 ), if for any world-line 

for which d£ 0 /dr ^ 0, we also have d£ ,0 /dr / 0. 
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We finally mention the 

• Mach-Einstein principles of relativity. 

This principle tries to bring about the complete relativization of all kinds 
of motion, rotational and accelerated, as well as uniform. This is achieved by 
ascribing all the dynamical effects related to the acceleration and rotation of 
particle and electromagnetic systems, to motion, with respect to the universe 
as a whole. According to this principle, there can exist no observable difference 
between the rotation of a body with respect to the universe of stars and the 
rotation of the stars around the body. Thus, Mach’s principle constitutes an 
attempt to vindicate the kinematical principle in spite of the difficulties, of a 
dynamical nature, which had been the cause of its rejection. It was in part, 
with the intention to satisfy Mach’s principle, that Einstein elaborated the 
hypothesis of the cylindrical universe. This issue is still open. 



1 . 1.4 The Lagrangian formulation of dynamics 

Let us assume that the carrier space 9 i 3 is endowed with the Euclidean metrics, 
so that the components of a generic vector coincide with the ones of the unique 
covector, naturally associated via the metric tensor. 

In terms of the components (91,92,93) of the position vector r and of the 
components (vi = 91, = 92, ^3 = 93) of the velocity vector u, 

^=(91.92,93), V = ( 1 . 4 ) 



Eq. ( 1 . 1 ) takes the form 



— mv/, = Fh(t,qi,q 2 ,q3,vi,V2,v 3 ) , 



dt qh=Vh - 



h= 1 , 2 , 3 , 



( 1 . 5 ) 



where Fh is the h-component of the force. The kinetic energy T = \mv 2 reads 



r = 2 m (9i + 92 + 93) • 



( 1 . 6 ) 



Therefore, by observing that 



d d . d 8 T 

™ h = dt mVh = dt mqh = dtW h ' 



( 1 . 7 ) 
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and that dT/dqh, the equations of motion (1.5) can be written in the following 
form: 




Fh, 



( 1 . 8 ) 



In the conservative case, there exists a function U(qi,q 2 ,qa), the potential 
energy, such that 



F h = - 



dU 
dqh ' 



(1.9) 



In such cases, by observing that dU/dvh — 0, Eq. (1.8) or Eq. (1.5) can also 
be written in the Lagrangian form: 



( d dC 8C 



< 



dt dvh dqn 
d 

Tt qh = Vh > 



= o, 



( 1 . 10 ) 



where the Lagrange * function or simply the Lagrangian C(q, v, t) is defined as 
the difference between the kinetic energy and the potential energy: 



£ = T — U. 



( 1 , 11 ) 



Remark 2 In the case of a generalized potential; £e. in ike case in which the 
force P can be expressed in terms of a function U(quq 2 i qz,V\,V 2 ,V 3 ), which 
beyond the coordinates q 1 also depends on the velocity v, as 



d dU 8U 
dt dvh dqh ’ 



( 1 . 12 ) 



it is possible to write the equations of the motion in the same form as in 
Eq . (1.10). 

t Giuseppe Luigi Lagrangia was born in Torino in 1736 and died in Paris in 1813. At the 
age of 19, he already was a professor of mathematics at Artillery's School in Torino, and soon 
after, an associate founder of the Academy of Sciences of Torino. Author of the Micanique 
Analytique (Paris, 1788), Lagrange is considered as one of the greatest mathematicians of 
the modern age. For a more extended biography, see Appendix A. 
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This is the case , for instance , of a charged massive particle acted upon by 
an electromagnetic field ( E } B ). The force , in case, is Lorentz force : 

F(r,v) = e(E + v A B) } (1.13) 

where e is the charge of the particle and the symbol A denotes the vector product 
The Lorentz force can be derived from the following generalized potential : 

U (r, n) = e(^> — v* A ) , (1.14) 

where <p and A denote the scalar and the vector potential , respectively . T/ms, 
the Lagrangian function describing the motion of such a particle is given by 

£(f, n) — -mn 2 - — u • A) , (1*15) 



1.1.5 The Hamiltonian formulation of dynamics 

In terms of the momentum vector p = (pi,P 2 >Pa), Eq. (1.1) takes the form 



' d ( Pi P2 P3\ 

~r.Ph = *h [ t,qi,q2,qz , —»—> — ) » 

ut % m 171 TTi f 

£ — Eh. 

, m ’ 



(1.16) 



The kinetic energy, on the other hand, can be written as follows: 

t* = ^ ( p?+p 2 2 +p!), U-W) 

where the symbol * indicates that the velocity has been expressed in terms of 
the momentum by means of v = p/m. 

In the conservative case, the energy E m -j- U (tfi, # 3 ), expressed in 
terms of momenta, is usually denoted by H and called the Hamilton § function 
or simply the Hamiltonian , 

'H = A-(p1+pI+pI) +U( qi,q 2 ,q 3 ) ■ (1.18) 

^William Rowan Hamilton was born in Dublin, Ireland in 1805 and died in Dunsik in 1865. 
He was a professor of astronomy at. Dublin University and President of the Ireland Academy 
of Sciences. He invented the theory of quaternions and gave remarkable contributions to 
the Analytical Mechanics, in which, it successfully incorporated the theory of the light 
propagation. 11 
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Therefore, since dU/dp^ = 0, the equations of motion can be written in the 
Hamiltonian form : 



' £ __dH 

dt? h dqh ’ 

£ _ dU 

dt^ h dph 



(1.19) 



Remark 3 It could seem to the reader that simple formal manipulations of 
the Newton equations have been done to transform to the Lagrange or to the 
Hamilton equations. Actually , an additional structure , a scalar product , has 
been used. 

Indeed [ when a vector space V (in our case 3? 3 ) is supposed to be endowed 
with a scalar product defined by a metrics g (in our case the Euclidean metrics ), 



g : (u, v) € V x V g(u , v) = u ♦ v € Sft , 



with any function /, where 

f : (w) -> f(u) € 3? , 

we can associate a vector field , denoted by V/ or Sf/Su ) and called the gradient 

of f , 

Therefore , a metric structure allows us to define a force F to be conservative , 
i/ a function U exists , such that 

F = -VU . 



Under a change of coordinates , /orces on RHS of Newton's equations trans- 
form as accelerations , so that they are vector fields and do not require the use 
of any metric structure. These forces are measured with a dynamometer. 

On the contrary , forces appearing in Lagrange's equations are mathemat- 
ically defined and physically measured in terms of the scalar function called 
work. As a consequence , these forces are coefficients of a differential form 
and cannot be identified with vector fields, unless a metric structure is at our 
disposal Of course , this metric structure cannot be chosen arbitrarily but must 
be inferred from the results of experiments. 
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Remark 4 It could seem that the Lagrangian and the Hamiltonian formula- 
tions of dynamics do not bring in special advantages . This is certainly true in 
problems concerning particles not associated with other particles , for instance , 
as in a solid body or a fluid. In more complicated cases , the Newtonian approach 
is still applicable , provided some proper precautions in the analysis of forces are 
observed. This force- analysis sometimes becomes cumbersome and it is difficult 
to give a unique answer to the problem. The analytical approach (Lagrangian or 
Hamiltonian) to the problem of the motion is much more powerful. According 
to it, for a general system of N particles , subject to k limitations , n ~ N — k 
special parameters , namely . . . , q n , can be found such that the equations of 
dynamics assume the form given by Eq. (1.10) or Eq. (1.19). Moreover , it will 
be shown that there is a unifying principle , the least action principle , which 
gives a meaning to the entire set of the analytical equations of dynamics (La- 
grange or Hamilton equations). The statement of this principle is independent 
of any choice of the coordinate system and this implies that the analytical equa- 
tions of dynamics are invariant with respect to any coordinate transformation. 
Unlike the Cauchy approach , which is local in nature , the unifying principle 
allows a global approach to the problem of the existence and uniqueness of the 
solution of dynamical equations. 



1.2 Constraints 

A particle is said to be constrained if it cannot take all possible positions in 
the space. In the following examples, the space is supposed to be endowed 
with the Euclidean metrics. 

Example 1 Let us consider a particle P with coordinates (x,y,z) linked to a 
fixed point Pq with coordinates ( xq , y 0 , Zq) by means of a rigid bar whose length 
is l . 

Since the bar is rigid , the point P is free to move in the space taking only 
positions at distance l from the fixed point Pq. In other words , the point P 
is constrained to move along the surface of a sphere with center in Pq and 
radius l\ in this way , it can fill only the positions whose coordinates satisfy the 
equation 



(x - xq ) 2 + (y- y 0 ) 2 + (z - z Q ) 2 = l 2 ■ 



( 1 . 20 ) 
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Example 2 Let us consider a particle P with coordinates (x, y, z) linked 
to a fixed point Po with coordinates {xo,y 0 ,Zo) by means of a flexible and 
inextensible wire whose length is 1. 

Of course , the particle P is free to move in the space inside the sphere 
with center Po and radius l\ in this way , it can only fill the positions whose 
coordinates satisfy the equation 

(x - x 0 ) 2 + (y- 2/o) 2 + (z - -Zo) 2 < l 2 • (1-21) 

The restrictions which impose a limitation to the mobility of P are called 
constraints or links . Equations (1.20) and (1.21) are mathematical expressions 
of constraints. 

A constraint is said to be two-sided if it is expressed by an equality, one- 
sided if it is expressed by an inequality. Thus, the constraint (1.20) is two-sided 
while the constraint (1.21) is one-sided. 

More generally, a particle constrained to be bound to the surface, repre- 
sented by the equation 



f(x,y,z) = 0, (1.22) 

or bound to the curve represented by the equations 

{' f’ (123) 

[J 2 (x,y 1 z) — 0 , 

is said to be subjected to two-sided constraints. 

Let us now consider the case in which the particle P is bound not to pass 
through the surface <r, represented by Eq. (1.22). If the surface a is supposed to 
divide the space into two regions, the one in which the particle is free to move 
is said to be the exterior region , and the remaining one the interior region. 

Of course, the left-hand side of Eq. (1.22), vanishing on <7, will be positive 
in one of the two regions and negative in the other one. Moreover, since it is 
possible to multiply the left hand side of Eq. (1.22) by a nowhere vanishing 
factor, we can arrange the equation in such a way that it will be positive in the 
external region; that is in the region in which the particle P is free to move. 
Therefore, the positions filled by P are all and the only ones satisfying the 
inequality 



f(x,y,z) > 0. 

In this way, the constraint for P is one-sided. 



(1.24) 
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In the presence of such constraints, the possible positions of P are further 
distinguished in 

• ordinary positions — the ones satisfying the condition: 

f(x,y,z)> 0; (1.25) 

• border positions — the ones satisfying the condition: 

f(x,y,z) = 0. (1.26) 

In the last case, it is also said that the point is leaning on the 
surface a. 

Let us now extend the constraint concept to the case of an arbitrary system 
of particles. 

It is worth recalling that in considering the motion M of a system of par- 
ticles S ) it is usual, to speak of aptitude to indicate the ensemble of positions 
at a given time £, and of distribution of velocities up of points P of S at the 
same time. The aptitude is usually denoted by {P, up(£)}. 

Thus, for a system of particles 5, any restriction on the positions or on the 
aptitude of S is called a constraint. The constraint will be called inner if such 
a restriction translates an intrinsic property of the natural body represented by 

outer if it originates from the presence of obstacles (other bodies) external 
to S. For instance, the rigidity constraint schematizes an intrinsic property of 
solids (indeformability), so that it is an inner constraint. 

While a particle is said to be free when it is not subjected to any con- 
straints, a system of particles is said to be free when it is not subjected to 
outer constraints. 

For a system of particles *S, it is important for further distinction to use 
terms introduced by Hertz^: holonomic II constraints and anholonomic con- 
straints. 

• A constraint which directly imposes restrictions on the position of S, 
is called holonomic. 

• A constraint which directly imposes restrictions on the aptitude of <S, 
is called anholonomic. 

Hertz was born in Hamburg in 1857 and died in Bonn in 1894. A physicist and 
mathematician, he first detected the electromagnetic waves. 

II From Greek 6Xoa (integer) and l^opocr (law). 
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In this way, the equality or the inequality representing a given constraint 
will contain only parameters corresponding to the position of S, if the con- 
straint is holonomic; it will contain also the time derivative of such parame- 
ters, if the constraint is anholonomic, with the time derivatives specifying the 
aptitude of <S. A classical example of anholonomic constraint can be given as 
follows: 

Let us consider a rigid sphere S on a plane 7r, rolling without slipping (see 
Remark 5) along it. According to the remark at the end of the section, this 
means that at any time t, the relative velocity of 5 with respect to 7T, in all 
contact points, is vanishing. As the characteristic velocity of rigid motions is 

vq = vp + <2 A (P - Q ) , (1-27) 

where Q is a generic point of 5, and tv the angular velocity, it follows that the 
velocity of any point Q of the sphere <5, at time in which vp = 0, is given by 

v q =uA(P-Q), (1.28) 

that is, the motion is a pure rotation. We can conclude that in such conditions, 
the aptitude of the sphere is a rotation around the instantaneous axis passing 
through the contact point P between S and n. Therefore, the requirement 
that a rigid sphere on a plane 7 r rolls on it without slipping, constitutes an 
anholonomic constraint, since the aptitude of the sphere can only be a rotation 
about an axis passing through the contact point. 

Remark 5 When the motion of a system of particles is observed from two 
different frames , each one moving with respect to the other , it is a convention 
to assume one of them steady 7h, and the other one mobile To , with ft and O 
denoting the origins of frames. The Euclidean space framed with Th is called 
steady space , where else the one framed with To which moves with respect to 
To, is called mobile . Let us consider then a surface cr, a border of a natural 
body , of the mobile space , and a surface cr', a border of another body , of the 
steady space. When during the time o and cr' share points and tangent planes 
at those points , it is said that during the motion , a rolls on cr' . 

Let us suppose that during the motion , a rolls on cr', and let H be one of 
the contact points. The velocity of the point P of cr, which at time t is laid 
upon H , is called slipping velocity of o with respect to a ' at point H at time 
t. Finally , the circumstance that for all time £, the creeping velocity of a with 
respect to o' at any contact point is vanishing , is referred to saying that during 
the motion , o rolls on cr', without slipping. 
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1.3 Degrees of Freedom and Lagrangian Coordinates 

Let S be a generic system of particles constrained. The positions are that at 
time the constraints permit to 5 are said, “possible positions of S at time 
t ” or also “compatible positions of S at time £.” Let E n be the n-dimensional 
Euclidean space and let us suppose, at first, that S is composed of one particle 
P only. Let us assume that P is constrained to move on a regular curve 7 
at rest in a Cartesian frame To. The regular curve will be represented in the 
frame To by the parametric equations: 

' X = <p(X) , 

< y = 4>W , (1-29) 

„ 2 = x(A) , 

where x are three functions defined in the closed interval [a, 6] of 9? 1 , and 
A E [a, b] is a real parameter. 

The regularity of 7 means that the functions <p y x are supposed to be 
continuous together with their first derivatives in the interval [a, 6], and to 
satisfy the conditions below: 

• The function H( A) = yj <p' 2 + ip' 2 + x! 2 is positive VA € [a, b}. 

• There is no pair (A', A") of distinct values of A, such that, simultane- 

ously, <p( X) = = ip(X"), and x(A') = x(A"). 

As to the regularity of 7, the possible positions of P are, at any time t, in 
a one-to-one correspondence with real numbers in the interval [a, b) C Si 1 . 

If a particle P is constrained to move on a moving regular curve 7, rep- 
resented in the frame To by the parametric equations (a family of regular 
curves): 

f x = <p(X ,t), 

i y = W,*)i (1-30) 

< z=x{\*)> 

at each time £, as the constraint depends on the time, the positions of P 
compatible with the constraint are in a one-to-one correspondence with real 
numbers in the interval [a, b] C 9ft 1 , generally changing in time. 

The fact that it is possible to establish a one-to-one map between the 
positions of P, compatible with constraints at a given time £, the set of 
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values that a parameter takes on an interval of 3 ft 1 is usually expressed by 
saying that: 

In order to specify the position of a particle on a curve, only one param- 
eter is necessary, or also that, the number of degrees of freedom of a point 
constrained on a regular curve is 1 . 

Let us now assume that P is constrained to move on a regular surface a at 
rest in a Cartesian frame To The regular surface will be represented in the 
frame To by the parametric equations: 

' x = <p(\ i,A 2 ), 

i V = lK Ai,A a ), (1-31) 

,* = x(Ai,A a ), 

where Ai and A2 are real parameters and the three functions (p, ip, \ are defined 
in a simply connected bounded domain of 5 R 2 by 

ai<Xi<bi, i = 1,2. (1.32) 



The regularity of a means that the functions <p, ip, x are supposed to be 
continuous, together with their first partial derivatives in [ai,bi\ x [02,62] and 
to satisfy the following conditions: 



• the determinants 



A = det 



/ dip dip \ 
#Ai 0X2 
dx dx 
\dX x dX 2 / 



B = det 



/ dx dx \ 
dX\ dX2 
dcp dp 

\dxl dx^J 



C = det 



/ dp dp \ 
dX\ dX2 
dip dip 

\dx[ dx 2 / 



are nowhere vanishing, so that the function W(Ai,A a ) = 
y/A 2 4- C 2 is always positive V Ai , A2 G [a, 6]; 

• there is no pair ((A^ , A' 2 ), (A", A 2 )) of distinct sets of values (Ai,A 2), 
such that, simultaneously, </?(Aj , A 2 ) = <p( A", A 2 ), ip( X[, A 2 ) = ip(X f { , A 2 ), 
and x(Aij A 2 ) = x(A",A£). 



As to the regularity of <x, the possible positions of P are in a one-to-one 
correspondence with pairs of real numbers in the rectangle [a, b] c 5ft 2 . 

We come to the same conclusion when the particle P is constrained to move 
on a moving regular surface cr f . In this case, of course, the rectangle, as the 
constraint, will depend on time. 
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We shall say that only two independent parameters are needed to specify 
the positions of a particle on a surface, or that, the number of degrees of freedom 
of a point constrained on a regular surface is 2 . 

In general, a system S of particles, however constrained, is said to have 
n degrees of freedom, if it is possible to establish a one-to-one map between 
the possible positions of S at time t and the values that n real parameters 
(qi , • • ■ , <7n) fake in an open subset of The parameters (< 7 i , . . . , q n ) are called 
Lagrangian coordinates of <S. Of course, the choice of Lagrangian coordinates 
is not unique. 

Examples 

• A particle P, constrained to lie on a curve, has 1 degree of freedom. 
It is possible to choose, as Lagrangian coordinate of P, a curvilinear 
coordinate. 

• A particle P, constrained to lie on a plane, has 2 degrees of freedom. 
It is possible to choose, as Lagrangian coordinates of P, the Cartesian 
coordinates or the polar ones. 

• A free particle P has 3 degrees of freedom. It is possible to choose as 
Lagrangian coordinates of P, the Cartesian coordinates, the cylindric 
coordinates, the spheric-polar ones, etc. 

• A free rigid body has 6 degrees of freedom. Indeed, in order to specify 
the position of a frame Zh(£, 77 , £) framed with the body, it is neces- 
sary to give the three coordinates of fl and three of components of 
unit vectors along the (£, 77 , () axis. It is possible to choose, as La- 
grangian coordinates of the rigid body, the three coordinates of fl and 
a triplet of parameters in a one-to-one correspondence with three of 
the components of unit vectors along the (£, 77 , £) axis. 

• A rigid body with a fixed axis r has 1 degree of freedom. 

It is possible to choose as Lagrangian coordinate, the angle 'd between 
two planes having r as intersection, one of them steady, the other 
framed with the body. 

• A rigid body with a fixed point has 3 degrees of freedom since only 
three parameters suffice to specify the position of a frame framed with 
the body and having the origin in the fixed point. 

• A system consisting of two rigid bodies which participate in a common 
axis (e.g., a compass), has 7 degrees of freedom. Indeed, six parameters 
are needed to specify the position of the first body and only one to 
specify the position of the second body with respect to the first. 




The Calculus of Variations and the Lagrange Equations 



23 



The following definition will conclude the section: 

A system of particles is called holonomic if it has finitely many degrees of 
freedom and if it is submitted to holonomic constraints only . 



1.4 The Calculus of Variations and the Lagrange Equations 



By considering the evolution of a holonomic system with n degrees of freedom 
as a sequence of equilibrium states ( d ’ Alembert) under the action of all the 
forces ( effective , from constraints and inertial ), and by applying the principle 
of the virtual works to Cardinal equations of dynamics , the equations of the 
motion can be written in the elegant and powerful Lagrangian form: 



d dT 
dt dqh 



dq h ~ Qh 



where q ' s denote the Lagrangian coordinates, q's the Lagrangian velocities 
and Q’s the Lagrangian components of the “force.” In case the forces are 
conservative, a function U(q/q/t) (the potential energy) exists, such that 



d dU dU 
dt 8% dqh ' 



so that the Lagrangian equations can be written as follows: 



d dC 
dt dqh 



dC 

dqh 



= 0 h £ { 1 , » . . ,n} , 



where £ = T — U is called the Lagrangian function . We do not report the 
derivation, as it can be found in almost all textbooks in classical mechanics. 
We just adopt here an axiomatic point of view according to which: 



• The state of a system is completely defined by specifying its coordinates 
and velocities (q/q). 

• The evolution; that is the sequence of states is completely determined 
by giving a function 



C(q/q/t) , 

defined on the sets of states, and two different configurations and 
qs of the system at two different time instant, tA and such that 



q A = q{t A ),q B = q(t B ) . 
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• Among all close curves q h = qh{t) joining A and JB, the one for which 
the action integral, 

%]= f B C{q/q/t)db, (1.33) 

Jt A 

takes the least value, will represent the evolution of the system. 

Remark 6 It is worth to remark that this formulation holds for a small part 
of the trajectory . On the whole trajectory the integral 5[g] may have just an 
extremum , not necessarily a minimum . However , the equations of the motion 
can be written by using only the extremum condition . 

The axiomatic approach is called the principle of least action or the Hamil- 
ton principle . 

Integrals like those in Eq. (1.33) are defined on a space of functions 

S\F — 

and could be called functions, but for historical reasons, are called functionals. 
A few words on their use will be spent after a short historical comment. 

1.4.1 Historical notes 

The Newton problem 

The calculus of variations was founded simultaneously to the differential cal- 
culus (1686). In his Philosophiae Naturalis Principia Mathematical Newton 
was the first to propose the problem of the body with the least opposition. It 
is a problem involving different concrete cases, as it concerns the best form 
of a body (submarine or a missile, etc.) in order to suffer, from the medium, 
the least opposition to its motion. So formulated, the problem is too difficult. 
For the sake of simplicity, the question was first proposed for a body with a 
form invariant for rotation about an axis parallel to the direction of the motion 
(equal inertial moments in the plane orthogonal to the velocity), and only for 
its head to avoid the difficult problem of vortices surrounding its tail. By fixing 
the length and the height of the head the problem becomes: 

Given two points P and Q , find the planar curve joining them and genera- 
ting , by rotation around the planar normal n at P, a revolution surface while 
moving parallel to n, that suffers the least opposition from the medium. 




The Calculus of Variations and the Lagrange Equations 



25 



The solution clearly depends on the opposition law . Newton assumed that 
the opposition, on a generic element of the surface, was proportional to the 
square of the projection of the velocity along n. 

By taking an orthogonal Cartesian frame, with the x axis coincident with 
the rotation axis and by denoting with y — y(x) the unknown curve, it turns 
out that the opposition R is given by 

where p, q are the ^-coordinates of the points P, Q and k is a constant which 
depends on the velocity of the surface. The problem is then to find, among all 
curves y = y(x) joining P and Q, the one for which the previous integral takes 
the least value. 



The brachistochrone problem 

Ten years later, the following problem was proposed and solved by Johann 
Bernoulli: 

Given two points P and Q in a vertical plane , find among all planar curves 
joining them y the one which the time required for a particle to descend , without 
friction , from the origin P to Q y would be the least possible. 

By choosing a suitable orthogonal Cartesian frame with a vertical y axis, 
the time for a particle to descend from P to Q along the curve y = y(x) will 
be given by 




where p, q are the ^-coordinates of the points P, Q and g ~ 9.8 m/s 2 is the 
modulus of the acceleration due to gravity. Thus, the searched curve is the 
one for which the above integral takes the least value. 

Johann Bernoulli found, as a solution, the curve whose parametric equa- 
tions are 

f x = k(d - sin$) , 

\ y = k( i? — cost?) , 

where k represents the ratio between the distances of points P and Q from the 
origin. His method of solution was strongly criticized, from a mathematical 
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point of view, by Newton, Leibnitz, V Hospital and Jacob Bernoulli** who was 
able to find the same solution by using different methods. In particular, Jacob 
Bernoulli solved the problem by using a geometrical method, of larger applica- 
bility, based on the principle according to which, if a curve is characterized by 
a property of maximum or minimum, any part of it, no matter how small, is 
characterized by the same property According to this principle, for instance, 
if a curve is a brachistochrone, any part of it is again a brachistochrone. It is, 
therefore, possible to replace the curve with a broken line in such a way that 
the problem reduces to find its vertex by using ordinary differential calculus 
methods. 

The approach used by Jacob Bernoulli, who must be considered the founder 
of the calculus of variations, were generalized and wisely extended by Euler** 
to a large category of problems. He started with the classification of problems 
in two classes: 

• find among all curves satisfying suitable boundary conditions, the one 
for which a given integral takes an extremum (a minimum or a maxi- 
mum) value. 

• find among all curves satisfying suitable boundary conditions for which 
given integrals take assigned values ( constraints ), the one for which 
another integral takes an extremum value ( isoperimetric problems). 

He invented the isoperimetric rule which allows to reduce, at least on prin- 
ciple, a given problem of the second class to a problem belonging to the first 
one. 

A more rigorous treatment was given by Lagrange, who introduced the 
concept of variation, which allows this kind of problems to be treated with 
ordinary differential calculus methods. 

** Jacob Bernoulli was born at Basilea (Bale) on December 27, 1654. He has been, for many 
years, a professor of mathematics at Basilea University. Supporter of Leibnitz’ scientific 
ideas, he died at Basilea in 1705. 

Johann Bernoulli, the brother of Jacob, was born at Bale on August 7, 1667, and died 
there on January 1, 1748. He has been, for many years, a professor of mathematics at 
Groningen from 1695 to 1705 and at Bale University, where he succeeded his brother, from 
1705 to 1748. As an illustration of his character, it may be mentioned that he expelled his 
son Daniel from his house for obtaining a prize from the Academic de Prance which he had 
expected to receive himself. 

^Leonard Euler, born in Basilea in 1707 and died in St. Petersburg in 1783, was director of 
the Academy of Sciences in Berlin, and soon after, the Academy of Sciences in St. Petersburg. 
He was one of the most important and fecund mathematicians of all times, both in calculus 
and in its physical applications. 
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Let u = t£o(^) be the curve which extremizes the integral I[u], among all 
the curves in the plane joining two given points P and Q. In order to analyze 
the properties of J[u], it is necessary to compare the value J[uo], taken by the 
integral on the given curve u = u Q (x ), with the one I[u) corresponding to a 
different curve. The difference for u(x) - Uq(x) is the variation, for fixed x 1 in 
passing from the curve u = uq(x) to the curve u = u(x). If the two curves are 
“very close,” this variation will be “very small,” similarly to the differential du 
that a given function u undergoes for a little change dx of x, but very different 
in nature. In order to distinguish between them, and at the same time to 
underline their analogy, Lagrange introduced the symbol Su for the variation 
and invented a calculus completely analogous to the ordinary one. 

In correspondence with the variation Su of the curve u = Uq(:t), the integral 
I[uo\ undergoes the variation 



i\u] - JM 

which decomposes in different parts conformable to the decomposition given 
to a function f(x ) from an increment of x. The different parts are given, save 
numerical factors, by succeeding differentials df, d 2 f , . . . . 

Similarly, the different parts of I[u] - /[u 0 ], save numerical factors, are 
called first variation, second variation, ... of the integral / and denoted by 81, 

Lagrange was able to show that, similarly to the case of a function, the 
extrema of I satisfy the relation SI = 0. In order to distinguish extrema, in 
minima and maxima, Legendre analyzed the second variation and introduced 
an elegant transformation of S 2 I leading to necessary conditions characterizing 
maxima or minima. The Legendre condition survived a deep criticism by 
Lagrange, who observed, among other questions, that the Riccati**, equation 
leading to the Legendre transformation of the second variation S 2 I , does not 
always admit a bounded continuous solution in all the considered interval and 
that the transformation does not always exist. Finally, the difficult question 
was genially solved by Jacobi (1837) who gave a new necessary condition. 

In 1870, Weierstrass observed that, contrary to the case of functions, the 
sign of the second variation does not ensure the existence of the maximum or 
minimum on the considered extrema. According to Weierstrass and Scheeffer, 

** Jacopo Riccati was born in Venice in 1676 and died in TVeviso in 1754. He was an 
aristocrat who studied mathematics privately His famous equation is contained in Acta 
Eruditorum (Lipsia, 1722). 
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the reason for the difference lies in the complexity of a curve with respect 
to a point. Two curves, although “very close,” can strongly differ by their 
tangents at close points and the integral I also contains the derivative u ' which 
characterizes such tangents. Weierstrass was able to give sufficient conditions 
for the existence of the minimum or the maximum in terms of the sign of a 
particular function which today is called the Weierstrass function , 

Weierstrass also criticized the representation y = u(x) for a curve, since 
this representation meets at most in a point, the parallels to the vertical axis, 
and then it greatly restricts the field of possible solutions. He developed its 
theory by using parametric representations 

x-x(t), y = y(t), t e (f 0 ,*i) 
and replacing the integral I by 

J = / F[x{t),y(t),x'(t),y'(t)]dt. 

Jto 

At the same time, Darboux found sufficient conditions for the minimum 
in the geodesic problem by introducing curvilinear coordinates, which allows 
us to write the considered integrals in a particularly simple form, where the 
minimum properties turn out to be evident. 

Very important contributions were then given by Kneser, Lindeberg, Gauss, 
Ostrogradsky, Delauney, Clebsch, Schwarz, Volterra and Hilbert. For more 
details, see for instance, Ref. 53. 

1 . 4.2 A digression on the variation methods in problems with 
fixed boundaries 

Continuous functionals 

A functional F[u] will be called continuous , if to a “small change” of u(sc), 
there corresponds a “small change” in the functional F[u]. 

With previous definition, only a few functionals will be continuous, since 
in general the function in the integrals will depend on the derivatives of u. For 
instance, in the action integral, first derivatives are also included. 

Thus, it is natural to give the following definitions of close curves: 

Two curves u(x) and v(x) are of zero-order proximity close ) if the absolute 
value of their difference |u(a:) — u(x)| is small 
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Two curves u(x) and v(x) are of first- order proximity close , if the absolute 
values of the differences |w($) — v(a:)| and (^(a?) — v r (x)\ are small 

Two curves u(x) and v(x) are of kth-order proximity close , if the absolute 
values of the differences , \u(x) - \u'(x) - v'(a:)|, . . . , \u^(x) ~ i/W(ac)|, 

are small 

It is then possible to define the notion of distance cr between two curves. By 
assuming that u and v have continuous derivatives up to order fc, the distance 
of order k is defined as 



k 

<7k(u,v) = Y' max. | u w (x) - , 

XQ > XV® j 

h = 1 

and then close-lying curves would be curves with a small distance. 



Derivatives in a vector space 

1. Strong derivative or Frechet derivative . Let U and V be two normed vector 
spaces and F a map from an open subset A of U into V . 

F-.ACU—+V. 



The map F will be called differentiable at point u € U y if a linear-bounded 
operator F* exists, such that 

F(u + h)- F(u) = F’h + <r(u, h ) , 



where a is infinitesimal with respect to the distance in V given by the norm: 



litn M«M\ 

■ “o \\h\\ 



= 0 , 



The reader will recognize, by identifying U with 3i n and V with Si, the usual 
definition of the differentiability for a numerical function of n real variables. 

The linear part of the increment F'/i, is called the strong differential (or 
the Frechet differential) of the map F at point u and the operator F f is called 
the strong derivative (or the Frechet derivative ) of the map F at point u. It 
is easy to see that, if the map F is differentiable, the corresponding derivative 
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is uniquely defined. Furthermore, the theorem on the derivative of composed 
maps can be easily proven. 28 

2. Weak derivative or Gateaux derivative . If G denotes a map from an open 
subset of U into V, the limit 



DG(u y h) 



— G(u + th)\t=a = lim 
dt t->o 



G(u + th) — G(u) 



where the convergence is considered only with respect to the norm of the vector 
space F, is called the weak differential or the Gateaux differential of G at 
point u . 

The Gateaux differential can be nonlinear with respect to h . In the case 
it is linear, for example, in the case a bounded linear operator G u exists, such 
that 



DG{u , h)=G u h , 

the operator G u is called the weak derivative (or the Gateaux derivative) of G 
at point u. 

Let us observe that, in general, for the weak derivatives, the theorem on 
the derivative of a composed map is not true. 

It is easy to see that, if the strong derivative of a map F exists, then the 
weak derivative also exists and the two derivatives coincide. 

As a matter of fact, if F is strongly differentiable, then 



F(u -4- th) — F(u) = F'(u)(th) + cr(tq th) = tF'(u)(h) -f a(u y t ) , 

F(u + th)-F(u) a(u,th) 

-F(u)h+— 



so that 



lim F(u + th) — F(u) 

t — t 



= F f (u)h — F u h, 



The converse is not true, and generally never true in the finite dimensional 
spaces, as the following example well shows. 



Example 3 The function 



f : (x,y) € 5i 2 — > f(x,y) 



' x^y 

< x 2 + y 2 ’ 



if (x,y) ± (0,0) 
if (x, y) = (o, o) 
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is continuous on 3? 2 . At the point (0,0), its weak differential exists : 

x<y) h = lira = 0 . 

Nevertheless , the weak differential is not the linear part of the increment of the 
function at the point (0,0), since 

fJMMzJi Q,Q) i 

WHO |H| 2 ' 

The result of the previous exercise is not surprising, just like in the finite 
dimensional case, the existence of partial derivatives of a given function does 
not ensure its differentiability, which can be ensured by the continuity of the 
partial derivatives. 

In this context, it is important the following theorem’s proof can be found, 
for instance, in Ref. 28. 

Theorem 1.1 If the weak derivative F u of the map F exists in a neighbor- 
hood of a point uq and represents a continuous operator at uo, then the strong 
derivative of F also exists at uq and coincides with the weak one . 

3. The gradient of a functional. Let U be a vector space of numerical functions 
of a real variable, namely u{x)> endowed with a scalar product (♦ , *) and let F 
be a functional defined in {/, 

F :u eU — > F[u] £ 5? . 

The gradient of F, or the functional derivative of F, with respect to the scalar 
product is the function of 17, denoted by G = SF/6u y defined by the relation 

SFs *-F [u + ev] U-. = (£,„). (1.34) 

The second functional derivative of F is given by the weak derivative G u of G } 
which in this case, can be also defined as 

d 2 

+ £<f> + rtj)\ U= r =o = : (G u ip, <f>) . 

As usual, 

G u iI> = &G(u + t4>) | r= o. 
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Of course, the operator G u is symmetric with respect to (*,*); i.e. 

G U = G+, 



since 



(G u 1p, <p) = f^ F [ u + £<P + Tip] \ e =r=0 



JL 

drde 



F [u + £<p + Tip] | e=T =o = : (G u (p, -Ip) . 



Example 4 Let U be the space of all C°° functions u(x), defined on the 
interval I — ]a, fc[ of the real axis x and going to zero at a and b , together with 
all their x derivatives , and let F[w] be a functional , 

F[u] —If (w, u XJ u X xi • • • ? %i) * • -)dx , 

Ja 

where f is a given function ofu and of its x derivatives , which we are denoting 
with U x > U>xx > • • • > ^nxi * • * * 

According to the definition of Eq. (L34), we have 



SF= ~^F[u + eh}\ e=0 



_ f ^Lh4-^Lh i d l h 

J a [du + du x X du xx • 



df 



xx + * * * *f- h nx + • • • 

OUnx 



dx , 



and integrating by parts all the terms } except the first , 
cp f b \,df d df d? df . , 

SF =J a [ h dZ- h fcfa; + h d^d^ + "' +h{ ~ 1] — — + 



\n d n df 
dx n dUnx 



dx . 



Therefore , 



SF 

so that 






df d df d* df i ( D n — df i 

dx dx 2 <9u xx dx n du nx 



, dx , 






Ju dx du x dx 2 du x 



dx n du„ 
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In this way , in the simple case of a functional depending only on u, 



F\u\ = f f(u)dx , 
Ja 



the functional derivative is given by 

SF = 3/ 

Su du 

The functional derivative of a functional depending only on u and u Xl 

r b 



is given by 



F[u)= f f(u,u x )dx , 
Ja 



SF df d df 



Su du dx du x ’ 

For instance ? for square integrable functions , we have 



Su 



and the Gateaux derivatives of 



S 1 f b 2 , 

- — / u ax = u , 

Su2j a 

SI ( b 2 , 

Tull 

i J dx = u 2 + u xx , 



U . t W "I* U x 



are the following operators 

1 , d X x > = fjjff * 

which are symmetric with respect to the L 2 scalar product 

Example 5 The function u x cannot be the gradient with respect to the L 2 
scalar product , of any functional , since its Gatean# derivative is the skewsym - 
metric operator d x . 
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Example 6 By using the same procedure , it is easy to see that for the func- 
tional 



F[u \, . . . , u n ] 




dx , 



we have 



6F = 




so that 

SF = /SF_ SF \ _ / df 
5u \Sui' ' * 5u n ) \chq 



±dl 1 

dx dui 1 ’ 



±df_ a/ 

dx chii 5 ’ ' ’ ’ <9u n 



_d 3/ \ 

dx <9u n / 



The Hamilton principle 

Prom the previous example, by identifying the coordinate x with the time t, 
the functions u’s with the Lagrangian coordinates q 1 s and the derivatives u x s 
with the Lagrangian velocities q's> it follows that Lagrange’s equations 



d dc 

dt dqn 




he n} 



are equivalent to the vanishing of the functional derivatives of the functional 



S[q] = f C(q/q/t)dt , 

Jtp 



for functions q(t) vanishing at the instants tp and Iq. 

Thus, Lagrange’s equations are the equations for the extrema (or critical 
points) of S[q], When some further hypothesis are assumed on the q(t)% the 
Lagrangian equations give the curve on which the action integral takes its 
minimum value. For this reason, the Hamilton principle is also called the least 
action principle . 
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1,5 Remarks on Lagrange’s Equations 

1.5.1 Equivalent Lagrangians 

Looking at the action integral, it turns evident that the Lagrangian equations 
corresponding to Lagrangian functions C(q/q/t) and £'(g/g/i), which differ by 
a term given by the derivative of a function depending only by the coordinates 
q and the time £, 

C'{q/q/t) = C(q/q/t) + f(q/t ) 

coincide. Indeed, the two action integrals, 

-%]=/ £{q/q/t)dt, S'[q}= f £{q/q/t)dt 

Jtp Jtp 

differ by a constant term 

S'[q}-S[q] = f(Q/t Q )-f(P/t P ), 
which does not contribute to the variation 

6S'[q] = 5S[q]. 

Two such Lagrangians are called equivalent 

This is not, of course, the most general case and there exist examples of 
Lagrangian dynamics admitting more than one, not equivalent, Lagrangian, 
An exhaustive treatment can be found in Ref. 157. 

1.5.2 Dynamical similitude 

Let us start by observing that two Lagrangian functions differing by a constant 
factor give the same Lagrangian equations. Thanks to this circumstance, it 
is possible to infer some properties of the motion without integrating the cor- 
responding equations. This happens, for instance, for simple systems with 
kinetic energy T = \mv 2 = and a potential energy U( g), which 

is a homogeneous function of the coordinates; Le. a function satisfying the 
condition 



U(\q)=\*U(q), 



where A is an arbitrary constant and a is the homogeneity degree of U. 
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To change the coordinates by a constant factor A means to pass from some 
trajectories to other ones geometrically similar to the first, the only difference 
lying in the linear dimensions (homothety). 

We finally arrive to the following conclusion: 

If the potential energy of a simple system is a homogeneous function of 
coordinates , the equations of the motion admit geometrically similar trajec- 
tories for which the time interval t * and t ) between corresponding points on 
trajectories , have the ratio 




(1.35) 



Example 7 For small oscillations , the potential energy is a quadratic func- 
tion of coordinates ( a = 2). Equation (1.35) shows that the period P does 
not depend on their amplitudes (GalileVs observation on the candelabrum at 
Duomo in Pisa). 
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Example 8 In a homogeneous field , the potential energy is a linear function 
of coordinates (a = 1). Equation (1.35) shows that for a free falling body in 
the gravity field , the squares of time of falling are in the ratio of their initial 
heights. 

Example 9 In the case of the Newtonian attraction between two masses , or 
the Coulomb attraction of two charges, the potential energy is in the inverse 
proportion with their distance (a = —1). Equation (1.35) shows that the squares 
of the revolution periods of planets, in their orbits, are proportional to the third 
power of their linear dimensions (Kepler ’s third law). 

The previous analysis can also be carried out, of course, by means of New- 
ton’s equations. The reader is invited to do it by himself. 

1.5.3 Electrical circuit analysis 

The circuital relations, for a network of coupled reactive impedances in which 
a system of electrical currents ih is flowing, generated by electromotive forces 
V h , are 

E d 2 ik 1 . 

Lhk ~dp =Fh ~c ' h lh ’ 

k 

where L^k = Lkh are the mutual inductances ( h ^ k) and self-inductances 
(h = k), Ch the capacitances, Rh the resistive impedances and Fh = dVh/dt. 
They are the Lagrange equations associated with the Lagrangian function , 6,35 

n 1 r dih dik , 7 7 ; 1 1 :2 
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Lagrange’s equations constitute a system of n second order differential 
equations in the unknown curves q h = qh{t). By writing 

d dC y, d 2 C „ d 2 C . d 2 C 

dt ^ dq h dq k + ^ 9fc + dq h dt ' 

they can be explicitly written in the form 



n 



E 



a 2 £ 

dqhdqk 



qk = F h (q/q/t ) , 



where the force is defined by 






A 5 2 £ . 

f^dq h 9q k qk 



cPC 

dqhdt ’ 



Thus, if the Lagrangian function is regular; that is, the Hessian determinant 
J of the matrix 




is not vanishing, Lagrange’s equations can be written in the following normal 
form : 
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q k = Yl( L ~ 1 hhFh. 

h=l 



Moreover, if the relations dqh/dt = Vh are not interpreted any more as 
constraints, Lagrange’s equations can be written, much more naturally, as a 
system of 2 n first order differential equations in the form 



{ d dC dC 

dt dv h dq h 

Jt qh = Vh • 



V/i€ {1,2,. ..,n>, 



and for a regular 



1 



Lagrangian, in 



d 






jt qh 



* = 1 

Vh, 



the following normal form: 

l )hkFk, 

Vh e {1, 2 , . . . ,n} . 



( 21 ) 



2.1 The Legendre Transformation 

The system (2.1) is not form invariant and can be transformed to a new system 
of 2n first order differential equations in infinitely many ways. Among them 
there exists a remarkable transformation, the so-called Legendre * transforma - 
tion , leading to a particular system of 2n first order differential equations, 
called a Hamiltonian system , possessing very interesting symmetry properties. 
The Legendre transformation is naturally suggested by the Lagrangian system 
and it consists in introducing n new auxiliary coordinates p, defined by 

Ph = V/i € {1, 2, . . . ,n} . (2.2) 



* Adrien Marie Legendre was born in Toulouse on September 18, 1752 and died in Paris 
on January 10, 1833. He was appointed professor at the military school in Paris in 1777, 
and at the £cole Normale in 1795. The influence of Laplace was steadily exerted against 
his obtaining office public recognition, and Legendre, who was a timid student, accepted 
the obscurity to which the hostility of his colleague condemned him. Legendre's analysis is 
of high order of excellence, and is second only to that produced by Lagrange and Laplace, 
though it is not so original. 
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The p’s are called conjugate variables of g’s, or for their dynamical interpre- 
tation in some typical cases, conjugate momenta of g’s. 

The above system, considered as an algebraic system of equations, can 
be solved, for a regular Lagrangian, with respect to the unknown Vh in the 
following form: 

Vh = Qh(q/p/t) . (2.3) 



By using Eqs. (2.2) and (2.3), the Lagrangian equations (2.1) become 



' d dC 




dC 


dt dvh 


* i 





j t qh = a h (q/p/t ) , 



(2.4) 



where the symbol * indicates that the velocities vh have been expressed, by 
means of Eq. (2.3), in terms of Lagrangian coordinates q , their conjugate mo- 
menta p and time t. 

Thus, we obtain the normal system of 2n first order differential equations 
with the 2n unknown functions q's and p’s, 



f A - \ 0C ' 

dt Ph m dqh m0 * 

^ J t <lh = Oi h (qlp/t). 



(2.5) 



Of course, the above system is equivalent to the original Lagrangian system 
(2.1), since from one side, it follows from Eq. (2.1) by means of the described 
procedure {J ^ 0), and vice versa, it is possible to go back to Eq. (2.1), 
replacing the momenta p in Eq. (2.5) with their expression given by Eq. (2.2). 



2.2 The Hamilton Equations 

2.2.1 From Lagrange to Hamilton equations 

It is remarkable that the RHS of Eqs. (2.5) can be expressed in terms of a 
unique function of g* s, p’s and t, called Hamilton function or characteristic 
function or simply Hamiltonian. 

In this way, the first order system will appear as simple as the original 
Lagrangian system (2.1), depending on the unique function £. The mentioned 
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Hamiltonian function is essentially the function 

E{q/v/t) = Y,v h ^- h -C, 

h 

representing, in the dynamical case, the total energy of the system. The only 
distinguishing difference is that it must be expressed in terms of q’ s, p’s and t 
by means of Eqs. (2.2) and (2.3). In other words, the Hamiltonian function is 
the function 



W-ip/q/t) = E(q/v/t)+ = 5 2Ph<Xh{q/p/t ) - C(q/a(q/p/t)/t ) . 

h (2.6) 



In order to recognize that RHS of Eqs. (2.5) can be expressed in a very simple 
way, in terms of the function defined by Eq. (2.6), it is enough to apply the 
following classical procedure first introduced by Hamilton. By considering the 
q’ s, p’s and t as independent variables and the v's as function of them, given by 
Eq. (2.3), let us add, for fixed t, the arbitrary increments Sp and Sq , to q’s and 
p’s. In this way, the function H will increase by the differential of 'H(p/q/t) ) 
given by 






dq k 



On the other side^, from Eq. (2.6), 



S'H(p/q/t) — 6[E(q/v/t)]\ Vh -. ah ( q / p /t') — [5E(q/v/t)]\ Vk -- ah ( q /p/ t ) 

r r / dc \ dc „ c i 



I \v h =oc h (q/p/t ) 



V' f , ( \ BC OC dC 

E h 4 (*J + ^ “ B7, SVk - 0^ Sq \ 



\vh=Oi h {q/p/t) 



*As for Eq. (2.3), the velocities i/s are not independent variables. However, as it is well 
known from differential calculus, the first differential of [£]i,=a coincides with the differential 
of C transformed with = «h(p/g/0- This follows from the observation that the first order 
differential of a function / is form invariant; i.e. the transformed of its differential coincides 
with the differential of the transformed function: (d/)* = d(/)„, where the symbol * denotes 
the transformation. This property, which does not hold for the second order differentials, 
will be more transparent after the geometrical considerations of Part II. 
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-£ 






\vh=<*h(q/p/t) 



= ( ahSph ~ 



dc 



dq h 



I v h =a h {q/p/t) 



Sqh 



Therefore, by comparison, the following equalities hold: 



^ r ^ /. I V/l G {1, 2, . . . , Tl} . 

dq h ’ 

By using Eqs. (2,2) and (2.2.1), Lagrange’s equations (2.1) give 

m 

dq h ’ 




ac 




✓ 


’ d dC 




'dC 


dqh 






dt dvh_ 


* 


dqh . 



7t qhT=Vh 



d ( ! U\ 

It qk = “‘W’ = aS ' 



(2.7) 



or definitively 



it Ph = - 

d 

dt qh = 



dU 

dqh 

<m 

dph 



V h e {1,2, . . ,,n} . 



( 2 . 8 ) 



The above equations are called Hamilton’s equations. Any system of the 
form (2.8), irrespective of how the function H{q/p/t) has been chosen, is 
called a canonical system or a Hamiltonian system. The p’s and q’s are called 
canonical coordinates. No essential distinctions there exists between them, as 
the system (2.8) is invariant under the interchange: p < — > g, H < — > —W* 



2 . 2.2 From Hamilton to Lagrange equations 

It has been shown, in the previous section, that a given Lagrangian system 
reducible to the normal form; i.e. such that J ^ 0, can be suitably transformed 
to a new system of 2 n first order differential equations in the unknown p’s and 
q's. Moreover, Eqs. (2.2), 

dC 
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once solved with respect to u’s, have the form 

v/ie {1,2 ,. ..,n}, (2.10) 

oph 

where Ti denotes the Hamiltonian function defined by Eq. (2.6). It is, of course, 
possible to go back. Suppose that we start from Eq. (2.8) and that the Hessian 
determinant, 

r = det (aSs) ' 

of H is nonvanishing, so that the equations 

d m. . 

Vh s di qh ‘ Wh ( pM ) ' 

can be solved with respect to p’s to give 



Ph = Ph{q/v/t), Vhe {1,2,. 

Let us then define the Lagrangian function corresponding to H by 
C = Yl Vhl3h ^ v ^ ~ M{q/P{q/v/t)/t) , 

h 



or shortly 






9H 



L h 



lph=Ph(q/v/t) 



and consider its differential, 



^ dC dC 



dqk 



By using again the observation that (S /)» = S(f)+, we obtain 
SC — 



?(»■(£)*£•■)-" 

. (du\ du . an. au s 1 
“ + SfH Svk ~ W, Sn - aiM,., 



I Ph=Ph(q/p/t) 



I Ph=Ph(q/p/t) 
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sr\ x ( d H\ dH. 1 
= T2 (pi' Sv >' - ( 



\ p h =Ph(q/p/t) 



I Ph=Ph(q/p/t) 
8<lh \ ■ 



Therefore, we have 

! 






dc_ 

l dqh 



fan 



V/i € {1,2,. . .,n} . 



lAhJ. ’ 

By vising the above relations, Hamilton’s equations (2.8) give 



( d dH 


'ddC_d 


' dH ' 


1 dt Ph ~ dq h 


dt dvh dt h 


dqh. 


\ d dW, 


I d 




l dt qh ~ dph 


II 





( 2 . 11 ) 



ac 

dqh 



which are just the Lagrange equations (2.1). 

We finally observe that the Hessian matrices 

/ d 2 L \ / d 2 n \ 

\dv h dv k ) ’ \dphdp k ) 

of the Lagrangian and of the Hamiltonian, respectively, are inverse to each 
other, since 



k = dph = ^ r dphda L = sr d2 c a 2 n 

h ffau. 2—/ f)ni. , 



dv r dvh dp k dp r ’ 



so that T = J~ x . 



2 . 2.3 Remarks on Hamilton’s equations 

The virial theorem 

The time average / of a function f(t) is defined by the following limit: 

/ = lim - f f(t)dt . 

T -+°° T JO 
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From the definition, it turns out that the time average of a function, which 
is the time derivative / = dF/dt of a bounded function F(t ), is vanishing. 
Indeed, 



1 1 f T d F 

f — lim - / f(t)dt — lim - / — dt = lim 

r-+oo r Jo t->oo T Jo dt t— yoc 



m - m 



= 0 . 



If the motion of a simple system, whose potential energy U(q) is a homoge- 
neous function of coordinates, develops in a bounded region of the space, there 
exists a very simple relation among the time averages of the potential and 
kinetic energies. This relation is known under the name of the virial theorem . 

Let us start from Eq. (2.6) written in the following form: 



H = 




\vh=ath(q/p/t) 



The above relation can also be written as follows: 



h h 



on 



In the case the motion takes place with bounded “velocities” in a bounded 
region of the configuration space, by taking the time averages of both sides, 
we have 



HFjC* 



E 



dU 

Qh "o — • 

dqh 



For a simple system, the quantity H + C* is twice the kinetic energy T * , 
so that we can write 



2^-E 

h 



du 



We can finally argue that, for a simple system whose potential energy U(q) 
is a homogeneous function of coordinates of degree a, and for motion with 
bounded velocities in a bounded region of space, the interesting relation 



2 T* = aU 



holds. 
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Given that, for a simple system, H = T* +U, the above relation can be 
also written in the following equivalent form: 



*7 = 2 



T* = 



2 + a 
a 



2 4-a 



E, 

E y 



where E is the total energy. 

In particular, 

• for small oscillations: T* = U = (1/2 )E, 

• for the Newtonian interaction: 2T* = — W, or E = — T 5 *, which given 
that T* > 0, says that the Newtonian motion will be bounded in space 
only if the total energy E is negative. 



The above analysis can be also carried out, of course, by means of 
Lagrange’s equations. The reader is invited to do it himself. 



2.3 The Poisson Bracket and the Jacobi -Poisson Theorem 
2.3.1 The state space 

The solution of the Lagrangian equations, describing the motion of a given 
arbitrary holonomic system S with n degrees of freedom and Lagrangian 
coordinates <?i, q<i, • • ■ , Qn y is given by n functions of time 

qh = qh(t), Vh<={ l,2,...,n}, (2.12) 

representing, at each time t , the position of S. Their derivatives 

Vh = qh(t), v/ie {l,2,...,n}, (2.13) 

will give at each time t the corresponding velocities. Prom Cauchy’s theorem 
view point, the state of S is characterized by the 2n parameters ( q/q ). In this 
way, it appears convenient in the analysis of the motion, to use a hyperspace 
representation, considering the 2n parameters q and q as Cartesian coordinates 
of a 2n dimensional space E. Since each point of this space represents a state 
{P, v p } of <S, E is called the state space. The motion in P, or to be more 
precise, the sequence of states in E will be represented by the parametric 
equations (2.12) and (2.13). 
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2.3.2 The phase space 

An analogue geometrical representation is introduced for the canonical coor- 
dinates p,q, by considering them as Cartesian coordinates of a 2n dimensional 
Euclidean space <3> called, after Gibbs, the phase space. In this space any 
solution, 



\?h =Ph{t ), 

\ Qh = Qh(t ) , 



VhG {1,2 



of the canonical system (2.8) is represented by a (integral) curve often called, 
regarding t as a measure of time, a trajectory. In this way, we will have oo 2 " 
trajectories corresponding to possible choices of the 2n arbitrary constants, 
from which the general integral of the canonical system depends. 



2*3.3 First integrals 

Let us consider the following canonical system again: 



V/i 6 {1, 2, . * . ,n} . 



_ an 

dq h ' 
dU 
d Ph ’ 

As for any first order differential system of equations, any function /, such 
that the relation 




f(p/q/t) ~ constant 



(2.14) 



is identically satisfied for all solutions of the system is called a first integral , or 
shortly, an integral of the canonical system. In other words, if 



j Ph=Ph(t) , 

\ Qh = qh(t ) , 



v/i £ {l,2,...,n}, 



denotes an arbitrary solution of the given canonical system, representing the 
parametric equations of an integral curve in the phase space, the function / in 
the left hand side is such that 



f(p(t)/q(t)/t) = constant. 



For this reason, the function / is also called an invariant 
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Of course, the function / may take on different constant values for different 
trajectories in the phase space. More precisely, denoting with po><?o,to, the 
corresponding initial values of p, q, t , the constant must be chosen to coincide 
with /(po>go,*o)- 

Let us recall that, if the Lagrangian does not depend explicitly on time t, 
the total energy is a first integral: 



E (q/v/t) = ^v h — 
h 



— C — constant . 



As for the equivalence between any Lagrangian system and the correspond- 
ing canonical system, it is expected that the Hamiltonian function, if not de- 
pending explicitly on time t y is a first integral of the canonical system. 

It is interesting to prove the above statement directly, since the result 
follows from a general identity which will turn out useful later. 

The rate of change of any function /, depending on the 2 n coordinates 
(q/p) and the time t, under the evolution described by Eq. (2.8), is given by 




= ( 2 . 15 ) 

dt ^ \dq h dp h dp h dq h ) ' 

Thus, for / = 'H, we have 

dH _ dU 
dt dt 

Therefore, if the Hamiltonian does not depend on time t, the Hamiltonian 
function % defines, for the canonical system, a first integral which can be also 
called the generalized integral of the energy. 

Simple first integrals exist when the characteristic function H does not 
depend on some q’s. For instance, if dl-L/dq r = 0, from Eq, (2.8) it follows: 



p r = constant . 

These types of integrals also are called generalized momenta , as they coin- 
cide with the ones given by Lagrangian systems for cyclic coordinates. In this 
case, in fact, if the Lagrangian function does not depend, for instance, on q ry 
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the same is true for 



and for their inverse 



dC 

Ph=-zrr-, Vh € {l,2,...,n} , 

OQh 



qh = ot h (q/p/t ) , Vh e {1,2, . . . ,n} . 

It follows also that the characteristic function W will not depend on q r . 

Vice versa, if q r does not appear in the characteristic function H(p/q/t ) of 
a canonical systems, it does not appear in 

dU w -Mo i 

qh = dph’ G i 1 - 2 - ■•••«}, 
as well, and in their inverse 

Ph = Ph(q/q/t) , v/ie {i,2,...,n}. 



2.3.4 The Poisson Bracket 

Equation (2.15) can be written in the following form: 

d f _ d f + u m 

Tt~m +U ' n} ' 

where the bracket of any two functions, / and g, defined by 

df dg df dg 



h V 



dq h dp h dph dqh 

is called the Poisson * Bracket of / and g. 

The Poisson Bracket satisfies the following identities: 



antisymmetry 



{ f,9 } = ~{g,f}, 



• Jacobi identity 



{/, {9, h}} + {g, {h, /}} + {h, {f,g}}= 0 , 



(2.16) 



(2.17) 

(2.18) 



J Simeon Denis Poisson, author of the Traits de m&canique (Paris, 1831), was born in 
Pithiviers (Loiret) in 1781 and died in Paris in 1840. He was a professor of mechanics at the 
Sorbonne University. 
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• derivation 



'{f,9 + h} = {f, 9 } + {f,h}, 

< {f, 9 h} = {f,g}h + g{f,h}, (2.19) 

{h,c} = 0 Vc€S?. 

Properties (2.17) and (2.19) follow easily from the definition, and their 
proof is left to the reader. Property (2.17) simply expresses the antisymmetry 
of the bracket, while properties (2.19) simply say that the Poisson bracket 
has a natural compatibility with the usual associative product of functions, on 
which it acts as a derivative. 

The Jacobi§ identity also follows directly from the definition and the reader 
can check it by “brute force.” 

An elegant proof can be given as follows: 

Let us observe that the left hand side of Eq. (2.18) is a sum of terms, each 
one being a product *of first partial derivatives of two of the three functions 
/, g, h with a second partial derivative of the remaining function like 

9f dh d 2 g 
dq dp dqdp * 

Therefore, the Jacobi identity will be proven if we are able to show that the 
left-hand side of Eq. (2.18) does not contain any second partial derivative. For 
this purpose, let us introduce, for any function /, the first order differential 
operator Xf defined by 



X f g = {f,g}, 

which will be called the Hamiltonian vector field associated with f. The explicit 
expression of X/ is given by 

x = v 

f ^\dq h dp h dp h dq h J ' 



§KarI Gustav Jacobi was born in Postdam in 1804 and died in Berlin in 1851. He is 
universally known for the investigations on elliptic function, for his papers on determinants 
and particularly the Jacobian determinant , for the Jacobi identity, which is basic almost 
everywhere in physics and mathematics, and for the Hamilton- Jacobi theory , which was a 
starting point for quantum theory. Most of the results of the researches are included in his 
Vorlesungen iiber Dynamik. 
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In terms of these operators, the left hand side of Eq. (2.18) can be handled as 
follows: 



{f,{ 9 ,h}} + {g,{hj}} + {h,{f,g}} 

= X f {g,h}-{g,X f h}-{X f g,h} 

= X f Xgh - X g Xfh - X {f , g} . 



Therefore, the following remarkable relation holds: 



{/, {9, *}} + { 9 , {h, /}} + { h , {/, g}} = [Xf, X g }h - X {f<g} h , (2.20) 

where the bracket [X ) Y ] denotes the commutator of the differential operators 
X and Y. 

The final observation is that 

(a) the last term Xy ig jh does not contain second derivatives of h. 

(b) the commutator [X,Y] of two first order differential operators is again 
a first order differential operator. 

Indeed, if 

i i 

denote two first order differential operators, we have 



[X,Y]<p = 



£*'<*> A- A 



L i 






= £ ~ (*'<*>!?)) 

0 






- E ( yj (*) 



dX i dip 
dx3 dx i 



+ Y\x)X i (x) 



d 2 <p 

dx i dxl 



-) 
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(**(*) 

(x\x) 

(x*(*) 



dY j dip 
dx' dxi 

dYi d 

dx' dxi 



- Y j {x) 

- Y j (*) 



dx * dp 
dxi dx i 



d 

dxi dx' 



) 

) 




<P 



As a consequence of properties (a) and (b), the left-hand side of Eq. (2.20) 
does not contain any partial second order derivatives of the function h . The 
same is obviously true for the functions / and g. Therefore, the left-hand side 
of Eq. (2.20) does not contain any second partial derivative. The conclusion is 
that the sum of all terms in the left-hand side of Eq. (2.20) is vanishing. 



2.3.5 The Jacobi-Poisson theorem 

Let us suppose now that, for the canonical system 



d 


dU 


dt Ph = 


dqh ’ 


d 


du 


dt qh = 


Id 



two first integrals are known, namely, 
following relations: 



V/i € {1,2,... ,n} , 

and g. These first integrals satisfy the 






It is easy to prove that the Poisson bracket {/, g} of / and g is also a first 
integral. As a matter of fact, let us first observe that 



d{f,9} = 
dt 




Then, by using the previous relation and the Jacobi identity, 







54 



Hamiltonian Systems 



we can write 



Therefore, 



d{f,g} 

dt 






ff + </,W} = 0 



| + { S ,«} = 0 



fit 



+ {{/,*}>«} = 0, 



Of course, the Jacobi-Poisson theorem will not always give new first inte- 
grals, since their number is bounded to be 2n — 1, where n is the number of 
degrees of freedom. In some cases, in fact, the Poisson bracket of first integrals 
simply reduces to a function of them or to a numeric constant. Two functions, 
/ and g , with vanishing Poisson bracket {/, g} = 0, are said to be in involution . 



Problems 



1. Show that, if one of the functions / and g coincides with a momentum 
or a coordinate, the Poisson bracket simply reduces to a partial deriva- 
tive 



{pkj} 



df_ 

dq k ’ 



As a particular case, notice that 






{9fc.ft} = 0, {ph,Pk} = 0, {qh,Pk} = S hk , 
where S ^ is the Kronecker delta. 

2. Evaluate the Poisson bracket of the Cartesian components of the mo- 
mentum p and the angular momentum l = r Apofa particle. 



Solution 



{ P M = -^ = -^(yPz-zp v ) = o, 

{Pv, <*} = = ~Q^(yPz - z Py) = -p z > 

{p*>k} = = —^(ypz - -^Pv) = p« , 




The Poisson Bracket and the Jacobi- Poisson Theorem 



55 



so that 

{IxiPx} — 0 > { lx)Py } = Pz > {lx)Pz} = — Py * 

The remaining brackets follow from a cyclic permutation of the indices x,y } z. 
Finally, denoting with (pi,P 2 ,P 3 ) and (Zi ,^ 2 ,^ 3 ) the components of p and Z, 
respectively, we write 

3 

{hiPj} = ^ ^ £jjhPh j V 2 , j E {1, 2, 3} , 
h=\ 

where £{jh is the Levi-Civitcfl tensor density defined by 

1 if z, j ) h is an even permutation of 1,2,3 
£ijh = -1 if i, j, h is an odd permutation of 1, 2, 3 

0 in the other cases; i.e., if two indices coincide. 

3, Show that 

3 

{hi Qj } ^ ^ ^ijhQh > ^ h j ^ {1, 2, 3} . 

h=l 

4, Evaluate the Poisson bracket of the components of the angular momen- 
tum of a particle between them by using only the algebraic properties 
(2.19). 

Solution 

3 

{hi ^ V £ijhlh 1 V hj ^ {1} 2, 3} . 

/l=l 



^Tullio Levi-Civita was born in Padova in 1873 and died in Rome in 1941. He obtained 
his degree at Padova University in 1894. He was a professor of mathematical physics, at the 
age of 24 years, at Padova University, where he taught until 1919. In this same year he moved 
to Rome University. In 1938, with the introduction of racial fascist laws, he was removed 
from the chair and his now classical books, including the Lezioni di Meccanica Razionale 
(1929) and Lezioni di Calcolo Differenziale Assoluto (1923), was interdicted. Fortunately, 
thanks to Whittaker, the last had been translated in English and published on 1926 by Blakie 
& Son. He died just in time to avoid to be forced also to hide because of racial persecutions. 
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Since the momenta and the coordinates of different particles are independent 
quantities, it is easy to verify that the resulting formulae of the previous prob- 
lems still hold for the total momentum P and for the total angular momentum 
L of an arbitrary system of particles. 

5. Prove that for any scalar ® function tp of the coordinates and momenta 
of a particle, the following relation holds: 

{L z ,<p} = 0. 



Solution 

A scalar function depends on the vectors r and p only by means of the combi- 
nations r 2 = r • r, p 2 = p * p and r • p. Therefore, we can write 

*£. = r+ 9(P v 
dr dr 2 d(f • p) * 

&P _ &P 0 - , d V 
dp dp 2 d(r-p) 

The relation {L z , <p} = 0, then follows by applying the definition of Poisson 
bracket (2.16). The same relations hold for the remaining components of i, so 
that, for any scalar function <p of the coordinates and momenta of a particle, 
we can write 

{lx, <p} = {ly, <p} = = 0 . 

6. Prove that for any vector function / of coordinates and momenta of a 
particle, the following relation holds: 

{lz,f) =nA/, 

where n is the unit vector along the z axis. Analogous formulae hold 
for the remaining components of 1. 

Solution 

Any vector function f of f and p can be written in the form / = (pir + <p 2 P 4* 
^ 3 (r Ap), where <pi,<p 2 t <pa are scalar functions. Thus, by using the algebraic 
properties of the Poisson bracket, we finally obtain the solution to the problem. 



II Here, scalar and vector functions are understood with respect to the rotation group 
50 ( 3 ). 
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2.4 A More Compact Form of the Hamiltonian Dynamics 



Let us start by considering a Hamiltonian system with n = 2 degrees of free- 
dom. 

By introducing the column vectors 



u = col(pi,p 2 ,qi,q 2 ) , 
and the skew-symmetric matrix 



VH = col 



fdH &H &H 

\dpi’ dp 2 ' dqi’ 



<m\ 

dq 2 ) 



E = 





? 



( 2 . 21 ) 



Hamilton’s equations can be written in the form 



u = evu , 



or in components, as follows: 



- pkkSH 
dt~ du k ’ 



( 2 . 22 ) 



where the sum over the index k is understood. The Poisson bracket can then 
be written as follows: 






where the bracket (•, •) denotes the Euclidean scalar product. 

Of course, the previous notation can be also used for a Hamiltonian system 
with n degrees of freedom. In this case, the matrix E is given by 



E = 





(2.23) 



where 0 and I denote the nxnnul and identity matrices. 



2.4.1 General Hamiltonian dynamics 

Let us now consider a generic dynamics described by an equation similar to 
Eq. (2.22): 
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where the matrix A may depend on the point u. The evolution of a generic 
function /, defined on the phase space, will be given by 



4f __ df_du A _ a/ 

dt du h dt du h 



a “S =( v/ ’ avw) ' 



In order to have a Jacobi-Poisson theorem for this type of dynamics, we 
must require 



• skew-symmetry 






• Jacobi identity 

(V(V/, A V#), AVh)+(V(V#, A VA), AV/)+(V(Vh, AV/), AV#} - 0 . 

In this case, the bracket (V/, AV#) will be called the Poisson bracket of / 
and g } and will be denoted with {/,#} a> or simply, if no ambiguity arises, with 
{/,#}. In terms of the matrix A, the previous requirements are expressed by 
the following: 

• skewsymmetry : A = — A T 5 

fikhk .BA^ B A ** 1 

• Jacobi identity : A 13 ■ : + A^ - r + A kj — — - = 0. 

OU 3 OU 3 OU 3 

Of course, these properties are trivially satisfied by the matrix E. 

Definition 11 We shall call Hamiltonian a dynamical system with n degrees 
of freedom, and then with a 2n-dimensional phase space, if it is described by 
the equation 



where the bracket, beyond the usual derivation properties, satisfies the prop- 
erties 



{/»ff} a = -{g,f} a 

{{ f , 9 } Ai^}a + {{<7)^}Ai/}a + {{^)/}A)J?}a = 0. 
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2.4.2 Jacobi- Poisson dynamics 

Let us finally observe that in the previous definition, no role is played by the 
even dimensionality of the phase space. Thus, it is natural to define more 
general dynamics according to the following definition. 

Definition 12 A dynamics, described by the equations 

!={/,*>„, 

with the bracket satisfying the properties 

{/,c} P =0 Vc £ R 

{/, 9 + h}p = {/, g}p + {/, h}p 
{/» 9, h}p = {/, g }ph + g{f, h} P 
{f,g}p = ~{5> f}p i 

{{/, 5}p> h}p + {{#. M P. f}p + {{^> /}p> fl}p = 0 > 
is called a Jacobi-Poisson dynamics. 

Of course, a Hamiltonian dynamics is also a Jacobi-Poisson dynamics. 



2.4.3 More on the Poisson bracket 

We notice that properties expressed by Eqs. (2.17) and (2.18) endow the set 
J 7 , of differentiable functions defined on with a Lie algebra structure. 

Remark 6 A Lie algebra A is a vector space endowed with an internal com- 
position law , denoted by [♦, *] and called a Lie bracket , satisfying the properties : 

[X,Y] = -[Y,X], VX, Y £ A, 

[X, [Y, Z]] + [Y, [Z, X]] + [Z, [X, Y]] = 0 , VX,Y,Z e A. 

Examples of Lie algebras are 

0 the set of vectors in 9? 3 endowed with the Lie bracket [•,■] given by the 
vector product 



[u, v\ = u A v ; 
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0 the vector space ofnxn matrices endowed with the Lie bracket [*,*] given 
by the commutator 

[M, N] = MN — NM . 

A geometrical definition of Lie algebra will be given in Part II, 

Since it can be written in the following equivalent alternative forms: 

X U ' 9} h = [X f ,X g )h, (2.25) 



X f {g,h} = {X / g,h} + {g,X I h}, (2.26) 

the Jacobi identity is equivalent to the following alternative statements sug- 
gested by Eqs. (2,25) and (2.26), respectively: 

• The map 

{f,g} •-> X{f,g) 

is a Lie algebra morphism 

(jr,{.,.})^(^, [.,.]) 

between (J 7 , {*,*}) and the set of Hamiltonian vector fields Xp endowed 
with the Lie bracket given by the commutator [*,*]. 

• The operator Xj = {/, *} is a derivation of the Poisson bracket. 

Last statement, as it will be shown in the next subsection, suggests the in- 
troduction of more general structures named n- Poisson brackets . For instance, 
a 3-Poisson bracket on T is bracket {•, *, •} satisfying the following properties: 

{/, 9, h} = -{/, h, g } = -{g, f, h} , 

{/» 9 , {«, v, w}} + {v, w, {f,g,u}}~ {u, w, {/, g , t>}} + {u, v, {/, g, w}} = 0 , 
{f,9,hih 2 } = {f,g,hi}h 2 + hi{f,g,h 2 } , 

{/.5,c} = 0 VcGjR. 



An algebraic formulation 

We observe that properties expressed by Eqs. (2.17), (2.18) and (2.19) are 
purely algebraic in nature, so that the following abstract formulation can be 
introduced. 
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Let M be a Poisson manifold and T the ring of functions defined on it. 
This means that on M a bracket {*, *} is defined such that 

(1) it yields the structure of a Lie algebra on i.e. 

{f,9} = ~{9,f}, 

{f , { 9 , h}} + { g , {h, /}} + { h , {/, g}} = 0 , 

(2) it has a natural compatibility with the usual associative product of 
functions, which is 



{hjg} = {hj}g + f{h,g}. 

Therefore, we can define an abstract Poisson algebra as an associative com- 
mutative algebra endowed with a Lie bracket satisfying Eqs, (2.17), (2.18) and 
(2.19). 

It is natural to generalize the notion of a Poisson manifold by relaxing 
condition (2) and requiring only that {/, g} be just a local type operation: 

support {/, g} C (support /) D (support g ) . 

The bracket {f,g} is then called a Jacobi bracket and the corresponding ma- 
nifold a Jacobi manifold. 

2.4.4 Further generalizations of the Jacobi-Poisson dynamics 

The possibility of further generalizations of Jacobi-Poisson dynamics rely on 
the possibility to generalize the Poisson bracket. 

Let us consider a dynamical system described by the equations 

j t f = , 

where the ternary bracket in the right-hand side is supposed to be skewsym- 
metric. This dynamics will be called a ternary Jacobi-Poisson dynamics 
if the ternary bracket allows for a Jacobi-Poisson theorem on first integrals. 
In such a case the ternary bracket will be called ternary Jacobi-Poisson 
bracket. We are thus looking for a property of the ternary bracket such 
that 



{//*>#!> # 2 } = 0, A = 1,2,3 =$► {{/ 1 , /a, /s}, H\, H 2 } = 0 . 



(2.27) 
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For this purpose it is useful to recall the form of Jacobi identity, for binary 
bracket given in Eq. (2,26): 

X f {g,h} = {X f g,h} + { 9> X f h}. 

This form can be immediately generalized to skewsymmetric brackets with an 
arbitrary number of entries. 

Indeed, given the ternary bracket {/,#, h} y we require that the operator 
Xf g (vector field), defined by 

X fg h :={f 9 g 9 h} t 

be a derivation of the bracket; that is 

Xf g {h \ , h 2 , h 3 } = { Xjghi , h 2i h 3 } -f {hi,Xf g h 2 , ^ 3 } 4* {hi,h 2y X/ g h 3 } . 

(2.28) 

The above formula can be explicitly written as follows: 

{/, g, {hi,h 2 , h 3 }} = {{/, g,hi},h 2 , h 3 } + {h u {/, g, h 2 }, h 3 } 

+ {^i, h 2 , {f,g, ^ 3 } } , 

which would be difficult to invent without a deep understanding of the signif- 
icance of the usual Jacobi identity. 

It is not difficult to prove that Eq. (2.27) is equivalent to Eq. (2.28), We will 
not go on further on this subject. Much more details can be found in Ref. 152 
and references therein, where examples of n-ary Jacobi-Poisson dynamics are 
explicitly given, and the following important property, here reported just for 
the case n = 3, is proven: 

If {/,<?, h} is a ternary Jacobi-Poisson bracket , the binary bracket {f,g}h = 
obtained by fixing one of the functions , is a binary Jacobi-Poisson 
bracket Furthermore , a linear combination of two of them ci{/, g}^ 4 - 
c 2{f>g}h 2 ^ again a binary Jacobi-Poisson bracket 



2.5 The Variational Principle for the Hamilton Equations 

It has been shown that Lagrange’s equations (2.1) are differential equations 
for the unknown functions g^(t), which are required to be an extremum of the 
action 
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%]= [ tb C(q/q/t)dt. 

Jta 

On the other hand, from Eq. (2.6), we have 

(£)*df = ^2p h dq h - Udt , 

h 

where £* is the Lagrangian £ in which the velocities % have been expressed 
in terms of momenta and coordinates by means of Eq. (2.3). 

It is then natural to argue that Hamilton’s equations can be obtained as 
the equations for the extrema of 

S*[q/p/t}= [ C,(q/p/t)dt, 

Jt a 

the transformed functional of 5[g]: 

S*[q/p/t] = / ^Phdqh, - Udt . 

*'*« h 

This is easily verified, since 

rtb 



SS * = £ 'y' i (Sphdqh + Ph&dqh) - 5Udt 

= \phdqh]\ B A + f ^(Sp h dq h - dp h 6q h ) - SUdt 
h 

rtb / Qqj fflJ \ 

= [ PhSqhll ® + J ^2 [fPhdqh - dphSqh ~ -^Sp h dt - — Sq h dtJ 
= IPhSqhll* + £ ^2 S?h ~ (f Ph + ^ dt ) 5qh 



As before, by imposing Sq^tA) = Sqh(tB) = 0, we obtain 

< s * - J‘‘ E [(“» - !£<*) - (*» + s “\ ■ 

In this way, Hamilton’s equations of the motion follow from the vanishing of 
SS * for any choice of Spn s and Sq^s. 




Chapter 3 

Transformation Theory 



3.1 Canonical, Completely Canonical and Symplectic Trans- 
formations 

3.1.1 Canonical transformations 

The differential equations of motion have been brought into a particularly 
desirable form, the canonical form: 



d 


dU 




dq h ’ 


d 


m 


Tt qh = 


d Ph ’ 



V h € { 1,2, . . .n} 



However, no direct integration method of the canonical system is known. There 
exist indirect methods which allow to highly simplify the integration problem. 
One of them is the method of coordinate transformations, whose goal is to find 
new coordinates, namely (tt, x), in which the characteristic function H of the 
canonical system is “more simple.” For a generic coordinate transformation, 
the canonical system is not form invariant ; i.e., its form is not preserved. 
Therefore, the interesting preliminary problem is to characterize the set C of 
invertible differentiable transformations which preserve the canonical form of 
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equations of motion. Any transformation satisfying this requirement, will be 
called a canonical transformation .* 

It was already clear from the Lagrangian form of dynamics that a proper 
choice of coordinates can greatly facilitate the search for the solutions of the 
differential equations of motion. For instance, since a first integral of the 
Lagrange equation is known whenever one of the Lagrangian coordinates is 
cyclic, it is of great interest to produce cyclic coordinates by transforming the 
original ones. 

Let 



f 7T h = n h(q/p/t) 

1 xh = Xh{q/p/t) 

be an invertible differentiable transformation from the coordinates {q/p) to 
(X,?r), which may depend on time t. It was proven by Sophus Lie* that 

A sufficient condition for Eq . (3,1) to define a canonical transformation is 
that there exist two functions Ho and F of (q/pfx/^/t) suc h that the relation 

Y2 P^ d Qh = nh - d Xh + Wo* + dr (3.2) 

h h 

identically holds. The new characteristic function is K — {H - Hq)* where 
the symbol * indicates that all coordinates (p, q) have been expressed in terms 
*/ (*/*)• 



*The theory of canonical transformations is essentially due to Jacobi whose efforts were 
too much bent on the integration problem to which Hamilton was only incidentally interested. 
The resulting integration theory played an important part in the modern development of 
atomic physics, 

i Marius Sophus Lie was born at Nordfjordeide (Norway) on 1842 and died in Oslo on 
1899. He was a professor at Oslo University from 1872 to 1885, at Lipsia University from 
1866 to 1987 and again at Oslo University from 1898 to 1889, It is difficult to illustrate, 
in a short note, its enormous contribution to mathematics. He invented, in particular, the 
theory of contact transformations, the theory of (finite and infinite) Lie groups, the theory 
of minimal surfaces, the theory of translation surfaces, the theory of surfaces with geodesical 
groups, the theory of surfaces with constant curvature. Many results of M.S.Lie have been 
recovered, independently, by excellent modern mathematicians, after almost 100 years. We 
just mention here the Konstant-Kirillov-Souriau symplectie structure. 

*Here identically means that once the transformation (3.1) has been performed, the 
relation (3.2) reduces to an identity. 
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It is a trivial exercise to verify that the transformation 



7r h = aph 
Xh = fan 



is a canonical one; the new canonical system being 



d 


dK 


dt n = 


dXh 


d 


dK 




dir h 



with 1C = but it does not satisfy the condition (3.2). 

We can argue that the set C of canonical transformations is larger than the 
one characterized by the Lie condition (3.2). 

It was later proven by Lee Hwa-Chung 24 how the condition (3,2) can be 
generalized, in order to express a necessary and sufficient condition for Eq. (3.1) 
to be a canonical transformation, 

A heuristic way to find a necessary and sufficient condition for a differen- 
tiable invertible transformation to be canonical is the following. 

By using the variational principle, the Hamilton equations can be written 
as 



<5S = 0, 



where 



S\q/p/t\ = f '}Tp h dq h -ndt. 

ta h 

In this way, associated with the transformation 

f nh = * h(q/p/t ) , 

\ Xh = Xh(q/pft ) , 



we have the following picture: 
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S\q/p/t] = f "Y^Phdqh - 'Hdt 
2° h 

4.55 = 0 

_([ &H 

dt^ h dqh 

d_ ££ 
dt Qh ~ dp h 




4. 55* = 0 



{ d die 

dt Kh ~ d Xh 

£ 

dt Xh ~ dn h 



Therefore, the necessary and sufficient condition for a differentiable invert- 
ible transformation to be canonical is that 



6S* = 0&6S = Q, 



where S*{x/n/t] is the transformed of S[q/p/t], 

The above equivalence will be certainly true if differential forms, up to a 
multiplicative constant c ) differ by an exact differential form dF : 

53 PA dqh - Hdt = c I 53 *hdxk ~ £dt j 4 - dF . 

h \ h / 

It was shown by Lee Hua- Chung that the condition is also necessary. 

We can conclude that 

A necessary and sufficient condition for a differentiable invertible trans- 
formation (3,1) to be canonical is the existence of a constant c and of two 
functions , Hq and F , of (q/p/x/n/t) , such that the relation 



^2 Phdqh — c ^2, n hdxh + Hodt + dF (3.3) 

h h 



identically holds. The new characteristic function is JC = lfc{(H — 'Ho)** where 
the symbol * indicates that all coordinates (p, q) have been expressed in terms 

of (tt/x)- 

A simple example of canonical transformation, with Hq = 0 and F = pq , 
is given by 



1 T= hS p2+ a2<?2) ’ 

X = arctan(Ag/p) . 



(3.4) 
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Indeed, 



pdq - irdx = pdq - -^{p 2 + X 2 q 2 )d ( arctan ) 



V 



\pJJ 

_j. 1 ,„2 , x2.2s P 2 /Apd<z~Agdp\ 

p^- Tx (p +X ^-^TW)\ — F — ) 



pdq --(pdq- qdp) 



d{pq) . 



3.1.2 A general class of canonical transformations 

A particular class of canonical transformations is generated by an arbitrary 
function V which depends on “one half” of original coordinates and on “one 
half” of the new ones, for instance on q’s and 7 r’s. 

The function is only required to satisfy the condition that the mixed func- 
tional determinant 



does not identically vanish: J ^ 0. 

It is easy to see that the relations 

dV dV 



(3.5) 



implicitly define an invertible differentiable coordinate transformation between 
the p, q’s and 7T, x’s. In fact, since J ^ 0, by the implicit function theorem, 
the second of relations (3,5) can be solved in the form 



Qh = Qhi^/x/t) 



and associated to the first one to give an explicit one-to-one transformation 
between the coordinates (p,q) and (7r,x)* 

As for the canonical character it is enough to observe that Lie’s condition 
is satisfied: 

+ £xA = £ (| Y h dqh + =dV ~ % dt ’ 

h h h ' ' 
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from which, by using J2h Xhd-^h = d(£ lh n h Xh ) - J2h n hdxh, we obtain 

ov ( 

^2phdq h = Y^^bdXh ~ -QT-dt + div -^-KhXh 

h h ° \ h 

Then, the transformation defined by relations (3.5) with J ^ 0, is canonical 
with 

^0 = -^-, F = V- ^TthXh, 




and leads to the new characteristic function 






dV 
dt ’ 



expressed, of course, in terms of ( p/q ) coordinates. 

The function V is called the generating function of the canonical transfor- 
mation. 

A different choice could be to choose a function V f depending on g’s and 
on x >s > and satisfying the condition that the mixed functional determinant 



J l - det 



/ d 2 V l \ 
\dq h d X k ) 



does not identically vanish. 
The relations 



Ph = 



dV' 
dqh ’ 



dV 1 




(3.6) 



implicitly define an invertible differentiable coordinate transformation between 
the p, q's and 7r,x*s. In fact, since J f ^ 0, by the implicit function theorem, 
the second of relations (3.6) can be solved in the form 



Qh - qh(n/x/t)> 



and associated to the first one to give an explicit one-to-one transformation 
between the coordinates (p,g) and (tt,x)* 

As for the canonical character, it is enough to observe that Lie’s condition 
is satisfied: 

E - E = E + ^ h dXh ) = dV> ~ w dt ’ 
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from which we obtain 

^2,Vhdqh - ^KhdXh ~ ~gf dt + dV> ■ 
h h 



Then, the transformation defined by relations (3.6) with J* ^ 0, is canonical 
with 



H 0 = - 



dV' 
dt ’ 



F = V\ 



and leads to the new characteristic function 



K = H + 



dV' 

dt 



expressed, of course, in terms of ( p/q ) coordinates. 

The function V f is also called the generating function of the canonical 
transformation. 



3 . 1.3 Completely canonical transformations 

It has been shown that a canonical transformation of a given canonical sys- 
tem with characteristic function H leads to a canonical system having K = 
(1 /c)(H — Ho)* as characteristic function. When the function /C = (1 /c)(H - 
Ho)* reduces to K = (1 /c)(H)* the transformation is called a completely canon- 
ical transformation . Then, a necessary and sufficient condition for a canonical 
transformation to be a completely canonical one is that Ho = 0. 

It is easy to see that a canonical transformation 

(*h= Vh(<l/p) , 37) 

\ Xh = iph(q/p) ’ ; 

which does not explicitly depend on time £, is a completely canonical one. 
The Lie condition (3.3) for the transformation (3.7) gives 

"YsPkdqk = c ^2 -nhdXh + W 0 dt + dF 

k h 



= £ (jf k dn + + n ° dt 

dF , ( dF , dF A \ 

+ sr* + ? W* dn + oT t d * h )’ 
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or equivalently, 

£ ( $fc + dpfc + (* fc + 1£) ^ + ( n ° + %) dt = 0j 

where the functions and are defined by 

i i 

It follows that F has to satisfy the following relations; 

*— £• "» + £=°- 

Moreover, as and do not explicitly depend on time t- we also have 



_0 

dt 



or equivalently, 



d 

dpk 



(£L) = 1(?L) = o 
dt \dq k ) 

( d ±) = ±( d ±) =0 

\dt J dq k \dt) 



which implies that dr /dt does not depend on the p’s and the q’s but only 
on t. 

From 



it follows that 






F = /(l) + A(p/«) 



and 



Wo F dF ~ dF \ . 



Therefore, Lie’s condition (3,3) becomes 

53 = c^Tthdxh + dFi , 
h h 

so that the new characteristic function is simply A3 = (l/c)(W)*. 
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3.1.4 Symplectic transformations 

A canonical transformation, which leads to a new characteristic function K 
of the form K = (H)*, is called a symplectic transformation. Therefore, a 
symplectic transformation is a completely canonical transformation with c = 1. 
The following picture summarizes all the cases well: 



1C = -{'H-'UoY (canonical) , 
c 

K = -(W)* (completely canonical) , 

c 

1C = (H)* (symplectic) . 



(3.8) 



The transformation (3.4) of the previous example is a symplectic transforma- 
tion with a generating function given by 



v= |\/2A7r- A 2 g 2 + 



arcsin 



M 



3.1.5 Area preserving transformations 
An invertible differentiable map from SR 2 to itself, 

(p, g) e 5R 2 4 — > (7T, X) € , (3.9) 

will transform a given Lebesgue measurable region S C 5ft 2 in a measurable 
region E C 3ft 2 , 

S+— >E. 

The map will be said an area-preserving transformation , or simply, an equiv- 
alent transformation , if the measures of S and E coincide: m2 (5) = 7712(E). 

Theorem 13 A necessary and sufficient condition for an invertible 
transformation on SR 2 , 



(p,q) 6 5ft 2 <— ► (tt,x) <E 5ft 2 ; 



to be symplectic is to be an area preserving transformation. 
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Proof 

Let the transformation (3.9) be symplectic. Then there exists a function G , 
such that, identically , 



pdq — i rd\ + dG , 
i.e. 

- >r) <i>C = dG • 

Since the RHS of the above equation is an exact differential, the equality of 
crossed derivatives 



gives 



± (p»L) = — (A 

d X \ P dir ) dir \ P d X 




dp dq dp dq ^ 
d% dn dir dx 



which can be , equivalently , expressed by 



d _ M 

d(ir,x) 



It follows that 

m 2 (S) = JJ dpdq = Jj 

Conversely , if the transformation (3.9) is area preserving , then 





/dp 


dp\ 


det 


dir 


dx 


dq 


dq 




\ dir 


dx / 


d{p,q) 
9{ir. x) 


dirdx = 



= 1, 



0 = m 2 (S) - m 2 (E) — [ f dpdq - [ f dirdx = f f 
JJs JJ s JJt, 



g(P) g) 

X) 



- 1 dirdx • 



The arbitrariness of £ and the continuity of the Jacobian determinant imply 



d(P»<7) _ ±1 

d{ir,x) 
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If the Jacobian is 1, the transformation (3.9) is§ symplectic. The same is true 
if the Jacobian is - 1; it is sufficient to interchange the names of the variables 
7r ’s and x 9° back to the first case. 



3.1.6 Volume preserving transformation 
An invertible differentiable map from 3f£ n to itself, 

(p,q) (*,*)€ 5ft", (3.10) 

will transform a given Lebesgue measurable region S C in a measurable 
region E C 3? n , 



S i — > E . 

The map will be said a volume preserving transformation , or simply, an 
equivalent transformation , if the measures of S and E coincide: m n (E) = 
m n(E). 

It will be shown, in the next section, that a symplectic transformation on 
SR n is also equivalent. It is worth mentioning that the converse is true only in 
the case n = 2. 



3.2 A New Characterization of Completely Canonical Trans- 
formations 

The Lie condition is not easily handled for checking the canonical nature of 
a differentiable invertible transformation. Thus, we are looking for conditions 
to be directly required to the functions in the invertible differentiable 

transformation 

= (3J1) 

1 Xh = i>h{q/p ) , 

to define a completely canonical transformations. 

The condition from which we start is the usual one, namely 

53 Pf*dqh = c^n h dxh + dG, 
h h 



§With the usual assumption that the S and S be linearly simple-connected. 
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in which the transformation (3.11) must be performed. In this way, we have 
—dG(p/q) = 'f2($hdq h + tyhdph ) , (3.12) 

h 

where 

r ^ < 3 - 13 > 



If the right-hand side of Eq, (3.12) has to be an exact differential, the following 
conditions 

d® k = d$ h 
dqn dq k ’ 

. = 99 h 

dph dp h ’ 
d*k = d*h 
< dph dqk ’ 

must be satisfied. 

Replacing Eq. (3.13) in the above conditions, we find 



dipk 


dpk _ 




dpk 


dqi 


dpj 


- 

dPj 


dqi 


dipk 


dipk _ 


_ ftti. 


dpk 


dqi 


dqj 


9< h 


dqi 


dipk 


dpk _ 




dpk 


dpi 


dpj 


- 

dpj 


dpi 



The above relations can be written in a very compact form by introducing 
the Lagrange bracket , which, for given 2n functions xl> h of variables u,u, 
are defined by* 



i > y } = J2 



dipkdrh _ dipk chh 
du dv dv du 



_ sr-' d(ipk,$k) 



(3.14) 



^Many authors define as Lagrange bracket the analogue, but associated with the inverse 
transformation. 
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By using this bracket, the necessary and sufficient conditions for a trans- 
formation to be completely canonical can be expressed as follows: 

[ m ]= 0 , [pi,Pj\= 0 , [q i ,Pj} = ^S ij , V (ij) € { 1 , 2 , ( 3 . 15 ) 

It has been already shown that, in the plane J? 2 , the symplectic trans- 
formations coincide with area preserving transformations. Thus, it appears 
interesting to analyze, from this point of view, the properties of a completely 
canonical transformation more closely. 

Let then 



( *h = <Ph(q/p) 
lx* = V’hte/p) 

be a completely canonical transformation and let 

— M) 

be its Jacobian determinant, which, more explicitly, can be written in a block 
form as 



J = det 



By performing, on the Jacobian matrix 



(&£h 


dfh\ 


dpi 


dqi 


djjh 


H >K 


\ dpi 


dqi ) 



M = 



f dtp k dip h ^ 

dpi dqi 

dj)h &Ph 

\ dpi dqi ) 



i, h G {1, . . . , n} , 



i>h €. n} , 



the following interchanges: 



• row number j with row number n + j, V j € {1, . . . , n}, 

• column number j with column number n + j, V j € 

• inversion of the sign in first n rows, 

• inversion of the sign in first n columns, 
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we obtain the matrix 



M' = 





drh 


diph \ 




dqi 


dPx j 




d<fih 


^ 1 




dqi 


/ 



i,he {1, . . . ,n} . 



Of course, since an even number (4 n) of interchanges, each one introducing a 
factor - 1 , has been performed, it turns out that 

J = det M = det M ’ . 

It follows that the product of M T , the transposed of M, with M', has the 
following determinant 

det(M T • M') = (det M)(det M') = J 2 . 

More directly, the matrix M' can be obtained from M, by using the matrix 

'-C D- 

introduced in Eq. (2.23) of the previous chapter. Accordingly, 

M 9 = E • M ■ £ T , 

with E J being the transposed of E . Trivially, E J = -E = E _1 . 

The elements Cij of the product M T • AT can be divided into the following 
four groups: (z < n, j < n), (z < nj > n), (z > nj < n), (z > n>j > n). In 
other words, similarly to M and M', also the product M T • M f can be divided 
into four sectors, which separately evaluated, give 

. if (i < i > »), c , = £ = te.Pd. 

. for (. > n,, < n), c, = £ (^ 3 ^ - = (*.«*]■ 

^ \ ( d<p h dxph dlph. d<Ph ^ r , 

. ,f (, > »,, > „), o (j = j = 
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Therefore, we have 



M J • M' = 



bi.Pi] 
.(%*'] [Pi >?<), 



c Sij 



-Si 






the last equality following from Eq. (3.15). Thus, the Jacobian determinant J 
of a completely canonical transformation in K 2n satisfies the relation 



J 2 = c~ 2n . 



(3.16) 



Prom the expression 

M J • M' = -I , 
c 

we have 

M T - , 

so that 

M ■ (M'y = i((M') _1 ) T • (M') T = ^(M' • (M') _1 ) T = i J . 

By performing the product M • (M') T , we finally obtain 

0 \ ( {<Ph,i>k} {4>h,^k} 

I = M • (M ) T = ( 

^SijJ XWhiVk} {<Ph,<Pk} 

Therefore, it follows that 

The necessary and sufficient conditions for a transformation to be com- 
pletely canonical can be expressed as: 

{&,&} = o, {Pi,Pj} = 0, {qi,Pj}=^Sij, v (i,j) € {l,2,...,n}. 

(3.17) 
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3.3 New Characterization of Symplectic Transformations 

Prom relations (3.15), it turns out that 

The necessary and sufficient conditions for a transformation to be symplec- 
tic is given by 

[QiyQj]—®) [Pi>2 ? j] == 0> [qi )Pj\ = $ij , V (i, j) 6 {1, 2, . . . , n} , 
or 

{tftiPj} = $ij > V (£, j) € {1,2, . . . ,n} . 

Moreover, from Eq. (3.16), it follows that 

A symplectic transformation preserves the volume of any given region of 
the phase space . 




Chapter 4 



The Integration Methods 



4.1 Integrals Invariants of a Differential System 
Let us consider the first order differential system 

^ «*•(*/*). Vi € (1, 2, . . ,n) , (4.1) 

and denote with 



x l — X*(t, Xo) 

the solution, which at time takes the value xq : Xq = x l (t 0? #o). 

The above relations can be equivalently expressed by 

Q = Q(*,Qo). (4.2) 

where Q and Qq denote the points whose coordinates are (x l 1 ... i x n ) and 
(xq, . . , , Xq)> respectively. Given any submanifold Uo C 5R n , whose points will 
be denoted by Qo ) let U be the submanifold, depending on t, of points Q given 
by Eq. (4.2). In other words, U represents the evolution at time t , according 
to Eq. (4,1), of Uq. 

Equation (4.2) thus define a map between Uo and U. The map is one-to- 
one by the existence and uniqueness theorem, which is taken to hold for the 
system (4.1). 
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Let us consider an arbitrary function p of x and t and the integral 

I = [ p(x ) t)dU , (4.3) 

Ju 

which, of course, will generally depend on time t. In the case I does not depend 
on time, no matter how U is chosen, we shall say that I is an integral invariant 
for the system (4.1). 

In order for I to be an integral invariant, p is required to satisfy suitable 
conditions. Let us start from the natural characterization of an integral invari- 
ant, which is given by 

Jt fu P ( X '^ dU = "°' 

In the above expression, the transfer of time derivative under the integral sign 
is not permitted, since the integration region depends on time. The difficulty 
is easily overcome by using the change of variables given by Eq. (4.2). In this 
way, we obtain 

/ p(x,t)dU = / p(x 0) t)JdU 0 , 

Ju Juo 



where p = poQ is the composed function between p and Eq. (4.2); i.e. p(xq, t) = 
p(x(xo,t) y t) and J is the Jacobian determinant 



J = 



d(x 1 ,x 2 } . . . ,x n ) 



(4.4) 



of the transformation Eq. (4.2). 



Remark 7 The theorem on the change of variables in the integrals 
requires , really , the absolute value of the determinant In our case , however , 
the Jacobian matrix at initial time to coincides with the unit matrix T . Then , 
by the continuity , it exists a neighborhood of to (an interval of time) in which 
the Jacobian determinant is always positive . 



It follows that 

3 l fdV ~ 3 l/ JdU ° - L. ^ J)dU ‘ " Ll3<"»'. 

where we have used the property that the Jacobian of the inverse transforma- 
tion is the inverse of the Jacobian. 
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Therefore, 




In order to explicitly calculate the derivative dJ/dt , let us observe that J 
depends on t via the elements gij = dx l /dad 0 of Jacobian matrix. Then 

dJ ^ <9 J dffij 

dt " dgij dt 

ij j 

By using the Laplace* expansion, the Jacobian determinant can be written 
as follows: 

n 

J = 9i\Gn + h tftnGin = 9ijGij , V % G {1, 2, . . . , 71 } . 

j=l 

It is important to note that in the above expression the algebraic comple- 
ment G{j of the element g# does not contain the elements gn , . . . ,^ n - In this 
way 



dJ _ dgjj _ dg i3 

dt “ dt 

ij J 13 

d dx i ^ d dx i 

V ij dw 0 ~^ Gij d4~di 



4^ y foj - %3 ^ dxk dd 

IJ 0 y k o 



ax 4 



- ]C 'fak 9k i ~^Z G 



ij 






ijk 



ax* 

dx k 9kj 



* Pierre Simon Laplace was born in 1749, in a little village of Calvados, a region of 
France, and died in Paris in 1827. He covered public charges and was a member of the 
Science Academy of the Institute de France and a professor at the £cole Normale. He was 
appointed Earl, Marquis and Peer of France by Napoleon. His results on celestial mechanics, 
acoustics and electromagnetism are very important; the treatises on the celestial mechanics 
(five volumes) and on the calculus of probability as well as the divulgation works Exposition 
du Syst&me du monde (two volumes) and Essai philosophique sur le probability are now 
considered as classical works. His complete production fill up 14 volumes. 
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and 



^ dX l ^ ^ 

dx k 9 k i - 2^ -fak JS * 

ik j ik 



J~ l< ^-= divX. 

ut 



It thus follows that 



§ = X(! + ' ,div *H (45) 

Since the function in the integral is continuous and the region U is arbitrary, 
we can conclude that 

The necessary and sufficient condition for I = f a p(x,t)dU to be an integral 
invariant is that 



37 -f p div X — 0 . (4.6) 

at 

A function p satisfying the previous equation is called a Jacobi multiplier. 
Finally, let us observe that, by using the identity 

dp = dp , d P dxi = d P y' yi 
dt dt ^ dx i dt dt ^ dx i ' 

l l 

Eq. (4.6) can also be written in the more familiar form 

^ + div(pX) = 0, 

which the reader has already met, for instance, in electrodynamics, where p 
has to be identified with the electric charge density and pX with the current 
density . 

Finally, let us address that in the case of divergenceless vector field X, 
any constant is a Jacobi multiplier. For these types of dynamics we get the 
important result that the measure p(U) of any region U does not change in 
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time. This is certainly the case for Hamiltonian systems 



d 


dU 


dt Ph = 


dqh ' 


d 


du 


dt qh ~ 


dph ’ 



for which we have 

y, dX l y-v / 8 2 H ePU \ 

" dx i ~ ^ V dq h dph + dp h dq h ) ~ 

It has already been remarked that the Jacobian determinant of a completely 
canonical transformation is 1, and that this type of transformation are volume 
preserving. 

It has also already been remarked that the Hamiltonian evolution is itself 
a completely canonical transformation between a submanifold U$ of the phase 
space $ and the submanifold U of the same space whose points are the evolutes, 
at time t, of points of t/o, having the Hamiltonian function as a generator. 

Thus, for canonical systems, a double conservation of the measure holds 
( Liouville remark). 



4.2 A Primer on the Lie Derivative 
Let us consider the differential system 

Vi €(1,2,... ,n), (4.7) 

where the JTs do not depend explicitly on time, and evaluate the rate of change 
of any function of the coordinates x along the solutions of the system, shortly 
the “time” derivative. We have 

dt I-* dx i dt 2^ dx ' * 

4=1 4=1 

Therefore, one can naturally associate, with a differential system, the first 
order differential operator 
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whose action on an arbitrary function / gives its “time” derivative. Since with 
each point x of the space we can associate a vector having the real numbers 
X l (x) as components, the previous operator X is also called a vector field. 

Vice versa , with any vector field we can associate a system of differential 
equations 



fix i 

— = X l (x), Vi € (1,2, ...,n), 

defining the curves x % = x l (t), such that the tangent vector v = (dx l /dt 1 . . . , 
dx n /dt ), in a generic point x, is just given by the components of X 1 at point 
x. Such curves are called the integral curves of the vector field X. 

By denoting, as before, with Q and Qo the points whose coordinates are 
(x^x 2 ,. . . ,x n ) and (xq, Xq, . . . , xj ), respectively, the equations 

Q = Q{t,Q 0 ) (4.8) 

represent the solutions of the differential system which, at time t 0y takes the 
value Qo. They locally define a one-to-one global map, which depends on a 
parameter £, 



<Pt - Qo -> Q = <Pt(Qo) > 

called the flow generated by the vector field (X 1 ^X 2 ) . . . ,X n ), satisfying the 
group properties 



{ <Po = identity map , 

(<pt ) -1 = <p~t, 

<pti °<p t3 = <pti+t a ■ 

If the differential system is canonical with characteristic function H , the map 
(ft is also called the Hamiltonian flow generated by H. 

The derivative of a function / along the solutions of the differential system 
(4.7) is denoted by 



Lx/ = ^X 

i= 1 



i2L 

dx i ’ 



and is known as the Lie derivative of f with respect to X. 
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Prom equations x 1 = x l (t , xq ), it follows 




It is then easy to evaluate the “time” derivative of the differentials dx 1 . We 
obtain 




The above “time” derivative is known as the Lie derivative of dx 1 with respect 
to X and is denoted with Lxdx l , so that the above equation can be written 
in the following form: 



Lxdx 1 — dX l , 



without any reference to the parameter t. 
By now using 



8 _^ dx 3 0 d 
dx { " dx i dxl ’ 



which also follows from x % = x l (t,x o), it is possible to evaluate the “time” 
derivative of partial derivatives d/dx 1 . We thus get 



L — — 

X dx 1 dt dx { 



dxij)_ ( £ 04\ _8_ y, 8X k 0 

dt dx i dx{ “ ydt J dx{ “J dx { dx k ' 

( 4 . 10 ) 



The last step in the above formula is explicitly performed in the Appendix B. 
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By observing that 



^dX k d _ r d ' 
^ 6x i dx k ~ X ' dx i ’ 

k=l L J 



Eq. (4.10) can also be written in the following form: 



Lx 



d_ 

dx i 




(4.11) 



(4.12) 



The Lie derivative with respect to a vector field X has been defined on 
functions /, on differentials dx l and on vector fields d/dx\ with the trans- 
parent physical significance to be a “time” derivative; i.e. a derivative along 
the solutions of the evolutive first order differential system. Since, by defini- 
tion, Lx satisfies the Leibnitz rule, the Lie derivative, with respect to a vector 
field X, is defined for generic differential forms a = ai(x)dx i and vector fields 
Y = Y i (x)d/dx i , as follows: 






i=l 

L x a = £( Lxatdx * + a idX*) = ^ (|^ + dx ■ 

i= 1 i=l x / 

L X y-tLx(y^).±(t(x^.y 

j=l x / j=s 1 \i=l x 



d 

dxi dx' 



(4.13) 

(4.14) 



= £ 



Y i— 

dx^ Q x j 



= [x,y]. 



(4.15) 



Remark 8 Alternatively , once Lie’s derivative has been defined on func- 
tions, the Leibnitz rule suggests to define 

The interested reader will prove that the two definitions are equivalent 
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4.3 The Kepler Dynamics 



The gravitational potential energy of two bodies with mass rri\ and m 2 located, 
with respect to a chosen frame, at fj and r 2 is given by: 

w(ri,r 2 ) = -G — 

Fi - ^2! 

where G = 6.6 • 10~ n Nm 2 /kg 2 is the gravitational universal constant. 

The Lagrangian function £, obtained subtracting U from the kinetic energy 
r, is 



1 1 

£(n, f 2 /v lt v 2 ) = + -m 2 v% + 



In -r*a | ' 



The coordinates f \ , r 2 can be expressed in terms of center of mass coordinate 
R and relative coordinate r defined by 



R = 



mif\ + ra 2 f 2 
mi +m 2 



r = n - r 2 . 



We have 



- m 2 r t 6 - m i r , 3 

r\ = hi?, r 2 = — — : — - + R. 



mi + ra 2 



mi + m 2 



The velocities and v 2 can also be expressed in terms of the center mass 
velocity V and relative velocity v as follows: 



ui = V’ + 



m 2 v 



V2 



= ?■ 



m\v 



mi + m 2 * mi+m 2 

The Lagrangian £ expressed in terms r , if, {/ and V becomes 



£ = hm, + m 2 )V 2 + i/it; 2 + - , 

2 l r 



where 



mim 2 

/i = 

mi -f m 2 

is the reduced mass. 

Thus, the Lagrangian £ is the sum of a ,/ree Lagrangian Cr = [(mi + 
m 2 )V 2 ]/2 and a Lagrangian £ r = (l/2)/xu 2 — &/r of a system with 1 degree of 
freedom. The first Lagrangian describes the motion of the center mass which 
turns out, of course, to be uniform. The second describes the motion of a 
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particle with the reduced mass p in the gravitational field force located at 
center of mass coordinate. We may notice that if then /z ~ m 2 and 

T\ ~ R. The corresponding Hamiltonian function, with m2 = m and mi = Af, 
is given by 




( 4 . 16 ) 



It is worth observing, by using the results of problems in the section devoted 
to the Poisson bracket, that the angular momentum L is a constant of the 
motion, so that 



{L,H} = 0 . ( 4 . 17 ) 

Of course the last property is shared by all central potentials; that is, by 
all potentials U{r) depending only on the modulus r of the vector position 
r. Therefore, the trajectory lies in the plane determined by the initial values 
of position fo and velocity vq, which is the plane orthogonal to the angular 
momentum L. 

4 * 3,1 The Laplace-Runge-Lenz vector 

For the Kepler potential, beyond the angular momentum £, there exist specific 
constants of the motion expressed by the so-called Laplace-Runge-Lenz vector 
given by 



§=y A L~k? ( 4 . 18 ) 

m r 

whose components are not independent, since 

B*L = 0, 

which simply says that the Laplace-Runge-Lenz vector lies on the plane of 
the motion. 

It is interesting to evaluate the Poisson brackets involving B. The reader 
is invited to verify that 



{B,U} = 0 . 
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Moreover, the Poisson bracket 

{£, B} — n A B , 

which has already been proven to hold for any vector B % can also be written 
in terms of components as follows: 

3 

{Lh Bj { ^ ^ ^ijkBk - 

fcssl 

More tedious, but important, is to verify that 

oa/ „ 3 

y * 

It is well known that for a negative total energy, E < 0, the motion is bounded 
and the orbits are ellipses with the sun located in one of two focuses. In this 
case, we introduce the vector 

so that the previous Poisson brackets can be written in the form 

3 3 

{Li, Aj } = £jjkAk , {Aiy Aj } = > : BjjkLk * 

fc=i 

As a consequence, the vectors defined by 

/= ~(L + A) , 

will have the following Poisson brackets: 

3 3 

{h>h} = y^ehkili * = Yl £hkl ^ 1 ? = 0 » 

<« l i=i 

in close analogy with the ones of the angular momentum. 

For readers familiar with Lie algebras, this shows that the Lie algebra of 
symmetries for the Kepler dynamics is twice so (3), or better, su (2) 0 su (2), 
which is locally isomorphic with so (4). 
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More precisely, we observe that the Hamiltonian 7i can be written as 

mk 2 mk 2 

71 = ~2 (L 2 + A 2 ) ” ^4(P-fJ 2 ) * 

In terms of the generators of 50(4), L a @ = -L/3 a (a,/3 = 1, 2, 3,4), defined by 

3 



Lhk — £hkiLi , /i, A; — 1, 2, 3 , 

i=i 

Lh& ” ^4ih = j Ai 1, 2, 3 , 
the Hamiltonian % becomes 

rafc 2 

w ”“'oT s 

where Ci = 53 a ,/? is the first Casimir of 50 (4). 



4 . 3.2 The hydrogen atom 

The SO (4) invariance explains why the degeneracy of the quantum energy 
levels of the hydrogen atom is greater than what is naturally expected from 
the central symmetry (50 (3) invariance). 

Quantization rules roughly consist in replacing classical dynamical variables 
with self-adjoint operators in the Hilbert space of complex squared integrable 
functions, according to what follows: 

f h d 

J Ph ^ Ph ~ idx h ’ 

\ x h -» x h = x h , 

where % — 1,052 ■ 10" 27 erg * s is the Planck constant (divided by 27 t) and i the 
imaginary unity. Thus, the quantum angular momentum and the Hamiltonian 
operator corresponding to the classical Hamiltonian function 7i = (l/2m) 



tMax Planck was born in Kiel in 1858, and died in Gottingen in 1947. He was appointed 
to a theoretical physics chair in 1880 at Kiel University and in 1884 at Berlin University 
Revolutionary against his will, at the beginning Planck was persuaded that the discontinuity 
concept, characterized by the so-called quantum of action ft, was a “purely mathematical 
lucky violence against the laws of classical physics ” It was really just the first example of 
the renormalization procedure, after systematically introduced in field theory to cancel the 
infinities. He was appointed to a Nobel Prize in 1918. 
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\p-p~ e 2 /r\ will be given by 



£i = -X> *»* 



h,k 



d 

dx k ’ 



fc 2 „2 

^ = _ __y 2 __ 

2m r * 

where V 2 is the Laplace operator and e the electric charge of the proton. 

The Laplace-Runge-Lenz vector has to be written in the form 

B — A L - L A p) - e 2 ~ , 

2m ^ r 

in order for the corresponding vector-operator, which is called the Pauli vector , 



2m 



E /^f r-\ 2 X 






to be a self-adjoint operator. 

Classical formulae will be replaced by the corresponding quantum ones 



3 

Y,&hLh = 0, [B h ,H] = 0, h = 1,2,3, 

3 3 

[Li, Lj] = ih^ijkLk j [Li, Bj] = ifl^eijkBk , 

/c=l fc— 1 

where the bracket [*, *] denotes the commutator-operator. Moreover, we have 

9 zj 3 

[BuBjl^-ih— J2e ijk L k . 

m ti 

We can now restrict ourselves to the Hilbert subspace which corresponds 
to bound states; that is, to states with negative definite eigenvalues, E < 0, 
of H. In this subspace we may define another self-adjoint vector-operator 
(Ai i A2^A3): 
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so that the previous commutation relations can be written in the form 

3 3 

[Li t Aj] = ^ ZjjkAk , [j4i,u4j] = ^ ^ SjjkLk * 

k~ i k = i 

As a consequence, the operators defined by 



i k = Ik + Ak) , 



will satisfy the following commutation relations: 

3 3 

[hJk] ^ihJ2e h kiii, [Jh>Jk] = , [4u*4] =0. 

i=i i= i 

The Hamiltonian operator will thus be 

_ me 4 me 4 

“ ~2(Z 2 + i 2 + ft 2 ) ” "~2(2(/ 2 + J 2 ) + ft 2 ) ’ 

and by observing that 



it can be finally written as 



P = J\ 



2(4 P + ft 2 ) ’ 

The previous formula allows us to find the (quantum) energy spectrum E n , 
and the corresponding degeneracy, of the hydrogen atom, by using only the 
knowledge of the irreducible representations of SU (2) <g> SU (2), without any 
mention to the Schrodinger* equation. 

*Erwin Schrodinger was born in Vienna in 1887, and died there in 1961. After his degree, 
obtained at Vienna University in 1906, he moved to Stoccard, Zurich and Berlin. After 
Hitler’s advent, Schrodinger moved to Oxford and Dublin. Finally, he returned to Vienna 
in 1956. According to Niels Bohr, he was a “universal man”; indeed he was a scientist with 
large cultural interests covering physics, philosophy, politics, biology and classical Greek 
culture. He established the basic equation of non relativistic quantum mechanics, and was 
appointed, together with Dirac, to the Nobel Prize in 1933. 
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In fact, since the operators /*, satisfy the commutation relations of an an- 
gular momentum, J 2 can be quantized accordingly: 7 2 = h 2 l(l + 1), with l 
integer or half integer, so that the energy levels of the hydrogen atom will be 
given by 

4 4 

_ me 4 _ me 4 
~ ~2h 2 {2l + iy ~ ~2Xh? * 
which is, of course, Bohr’s^ formula, with n = 21 + 1. 

The degeneracy of the energy levels will be 

deg£ n = 2(2 1 + 1) = n 2 = D , 

where D(i f j) denotes the dimension of the (i, j)-irreducible representation of 
SU (2) 0 SU (2) ^ SO (4): 

D(iJ) = (2i + l)(2j + l). 



4.4 The Hamilton-Jacobi Integration Method 



Important concepts, as first integral and integral invariant , concerning canon- 
ical systems have been discussed in the previous sections. It is now time to 
briefly discuss problems concerning the effective integration of canonical sys- 
tems, Let us start with the classical Hamilton-Jacobi integration method. 

This method brings the integration of any canonical systems of rank 2 n 
to the determination of a so-called complete integral for a partial differential 
equation in n + 1 independent variables. 

Given then the canonical systems 



d 


m 


II 

■Jfi 

a, 

I HO 

l"tt 


dq h ’ 


d 


dH 


&l 

s 

II 


dph ’ 



Vfee 



^ Niels Henrik Bohr was born in Copenhagen in 1885, and died there in 1962. Soon after 
his degree, he moved to Cambridge and then to Rutherford’s laboratory in Manchester. He 
solved the contradiction between the Rutherford’s atomic model and the electrodynamics 
classical laws. Indeed he was able to agree on four physical theories: the classical electrody- 
namics, the quantum black-body radiation by M. Planck, the Rutherford atomic model and 
the atomic spectra observed by J. J. Balmer. He was appointed to the Nobel Prize in 1922, 
and was an associated founder of the CERN in Geneva. 
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let us try to find, if any, new canonical coordinates (7r,x), such that the new 
Hamiltonian function /C is the simplest one; that is 1C = 0. Then the integration 
of the transformed canonical system 



j * h = 0 , 
[Xh = 0 , 



Vh€ {1 



becomes trivial 



7th = constant , 
Xh = constant , 



Let us take advantage of the general method, previously introduced, con- 
sisting in generating a canonical transformation 



dV 8V 

Ph ~ dq h ' Xh ~~ dn h ’ 

by using an arbitrary function V depending on the q’s and the 7r’s and satisfying 
the condition 






The new characteristic function will thus be 

K, 



\.(dV / , \ dV]* 



where the * indicates that the transformation has to be completed expressing 
the q ' s in terms of the (7T, x)’s by using the relations 

Our goal will be achieved if V is such that K, = 0. Therefore, V has to be 
a solution of the celebrated partial differential equation 






( 4 . 19 ) 



known as the Hamilton- Jacobi equation . 
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The Hamilton- Jacobi integration method can be summarized as follows: 
• Once given the canonical systems 



V/i€ n}, 



replace the momenta p’s in H(p/q/t ) with the symbol 

OV 



d 


an 


II 


dqh ' 


d 


an 


&l 

$ 

II 


dph ’ 



Ph 



dqh 



where V is an unknown function. 

Write down the Hamilton- Jacobi equation 

ov 



n 



«/•») 



+ aF=°- 



Find a complete integral V(q/ 7 r/t) of the Hamilton- Jacobi equation; 
that is, any solution V of the equation 

dV 






+ ~dt =0, 



depending, besides the q's and the time t, also on n arbitrary inte- 
gration constants, namely (^1,^2, . . . ,?r n ) and satisfying the condition 

J 7^ 0. 

• Write down the canonical transformation 



Ph = 



Xh 



dV 
dq h ' 
8 V 
dir h ' 



V/iG 



( 4 . 20 ) 



leading to the trivial solutions 7 r*, — constant, Xh — constant of the 
new canonical system. 

• Explicitly write down the above transformation in the form 



{ 



Ph = Ph(*/x/t ) » 






, qh = Qh(n/x/t) , 

representing the general integral of the canonical system. 



( 4 . 21 ) 
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Fix up the values of constants 7r’s and x’ s according to initial data: 

[Ph=Ph(*/x/t o), 



Qh = Ph{*/x/to) > 



Vh. £ {!,. 



(4.22) 



Compose the two mappings (4.21) and (4.22) to obtain 



Ph = PhiPo/qo/t ) , 
9* = ^(po/W*) , 



V/ie 



(4.23) 



representing, finally, the integral of the canonical system in terms of 
the initial conditions. 

Example 14 Let us consider the harmonic oscillator with 1 degree of freedom 
whose Hamiltonian is given by 



„ = ^ (p2+mW) , 

so that the corresponding Hamilton- Jacobi equation can be written as follows. 



1 (dV 



+muq j + ^ =0 - 

Let us try to find a solution of the form 

V = -Et + W , 

where E is an arbitrary constant. 

Then, the Hamilton- Jacobi equation simplifies to 



_1_ f/dW 
2m \ \ c£g 



+ = E , 



for which the solution is easily found in the form 

W = ^ \j2mE - m 2 u> 2 q 2 + — arcsin 

2 v w yfirnE 



so that 



V = —Et + ~ \[2 mE - m 2 w 2 g^ + — arcsin ■ 

2 v u> V2mE 



(4.24) 
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The function V generates now the canonical map 



dV 



p = — = \/2mE — m 2 u; 2 q 2 , 

dq 

dV 1 , mojq 

v = — - = -H — arcsm - . — , 
dE tv \j2mE 



with 



J = 



d 2 V 



m 



dqdE ^/(2 mE - m 2 (V 2 q 2 ) 
The explicit canonical transformation turns out to be 



7r= 2 —(P 2 + m2u)2 Q 2 )’ 

1 mu)q 

X = — t H arc tan , 

tv p 



and its inverse 



f p = V2rnn cos(lj(x + 1)) 

q = ~,\l^ sin ^ x+t ^ 

u) V m 

represents the general integral of the canonical system . 



4 . 4.1 Remarks on the Hamilton- Jacobi equation 

The Hamilton- Jacobi equation can be considered the most elegant form of 
dynamics and gives an important physical example of the deep connection 
between first-order partial differential equations and first-order ordinary dif- 
ferential systems. 

It was first introduced in 1834 by W. R. Hamilton, 112 in his investigation 
on analytical dynamics, and it has been the starting point for Schrodinger to 
state the wave equation in quantum mechanics, of which is the approximate 
version in the cases in which the Planck constant can be neglected. 

The proof that once a complete integral is found, then the dynamical prob- 
lem can be completely solved by using Eq. (4.20), is instead due to Jacobi, 115 
hence the name “Hamilton- Jacobi” for the equation and the ensuing method 
of solution. 
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Each complete integral of the Hamilton- Jacobi equation gives rise to a 
family of solutions of Hamilton’s equations, and according to Dirac^, 85 “ while 
the family does not have any importance from the point of view of Newtonian 
mechanics , ... it . . . corresponds to one state of motion in the quantum theory, 
so presumably the family has some deep significance in nature, not yet properly 
understood 

Once the full dynamical problem has already been solved, an explicit solu- 
tion of the Hamilton- Jacobi equation is given by 



-i; 



^2ph(T)q' h - H{p/q/r) 

. h 



dT = It ^ q / q> / T ^ dT ’ 



where t and t are two time-instants, q[ s dq/dr , H and £ the Hamiltonian and 
the Lagrangian functions, and the integral has to be taken along the actual 
trajectory of the dynamical system. The right-hand side of the above equa- 
tion does indeed satisfy the Hamilton- Jacobi equation and also the additional 
equation 32 



as 

at 



-« = 0 . 



Remark 9 For conservative systems , S depends actually only on the diffe- 
rence t ~t, so that 



as 

at 



„ as n 

ot 



*Paul Adrien Maurice Dirac was bom in Bristol in 1902, and died in 1984. After his 
degree, obtained at Bristol University in 1921, he moved to Cambridge University. In this 
university, he was Lucasian professor, a chair already covered by Newton, from the year 
1932, Dirac has been one of the most important physicist of our age and can be considered 
the father of modern physics. We just need to mention the Dirac equation predicting the 
existence of the positron and more generally of antiparticles, the Fermi- Dirac statistics 
and the constraints method , which is an essential tool for the Hamiltonian formulation of 
Einstein’s equation, considered then as a step towards a quantum theory of gravity. The 
constraints method has been also a fundamental step for the quantization of gauge theories. 
His books are now considered as classical works. Together with Schrodinger, Dirac was 
appointed to the Nobel Prize in 1933. 
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4.5 The Hamilton-Jacobi Equation for the Kepler Potential 



In terms of spherical-polar coordinates the Cartesian coordinates 

(x, y y z) of a point are expressed as follows: 

' x = r sin $ cos tp , 

i y r sin# sirup y 

< z = rcos9 . 

The line length ds = ( dx 2 + dy 2 + dz 2 )i, representing the infinitesimal 
distance between two points of coordinates (ar, p, 2 ) and (#+da;, z+dz), 

is given by 

ds 2 = dr 2 + r 2 d$ 2 + sin 2 i?d*p 2 . 



The kinetic energy T of a massive particle will be written as 




= ~m(r 2 + r 2 tf 2 + r 2 sin 2 tip 2 ) , 
z 

so that the Lagrangian of a particle in the potential U{r) can be written as 
follows: 

C = ^m(r 2 -f r 2 t? 2 4* r 2 sin 2 $v? 2 ) — U(r ) . 

A 

By introducing the conjugate momenta (p r ,P6tPv>) of 

p r == mf , p# = mnf , p^, = mr 2 sin 2 , 



the corresponding Hamiltonian will be given by 



n = — f «3 + p£ + 

2m 1 Pr ~ 2 + 






r 2 r 2 sin 2 1 ? 



+ W(f). 



Since the Hamiltonian does not depend explicitly on the time, the 
Hamilton-Jacobi equation 



8V _1_ 
dt + 2m 



or ) r 



dvy 

} ' r 2 sin 2 $ \ dtp ) 



4* 



+ U(r) = 0 
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can be reduced, with V = W - Et , to the form 



2 m 




+ U(r) = E . 



For a central potential U(r ), it is possible to find a complete integral of 
previous equation by using the method of separation of variables, which consists 
of searching for a solution W(r, 7?, p) of the form 



W{r,ti,<p) = W r (r) + + W 9 (<p ) ; 



that is, for a solution that is the sum of three different functions W r , W$ and 
Wp, each one depends only on one of the variables r, and p. 

In this way, the Hamilton-Jacobi equation for W becomes 




+ W(r)=£, 



and with a simple manipulation, it can be written in the form 




r 2 sin 2 7 ? 



^ 2 ra[i? - U(r)\ 




The left-hand side of the above equation depends only on ip, while the right- 
hand side depends only on r and i 9 . Since the variables r, $ and p are inde- 
pendent, each side must be equal to a constant, namely 7 r£. 

Thus, we obtain 




Once again we observe that the left-hand side depends only on 7?, while the 
right-hand side depends only on r. Since r and d are independent variables, 
both sides must be equal to a constant, namely 7 rJ. 

Remark 10 The constant 71^ has a clear physical meaning: it simply cor- 
responds to the component p<p of the angular momentum along the z axis . 
Thus , it expresses the uniformity of the spanning , by the projected vector ra- 
dius R = r — zk , of the areas in the (; x , y) plane. 
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The constant 7r# corresponds to the modulus of the angular momentum 
|£| 2 = |mr'Ai/| 2 =p| + ^, 

so that , if a denotes the angle between the orbit plane and the (z,y) plane , we 
have 

p<p = \L\ cos a, 



an if ateo 



7T^ = 7T^ cos a: . (4.25) 

Therefore, the Hamilton- Jacobi equation for W is, for this solution, equiv- 
alent to 




In the case of the Kepler dynamics we choose U(r ) = -fc/r, so that the above 
equations can be written as follows: 
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Problems 

L Find a complete integral of the Hamilton- Jacobi equation for the har- 
monic oscillator with 3 degrees of freedom, 

« = Brf + mW), 

1=1 

by separating the variables in spherical-polar coordinates, 

2, Find a complete integral of the Hamilton- Jacobi equation for the Ke- 
pler dynamics, 




by using parabolic coordinates (£, 77 , c p ), defined by 

" $ = cos ^ » 

< y = V&jsm<p, 

z=l(Z-v), 

with £ G [0, +oo[, t) € [0, + oof. The surfaces, defined by £ = constant , 
rj — constant , define two families of revolution paraboloids having the 
z axis as a symmetry axis. 

3. Find a complete integral of the Hamilton-Jacobi equation for the 
Hamiltonian with 3 degrees of freedom, 

K = £ + 5! + 5!, 

2m rj r\ 

describing the dynamics of a particle in the field (Newtonian or 
Coulombian^) generated by two particles, located at distance a at 

H Charles Augustin Coulomb, was born in Angouleme in 1736, and died in Paris in 1806, 
He worked as an engineer and was a member of the Institute de France. During the last 
years of his life he has been general overseer of Paris University. His contributions to friction 
laws and to electromagnetism can be considered of basic importance. 
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positions fi,r2. Use elliptic coordinates (£,77,^?), defined by 
' x = cry/ (£ 2 - 1)(?? 2 - 1) cos <p , 

< V = ^\/(£ 2 - 1 )(i? 2 - 1) sin ip , 

,2 = ^7?, 

where a is an arbitrary parameter and £ e [1, +oo[, tj € (-1, 1[. (Hint: 
choose <t = o.) 

4.6 The Liouville Theorem on the Complete Integrability 
4.6.1 Reduction 

The knowledge of a first integral / for a given dynamical system, described by 
the equations 

x' = X l {x/t), Vi e {1,2, 
simplifies the integration problem, since the relation 

f(x(t)/t) = constant ~ fo 

must be satisfied by any solution x(t) of the equations of motion; of course, 
for a suitable choice of the constant, which depends on the initial conditions. 
All m — 1 hypersurfaces obtained by varying the constant fo will foliate the 
whole space, and each trajectory will belong to one and only one of them. The 
foliation is called regular, if the hypersurfaces have the same dimension; in this 
way each hypersurface is called a leaf. 

Furthermore, if an additional functionally independent first integral g is 
known, a given trajectory also belongs to the hypersurface 

g(x(t)/t) = g 0 , 

defined by g. Each trajectory thus lies on the generically m - 2 dimensional in- 
tersection of leaves of the two foliations. It follows that the knowledge of m-1, 
functionally independent first integrals, defining regular foliations, completely 
solves the integration problem, since the 1-dimensional intersections of leaves 
just correspond to curves representing trajectories. 

Remark 11 The previous picture is just the description of a virtual case 
and is given as a motivation for introducing the Lie theorem below. It almost 
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never realizes , even for a simple system , as the one of a harmonic oscillator 
with 2 degrees of freedom , described by the Hamiltonian 

n = \ > 
i— 1 

wztfi an irrational number. A fine global coordinate analysis can be 

found in the Wintner book } ss in which the notion of isolating integral ( also less 
correctly called uniform) is introduced. An integral f(x) is said to be isolating if 
it “can enable one to make predictions concerning the possible future (or past) 
positions of the points x = x(t) of the solution path which goes at t = 0 through 
Xo ( the case x(t) = xo of an equilibrium solution being not excluded).” 

Thus, it is naturally expected that, for a canonical system, the knowledge 
of 2n - 1, functionally independent first integrals, defining regular foliations, 
completely solves the integration problem. 

Actually, for a canonical system with n degrees of freedom (and with a 
2n-dimensional phase space $), it turns out that the integration problem is 
completely solved knowing only n functionally independent first integrals /*, 
which are in involution ; that is, such that 

{fufj} = 0, ViJ e {1,2, 

More precisely, the following remarkable theorem was proven by Sophus 
Lie. 134,25 

Theorem 15 (Lie) If for a canonical system of rank 2 n, m functionally in- 
dependent and involutive first integrals are known , which can be solved with 
respect to m of the p 's, the integration problem reduces to the integration of a 
new canonical system of rank n — m. 

In other words, while for a generic first order differential system the knowl- 
edge of m first integrals reduces the rank by m units, for a Hamiltonian system 
the rank is reduced by 2 m units. 

It is interesting, for concrete applications, the case in which m = n; that is, 
the case in which the number of such first integrals is just equal to the number 
n of degrees of freedom. 
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4.6.2 The Liouville theorem 

Theorem 16 (Liouville) If for a Hamiltonian system , n functionally inde- 
pendent and involutive first integrals are known , which can be solved with re- 
spect to the p’s, the integration problem reduces to pure quadratures ; that is, 
the equations of motion can be solved simply by evaluating integrals. 

The proof will be carried out by means of the Hamilton- Jacobi integration 
method. According to this method, in order to have the general integral of a 
canonical system 

. dH 

Ph r\ } 

. 9h= Wk' 

it is sufficient to find a complete integral V of the partial differential equation 

%+*{%/«)- ° <-> 
Then the Liouville statement will be proven if we show that the knowledge 
of n first integrals f r (p/q/t), with r € n} of the canonical system, 

satisfying the following properties: 

(i) are functionally independent; i.e. Xhdfh = 0 =* A/* = 0, 

(ii) are in involution; i.e. {/ r , f s } = 0, r, s e ( 1 , . . . , n}, 

(iii) and define an algebraic system f r (p/q/t) = solvable with respect 
to the n variables p r ; i.e. 

Wu-Jn) , ft 

allows us to determine, by pure quadratures, a complete integral of Eq. (4.26). 

Let us first consider the case in which the Hamiltonian H and the functions 
f r do not explicitly depend on the time t. 

The equations 

fr{p/q) = n r r € {l,...,n}, (4.27) 

for fixed tt’s, define a submanifold M/( 7r ), known as the level manifold , of the 
phase space $. By using hypothesis (iii), Eq. (4.27) can be solved with respect 
to p’s in the form 



Pa = <p a (q/n), oe(l n}. 
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Of course, on the level manifold M n the differences p a — <Pa(Q/n), and conse- 
quently, the Poisson brackets {p a - (Pa{Q/^)yP /3 ~ Vpiq/n)} vanish identically. 

Furthermore, at the end of the section, we will show that the involutivity 
of the /’ s on the whole phase space $ implies the vanishing of the Poisson 
brackets {p a — (faiq/^^Pp — <P(. d(q/^)} on the whole phase space 4>, namely 

= 0, Vr,s € {l,...,n} 

=*• {Poc - (fia,P 0 - <pp} = 0) Va,/3e{l,...,n}. 



On the other hand, 



{Pa - <Pa,P/3 - <Pp} 



dq a dq 0 ’ 



so that 



{/r,/.} = 0 , = Va,/?e{l, 

uqoc oqp 

which implies that the differential form 

n 

^2<Ph(q/n)dqh, 

h=l 



is closed, or which is the same, locally exact. In other words, in any simply 
connected part of M*, a function W(q/n) exists, such that 

dW 

Ml/*/*) = ■ ( 4 . 28 ) 

In this way, it has been shown that the involutivity of the /’ s implies that the 
solutions of the Eq. (4.27), with respect to the p’s, can be locally expressed as 
follows: 



dW / x 
n ' 



Let us now define n new coordinates, namely Xi> X2, ■ • • , Xn, by 
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Then, we easily check that the relations 



dW , , v 

Xh = 



implicitly define an invertible transformation between the variables (p/q ) and 
(7r/x), which turns out to be canonical for the results obtained in subsection 
(3.1.2). The invertibility of the transformation easily follows by observing that 



d 2 W _ d dW _ difih 
dq h d 7T fc “ drr k dq h dn k ’ 



that is, by noting that d 2 W/dqhdn k is just the generic element of the Jacobian 
matrix of the y?’s with respect to the tt’s, so that the Jacobian determinant 
det{d 2 W / dqhd'K k ) is the inverse of the Jacobian det {dfi/dpj), which is sup- 
posed (hypothesis (iii)) to be different from zero. 

Therefore, we come to the new canonical system 



d 


die 


dt nh = 


dXh' 


d 


dIC 


dt xh - 


dn h ’ 



with a new characteristic function K, given by 

£( t T/ X ) = n\ 



(4.29) 



where the * indicates, as usual, that the transformation has been performed. 

The canonical Eq. (4.29) show that 1C really does not depend on the x’ s > 
since 7 T^ = 0. As a consequence, the derivatives dJC/drih will not depend on 
time £, so that the system (4.29) is trivially integrated in the following form: 



TTfi = constant , 
Xh = Vht + Sh , 



where Vh = OK,/ dr r*, and the <5’s are arbitrary constants. 
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The general case can be treated by introducing two additional auxiliary 
parameters and the double bracket 



{{«,«}} = £( 
h = 0 ' 



du dv du dv \ 

dqh dph dph dqh ) 

du dv du dv 



dqo dp 0 dpo dqo 

Of course, if u and v do not depend on po> 

{{u,v}} = { u,v }, 

and then 



+ {w,v}. 



{{/r,/-}} = {/r,/.} = 0- 



Furthermore, by choosing go — t, we have 



{{po + H,f r }} = l-^-0 + {po + H, fr} 

= ^dt +{H ’ fr} ' 



In terms of the double bracket, Liouville’s hypotheses on the knowledge of n 
involutive first integrals f r (p/q/t ), r € {1, . . . ,n} can be expressed as follows: 



{{/m./v}} = °. M.v e {0, 



with fo = Po + 'H- 

On the other hand, from the same hypotheses it follows that the algebraic 
system 

f fr(p/q/t) = n r , 

\ Po + u = 0 , 

can be solved in the form 

Pa ~ <Pa(q/n/t) = 0, ae{0,l n}, (4.30) 



with 



<Po(q/n/t) = -U{<p/q/t) . 




The Liouville Theorem on the Complete Integrability 



111 



As before, it turns out that the vanishing of {{/ M , f v }} for all /x, v 6 {0, 1, . . . , n} 
implies that 

{{Pa ~ t Pa,P0 ~ Ws}} = 0, Va,/3 e {0 

or, more explicitly, 

r r in d<P(} 9ifi a 

Since 



{{U,fv}} = 0, V/x,u G {0,1,..., n} 
dtp/3 _ dip a 



dq a d qp ’ 



Va,j8e{0,l,...,n}, 



the differential form 

n 

'%2<p a {q/n/t)dq a 

h=0 



is closed or, which is the same, locally exact. In other words, in a sufficiently 
small region a function V(q/n/t) exists such that 

dV 

<P<x(q/*/t) = ^-1 Va G { 0 , 1 ,..., n}. 

It has thus been shown that the involutivity of the /’ s implies that the solu- 
tions of the equations fr(p/q/t) — 7r r , with respect to the p’s, can be locally 
expressed as follows: 

dV 

Pr = n-Wli r G {l,...,n}, 

dq r 

where V is such that 

^ = <Po {q/*/t) = -n(<p/q/t) = -U j q/tj . 

This is equivalent to the fact that V is a complete integral of the Hamilton- 
Jacobi equation 
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Therefore, by defining n new coordinates, namely xx , X 2 , - • • , Xn, by 






the relations 



dV 

_ n= ^ qMt) ' 

implicitly define an invertible transformation between the variables (p/q ) and 
For the results at the subsection (3.1.2), this transformation is canonical 
and leads to the, trivially integrable, new canonical system 



j *h = 0 , 

1 Xh = 0 . 

Lemma 17 (Involutive relations) Given n functions g r on the phase space 
$ such that the algebraic system of equations 

9r(p/q)^0, r € {1, . . . , 71 } , (4.31) 

can be solved with respect to the p 's in the form 

= ie{l,...,n}, (4.32) 

then on the whole phase space we have 

{9r,9s} = 0, Vr.sefl n} 

=► { Pa - ‘p a ,P0-<P(}} = 0, Va,(3 6 {l,...,n}. 

Proof Equation (4-3%), when replaced in Eq. (4-31), give identically 

9r(q) =9r(p(q)/q) = 0 , r € 



and then on 



~9rMi)/q) - 0 . 
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The last relation explicitly gives 



n 9 - 
dq h 9e ~ 



dg, y' dg, difij 
9 Qh + “ dpt dq h 



r,he {1, . . . ,n} . 



P=v(<j) 



Therefore , the partial derivatives dg,/dqh can be expressed in the form 



dg» _ y- dg, d(jH - <fi) 

dqh dpi dqh 

1=1 



On the other hand, since d(j>j — <fij)/dph = Sjh, we have 

dg r _ dg T d(pj - <£j) 
dph “ dpj dp h ’ 



so that 

dgr_ d(h _ A dg r dg, d(pj - y>,) d(pj - <£j) 
dph dqh dpi dpj dph dq h 

dgr_d{h _ A dgr dg» d(pi - <fii) d(pj - <pj) 
dph dq h .“j dpi dpj dq h dph 

It thus follows that 

r 'i / dg r dg 9 dg r dg a ^ 

{9r ' 9a} ” hi dq h " ^ a»J 






The above relation can be written in the form 
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Since the Jacobian determinant d(gi , . . . , g n )/d(pi, * • . >pn) is nonvanishing , 
from Eq. (4-33) it follows that 

{9r,g s } = 0 => = 0 . 

Similarly , fry using for Eq. (4*34) the same argument , we finally have 
xj s) = 0 =* - v?j} = o . 



4.6.3 Remarks on the Liouville theorem 

Let us consider a canonical system with a Hamiltonian function %, which does 
not explicitly depend on the time. It has been shown that the knowledge of 
n first integrals f r (p/q), r G {l,...,n}, which are functionally independent; 
i.e. £2=i ^hdfh = 0 => X h = 0, in involution; i.e. {/ r , /,} = 0, r, * G {1, . . . , n}, 
and such that the algebraic system defined by f r (p/q/t) = 7r^ can be solved 
with respect to the n variables p r , allows us to trivially integrate the equations 
of the motion. 

Arnold has given a global formulation of the theorem by requiring that the 
level manifold M n be compact and connected. This will be treated in details 
in Part III. Here we shall limit ourselves to the following considerations. 

Let us first observe that W, in Eq. (4.28), is defined only locally. As a 
consequence, the coordinates x are not uniquely defined on M/( 7r ). They will 
be continuous multivalued functions of the point p G Mf^y 

X : P € M /(7r) -4p' = x(p) € * 

Therefore, to each point p G M/^) we can associate a point p f G 
whose coordinates are just given by x\ X 2 > • • • >X n - Really, as the x’ s are n °f 
uniquely defined, we can associate to p infinitely many points, one for any 
chosen determination of the x’s: 

peM fM -►pi,P2iP3>--- • 

It is clear that, as the x’s change continuously, all points p\ associated with 
all the points p of Mf^)> will cover the whole space $? n . 

Let us investigate more closely the multivalued structure of the x’s. 

A vector a will be called a period if V x, x and, x + a represent the same 
point in M/^y Of course, it will be independent on x, as x and x -fa are both 
solutions of Eq. (4.29). Moreover, the modulus |a| of a cannot be arbitrarily 
small since, in a sufficiently small region, x I s single- valued. 
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If ai is a period with a minimal modulus, then miai, with mi € AT, is still 
a period. Furthermore, any period which is parallel to a\ must be an integer 
multiple of <?i. In fact, if o! = Aai, with A € (5? — N ), then by denoting with 
[A] the maximal integer lower than A, a! - [A]ai = (A - [A])ai would be a period 
with modulus lower than |3i|. As a consequence, any new period a will have 
a component which is orthogonal to a\. By choosing among them, the period 
a2 whose component orthogonal to a\ has the lowest modulus, it turns out 
that the vectors m\d\ +771202 are periods. Moreover, in the plane spanned by 
Si, 02 there are no periods of different form. It follows, inductively, that all 
periods are of the form 

miai + 771202 H b m r a r , r € {0 , . . . , n}, m* G N , 

where r = 0 corresponds to the absence of periods and r < n, since all vectors 
di are, by construction, linearly independent. Thus, each point p € Mf^) will 
have just one image in each parallelepiped with sides di (if r < i < n, then 
d{ = 00). 

The motion region is bounded if r = n and unbounded if r ^ n. 

If n =s= 2, three cases can occur: 

• r = 0 => M/( 7r ) is topologically equivalent to a plane; 

• r = 1 => is topologically equivalent to a cylinder; 

• r = 2 M/( 7r ) is topologically equivalent to a torus. 

Only in the last case the motion region is compact. 

More generally, if dim Mf = n, the compact hypersurface corresponding 
to r = n is called an n- torus T n . In any case, the motion develops on Mf ( w ) C 
which is invariant 

4 . 6,4 Action-angle coordinates 

Let us consider more closely the case of the torus. By denoting with 7/ the 
closed curves, which on Mf (*) are images of segments A ai with 0 < A < 1, let 
us define 

The J’s will be first integrals, as they are functions of the /’ s and 



1 
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where AiW represents the variation of W along the curve 7 *. Moreover, they 
will be independent and involutive since 

{Jh, Jk} = 53 df r ~df a {/r.A}=°- 

Therefore, starting from the very beginning with the J’s instead of the /* s, 
we can introduce their conjugate variables <ph in the same way as the x’s were 
introduced as conjugate variables to the /’ s. Along a cycle 7 we will have 

dW d 

Ak<fh = A = 27r<5hfc . (4.35) 

According to the above equation, the (p's are angle variables, since their 
variation is 2n along any closed walk, turning the torus just one time. Their 
conjugate momenta J give, apart from a constant factor the variation of the 
action W along a cycle in which all the tp y s, but one, are constant. For this 
reason they are called action variables. The Hamiltonian function K — 'R* will 
be function of the action variables J alone, and the angle variables satisfy the 
equations 

d>C f n 

w = W h = ' 

whose integration give 



<Ph = Vh(J)t + S h . 

The motion described by them is called a multiperiodic motion with fre- 
quencies Vh . 

Let us finally observe that the action-angle variables are not uniquely de- 
fined, since any linear transformation of the (p's, with integer coefficients and 
determinant of the associated matrix equal to 1 , will again give angle variables, 
whose conjugate variables will still be action variables. 

4.6.5 The action-angle coordinates for the harmonic oscillator 

The Hamiltonian of the harmonic oscillator, with n = 1 degree of freedom, is 
given by 
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The system has just one first integral which, of course, is in involution with 
itself. Thus the system is completely integrable a la Liouville. The level 
manifold 

M e = j(p/g) e $ : + m 2 tJ V) = -E j 



is, in the phase space 4>, an ellipse having a = y/2 mE and b = (1 /(j)y/2E/m 
as semi-axis. The action variable 



J = 




must be evaluated along the curve 7 determined by the values of q+ at turning 
points; i.e. by the values 



q+ = ±(l/w) 




whose corresponding momenta vanish. 

The corresponding integral can be easily performed. It can also be eval- 
uated more simply by observing that, apart from the factor 1/2tt, the action 
variable is the area nab of the mentioned ellipse. Thus, we obtain 




The Hamiltonian of the harmonic oscillator in terms of action variables is then 
given by 



The angle coordinate can be evaluated by using Eq. (4.24). 

The same procedure, applied to the harmonic oscillator with n degrees of 
freedom, 



H = ^ + m 2 wlql) , 



K = Y J “hJ h - 

h^l 



leads to 
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4.6.6 The Kepler dynamics in action-angle variables 

In the previous section, it was shown that the Hamiltonian function for the 
Kepler dynamics, in spherical- polar coordinates, reads 



7 y _ 1 ( d 2 i P& | 

n- 2 m\ p r + ^ + 



vl 



r 2 r 2 sin 2 d 



k 

r 



and that the corresponding reduced Hamilton- Jacobi equation has the form 



1 f( dW \ 2 1 (9W\ 2 1 fSW N 

2m ^ \ dr ) + r 2 \ dd ) + r 2 sin 2 \ 9<P > 



fc „ 
= E . 

r 



It was also shown that, by using the method of separation of variables, a 
complete integral of the equation takes the following form: 



W(r,4,<p) = W r (r) + + W^(<p ) , 

where the functions W r (r), W^{(p) satisfy the equations 




In the compact case, characterized by E < 0, we can introduce action 
variables J r , </$, and J \p by writing 




Since is constant and 0 < <p < 27r, we have 
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The remaining two closed curves of integration are fixed by requiring the van- 
ishing of the corresponding velocities, or better, of the corresponding momenta 
Pd and p r expressed, of course, in terms of variables tt# and n<p- In this way, 
the integration limits are fixed by 



v\ = A~^~ n = 0 , 



sin 2< i? 



o „ 2 mk 7 ri 

p 2 r = 2 nnE + f = 0 . 

r r jL 



Therefore, the integration must be performed between the limits and 
$2 given by the solutions of 



sin 2 = — % = cos 2 a , 

where Eq. (4.25) has been used. Since itself always lies between 0 and 7r, 
where sini? > 0, we have sin^i = sin #2 = cos a. Thus, the integration goes 
from = 7t/2— a to 7r/2 to = 7r/2-J-oand again back to so that the sintf 

goes from cos a to 1, then to cos a. In this way, we obtain (see Appendix C) 

= 7r$ - . (4.37) 

The “r” integration, which is also performed in Appendix C by using the 
method of residues , gives 



Jr = + 



mk 

\j —2mE 



(4.38) 



Prom Eqs. (4,36), (4.37) and (4.38), we have 

mk 

Jr + J* + J*-^==. 

The above equation allows us to write directly the new Hamiltonian function 
fC = as follows: 



mk 2 



K{J) = - 



2(J r + + J(p) 2 
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4.6.7 The perturbations of integrable systems and the 
KAM theorem 

There exist very few dynamical systems which satisfy Liouville’s theorem hy- 
potheses. Generally, for Hamiltonian function not depending explicitly on the 
time t, there exists just the first integral given by the Hamiltonian. Some classi- 
cal integrable systems are given by systems with a central symmetry , a particle 
in a Newtonian gravitational field generated by two fixed points , the spherical 
top in a Newtonian gravitational field. There exist some more dynamical sys- 
tems with finitely many degrees of freedom, recently found in connection with 
integrability problem in field theory, where much more examples occur. 161,44 

For the applications, it is interesting to elaborate methods which will al- 
low us to study a given Hamiltonian dynamics by separating its Hamiltonian 
function H as the sum of two parts. The first part, namely Ho, is required to 
be a completely integrable one, so that 

n = Ho Hb \Hi , 

where A is a “small” parameter and Hi is an analytic function of 2 n variables. 
By using action-angle variables (J, y?), the above equation can be written as 
follows: 



For A = 0, the phase space is foliated, according to Liouville’s theorem, in 
n-dimensional invariant tori defined by Jh = ft hy on which the curves, 

<Ph = Vh(J)t + <Ph(0) , 



completely wound. 

It was common opinion, before 1954, that A ^ 0 completely destroys the 
foliation in invariant tori and the beautiful geometrical structure underlying 
integrable systems, giving rise to the ergodic behavior; that is, to orbits densely 
filling the submanifold H = constant. Therefore, the question is to know what 
remains of this geometrical structure when A ^ 0. This opinion was supported 
by the fact that in the perturbative series there appear denominator terms 
like V • fc, where k ~ (&i, k<^ . . . , fc n ) are integer numbers. Therefore, when the 
ratios Vi/vj are rational numbers, the series diverges. To say that the ratios 
Vi/Vj are rational numbers is equivalent to say that there exists a period T, 
which is a multiple of all period Tj = 1/i/y, so that the orbit on the torus T n is 
closed. In such cases the torus is said to be resonant Beyond this case, close 
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to the resonance there will appear, however, terms too large (little divisors), 
since the rational numbers Q are dense in 3fi. This happens, for instance, in 
the case of Jupiter and Saturnus, which move along their orbits each day by 
299"1' and 120"5' degrees, respectively, so that 2i/\ -§ 1/2 — 0. The existence of 
a strong perturbation, with a large period, of the motion of planets, connected 
with the little denominator 2v\ — 5^2, was already known to Laplace. 

The presence of V * k in the denominators can be easily understood, by 
considering that the terms in the Fourier’s expansion of %\\ 

U \ ( j, ip ) = ( J ) ex p ■ $ > 

% 

in a perturbative scheme, will be derived or integrated in t. 

Finally, in 1954, a positive answer about the applicability of perturbative 
methods and the role of the parameter A in the convergence of corresponding 
series was offered by Kolmogorov. His theorem, extended and formalized by 
Arnold (1963) and Moser (1967), is today known as KAM theorem. 

The theorem 2 proves that, for small values of |A| and nonvanishing Hessian 
of the Hamiltonian, only few invariant tori are destroyed. A large number 
of them are only deformed by the perturbation. On such deformed tori the 
orbits are still dense and almost periodic with n frequencies everywhere. Such 
invariant deformed tori correspond to unperturbed initial conditions for which 

\v 'k\> a|fc|~ 6 , 

with a and b positive constants. It is shown that, for sufficiently large 6, the 
constant a is of order O(^) an< i gives the measure of the lost tori. 

We will not go into more details and refer the interested reader to the 
literature (besides Arnold’s book, 2 see for instance Refs. 45 and 3). 



4 . 6.8 The Poincard representation 

It is possible to concretely see what happens by using the so called Poincar 
map . 

Let us consider a Hamiltonian system with n = 2 degrees of freedom whose 
Hamiltonian function H does not depend explicitly on the time t. Let us also 

**Henry Poincar^ was born in Nancy in 1854, and died in Paris in 1912. He was a pro- 
fessor at Paris University and feole Polytechnique. An analysis, by Hadamard, Langevin, 
Boutroux, and Voiterra, of his basic contribution to mathematics and theoretical physics 
can be found in La Nouvelle Collection Scientifique (Paris: Alcan, 1914). 
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suppose that the 3-dimensional manifold Me = {p £ $ : %{p/q) = E}, defined 
by the first integral of the energy, is compact. We know that the existence of 
a second first integral, namely /, will ensure the complete integrabiiity, and 
that the manifold Me will be foliated in 2-dimensional invariant tori T 2 . For a 
given initial condition, the motion will be represented by a helix belonging just 
to one torus and densely winding on it, never returning, provided the torus is 
not resonant, exactly at the same point. 

Let us now consider the 2-dimensional manifold E defined by the equation 

= jE, 

representing the intersection of Me with the hypeiplane defined by q 2 ~ 0, and 
a point ao 6 E, which can be fixed by giving a point in the plane S = (pi, qi). 

By considering ao as the initial condition at the time to of the flow of %, 
there will exist a time instant, namely 1 1 , in which the trajectory will again 
meet E in a point ji € E. Thus, recursively, there will be a sequence of time 
instants tk in which the trajectory will meet E at points a*. € E. Since the 
sequence of points Ok G E is the image of a sequence Sk = of points 

in the plane S, it is possible to describe the evolution by giving the sequence 
Sk € S. The map 



E-+5, 

which describes the evolution, is called the Poincare map . 

Furthermore, as it winds on the torus T 2 , the trajectory meets E on the 1- 
dimensional submanifold determined by the ulterior equation /(pi,P 2 , <h> < 72 ) = 
7r; that is, on a smooth closed curve, which is also the image of a similar curve 
of S. Therefore, for a not resonant torus, the points Sk will dispose along a 
regular curve, while for a resonant torus the sequence will stop; that is, there 
will be an integer number r such that = Sk , and so on. 

The above description can be also applied to noncompletely integrable dy- 
namics. In this cases the trajectory will not meet E along a regular curve but in 
points Ok covering a 2-dimensional region, which is an image of a 2-dimensional 
region of S (chaotic behavior). 

The KAM theorem predicts that, by increasing the value of the parameter 
A, it is possible to observe, in 5, a transition from a picture composed by regular 
curves to a picture composed by a large part of previous curves together with 
extra points, and then to a picture composed by few curves and too many 
isolated points covering the whole interested region. 
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Computer analysis gave, of course, exactly what was expected and was 
allowed to discover new remarkable completely integrable systems. 
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Part II 

Basic Ideas of Differential 
Geometry 




Differential geometry is the differential calculus that does not depend on 
the coordinate system and so, it is the best language for a science (Physics) 
deputed to describe phenomena, which do not depend on the observer. 

Part II is devoted to a summary survey of useful geometric concepts, as 
differential manifold , tangent space , fiber bundles , Lie derivative , differential 
forms , and exterior derivative. 

Differential forms describe all the relevant physical entities as the work , the 
heat , the internal energy , the electromagnetic fields and so on. 

Fiber bundles are used, in elementary particle physics, to describe parti- 
cles with internal structures (isotopic spin, etc.) and to construct instantonic 
solutions in field theory. 

Henceforth, the sum over repeated, upper and lower indices is understood 
according to the Einstein convention: YU a & x = a-ib\ 
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Chapter 5 



Manifolds and Tangent Spaces 



5.1 Differential Manifolds 

A manifold M is a separable topological space such that every point of it is 
representable at least on one chart; a chart (U, <p) of a manifold M is an open 
set U C M y called domain of the chart, with a homeomorphism 

tp:U AcW* 

from U to an open set A in 8? n . 

A map / ; U V between two topological spaces U e V is called a 
homeomorphism if it is one-to-one and both / and /" l are continuous maps. 

Let p be an element in M representable on the chart (W, if). The coordi- 
nates <p 4 (p) of the image of the point p are called coordinates of p in the chart 
(W, <p), or local coordinates of p . Thus, a chart is essentially a local coordinates 
system. 

A C k atlas on a manifold M is a collection {(W«,<p a )} of charts such as 
the domains U a form a covering of M, and the homeomorphisms 

° vZ 1 - VcciUa nw^) -4 (p^(U a nUp) 

are C k maps between open sets of 3? n . 

Two C k atlases are equivalent if their union is a C k atlas. 
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A manifold M with a C k atlas equivalence class is called a C k differential 
manifold; its dimension is n. 

A manifold is said to be orientable if an atlas can be chosen in such a way 
that for all a, f3 the Jacobian determinants det (d<p % a /dip?p) have the same sign. 
An intrinsic definition will be given in Sec. 2.5. 

The sphere as a differential manifold 
The n-dimensional sphere S n is defined by 

5"= | z n+1 )6K n+1 : X>? = lj. 

It is a separable topological space, and associated with U C S n and V C S n , 
two charts (U, <p) and (V, ip) can be introduced as follows: 

U = S n -N, V = S n - S , 

where N and S are the north and south poles defined by 

N = (0, ... ,0, 1) , 5 = (0 0,-1). 

By using the notation x = (aq, . . . , x„), a point p e U will have coordinates 
(#, 

The map 

<p : p € U -¥ <p{p) = f = - — - € 9? n 

1 Xn+ i 

is called the stereographic projection of S n with respect to the north pole N. It 
is a one-to-one map that is continuous together with its inverse, which is given 
by 



<p~ l : te 5T -4 p-\t) 



( |t| 2 -l \ 



£U. 



Similarly, the stereographic projection of S n with respect to the south pole S is 
defined as 



x 

1 -f X n +\ 



ip : p € V — ► ip(p) = u = 



€ 3? n 
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and it is a one-to-one map continuous together with its inverse given by 

^ 1 : 1 («)= ( 1 + | u | 2’ 1 + !J 2 ) € V - 

Since the images of the intersection 



wnv = s n -{i\r, S}, 

for both <p and is (5J n - {0}); i.e. 

<p(u n V) = nV) = r- {0} , 



the map 

<P 0 r 1 : n € (»" - {0}) -> f = (ip o tT 1 )^) = ^ G («" - {0}) 
is a C 00 map. 

Thus, the two compatible charts (U,ip) and (V,^) are a C°° atlas for 5 n , 
and {^i, « . . , £ n )> (t*i, - . . , u n ) represent the local coordinates of a point p £ S n 
with respect to them. 

Exercise 5.1.1. Show that the sphere S 2 is orientable. 



5.2 Curves on a Differential Manifold 

Differentiable functions on a manifold 
If 



is a function defined on a differential manifold M and p is an element in M 
representable on the chart (W,<p), the map 

/ o <p~ l : ip(U) c 9?" N 

transforms open set of 3? n to open set of 3t. As the coordinates (p % (p ) of 
( p(p ) represent the point p in the local chart (W,<p), so the map / = / o <p~ l 
represents the function / in the local chart. 

The function / is said to be differentiable at p € Ad, if in a given chart 
/ = f o is differentiable at <£>(p), or equivalently, if expressed in 
local coordinates, gives rise to a differentiable function. 
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The given definition is independent from the choice of the chart. Indeed, if 
the point p is representable on two charts (U y (p) and we have 

/ o = (/ o ip~ l ) o(<po ip~ l ) . 

If (/ oy>~ x ) is differentiable at <p(p ), then is differentiable at ^(p), since 

(p o'tp" 1 is differentiable at <p(p ) and (<p o i)^ l ){^{p)) = <p(p). 

Let M and AT be two differential manifolds, with m and n dimensions, 
respectively, and let / be a map 

f:p£M f(p) € N (5.1) 

from M to Af. 

If p and f(p) are representable on the charts (U f p) and (V, 'ip), respectively, 
the function 

^o/o^ l :^) C r^ ^(/(W)) C u n 

represents the map / in the local charts (U y <p) and (V, and we will say that 
/ is differentiable at the point p G M y if / = ip o f o <p~ l is differentiable at 
¥><?)• 

The map (5.1) is said to be differentiable in M if it is differentiable at every 
point p € M ; if / is one-to-one and / and f~~ l are differentiable, then / is said 
to be a diffeomorphism . 

Curves on a manifold 

A curve 7 on a differential manifold M is a homeomorphism 

7 : r 6 I C 3F? -4 7 ( 7 -) € M 

from an open set / C Si (open interval) to an open set in 
The curve 7 is said to be differentiable at r = 0 if the map 

< po 7 ;r€/c 3 ?“» <p( 7 (r)) € U n 

is differentiable at r = 0 , where p is the homeomorphism of the chart on which 
p = 7 ( 0 ) is representable. 

Two curves, 7 and 7 ' on At are called equivalent if 

7(0) = 7'(0> - P , lim y(7( ^) 7 (T ' (T)) =0 (5.2) 

in a chart (U y p). Of course, the relation (5.2) is true in any other chart . 1,2,7 
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5.3 Tangent Space at a Point 

5 .3.1 Tangent vectors to a curve on a manifold 

Definition 18 It is called tangent vector X p to a differentiable curve 7 = 
7(7*) on a manifold M , at the point p = 7(7-0), the directional derivative 
operator along the curve 7 = 7(7-), at the point p: 



X >=fr 



7( T o) 



If p € U a C M, t € I € Sft and / is a differentiable function on M, we have 



(Xp f)(p) = 



d(f °7)(r) 


d(f exp” 1 o<p a oy)(r) 




7(n>) dr 


7(ro) dr 


1 

7(to) 



where ip a is the homeomorphism of the chart (U a ,<Pa) on which p is repre- 
sented. Since 



/= focp- 1 : (a? 1 , . . . , x n ) G A C. 5 R n f(x\ . . . , x n ) € R, 
7 = ^o7:rGS-> 7 (r) = (x^r), . . . ,z n (r)) gACF, 



we have 



(*p/)(p) = 



d(/o7)(r) 

dr 



7(ro) 



0 / 



GJ7 1 
, dr 



Tq 




h 



where X* = dy l /dr\ To . 

Prom the above formula it follows that every tangent vector to a given 
curve, at a given point, is a linear combination of the n partial derivatives 
{dfdx i p } y which are linearly independent. 

Of course, every tangent vector is tangent to an infinite number of different 
curves through p for two different reasons. The first is that there are many 
curves which are tangent to one another and have the same tangent vector at 
p, and the second is that the same path may be reparametrized in such a way 
as to give the same tangent at p. 

So it becomes natural to give the alternative following definition. 
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5.3.2 Tangent vectors to a manifold 

The equivalence class of the curves 7 ( 7 *) on M through p is called tangent 
vector to the manifold M at the point p. The set of all the tangent vectors 
to the manifold M at the point p, with the sum and the product by scalars 
defined by 

(aX p + bY p )(f) = aX p (f) 4- bY p {f ) , 

is a vector space called tangent space to M at p and it will be denoted with 
T P M. This space has the same dimension of the manifold, and the components 
of every tangent vector X p £ T P M , in the local chart (W,<p) on which p is 
represented, are given by the relation 

k = . 

UT T = 0 

Remark 12 A tangent vector to a manifold M at a point p, could 
equivalently , be defined as a linear function from the space T(U) of differ- 
entiable functions , defined on a neighborhood U of p, to 5R: 

T{U) 

satisfying the Leibnitz rule ; i.e. 

X p (af + bg)^aX p (f) + bX p (g) > 

Xp(fg) = mX P (g) + g(p)X p (f), 

with a, b £ 5J, and f and g differentiable functions defined on a neighborhood 
U of p. 

The value of X p in / is 

^ = (!?);**• (5 ' 3) 

where x 1 — <p l (p) and X* are the components of X p in the given chart (W, <p). 
The previous formula is often written in the form 




(5.4) 
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The tangent vectors 

(& 1 ), (s ' 5) 
constitute a basis for the tangent space T P M> called the natural basis. 

Since a chart (U ) y>) at p induces an isomorphism; that is, an invertible 
linear map between the spaces T P M and !R n , the dimension of T P M coincides 
with the dimension of the manifold M- 



Transformation laws 



lip belongs to the intersection U{ nl/j, then two sets of local coordinates can 
be introduced, namely (x 1 , x 2 , . . . , x n ) and (x' 1 , x' 2 , . . . , x /n ), and a vector V p 
can be locally written in two different forms according to the chosen coordinate 
basis 



Thus, we have 



Vp = K j 



(— 
\ dx'i 



) 



p 




The above relation, once applied to the functions x' k : SR n -4 9i, gives the 
familiar transformation law for the components of a vector 



V'i = vi 



( dx' k \ 



5.4 A Digression on Vectors and Covectors 
5.4.1 Vector space 

Let us recall that a set E, whose elements we are denoting with capital Latin 
letters X, Y, Z, . . . , is called a vector space (over the real numbers 3?) if 

• an internal composition law 

+ : (X, Y) e E x E E 

can be defined, with respect to which E is an Abelian group; 
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• a multiplication by real numbers c G Sft is defined to satisfy the follow- 
ing properties: 



c-(X + Y) = c-X + c-Y i 
(cic 2 ) * X - c x * (c 2 • X ) , 

1X = A. 

It is common use to drop the multiplication dot and the parentheses 
used in the previous properties. 

The elements of E are called vectors , and the vector corresponding to the 
identity element in E is denoted with 0. 

A set of vectors X\ % X 2 , . . , , X&, in E is said to be linearly independent if 

k 

CiXi — 0 => Ci = 0 , Vi € { 1 , 2, . . . , k} , 

2=1 

and linearly dependent , otherwise. The set is said to be maximal linearly 
independent , if the set, obtained by adding to it any other vector of is 
linearly dependent. This means that any other vector in E can be expressed 
as a linear combination of a maximal set, which for this reason, is called a basis 
for E, The number of vectors of a basis is called the dimension of E . If {e*} 
denotes a basis for the vector space JS, then any vector V can be written as 

and the coefficients V i G 3? are called the components of V in the given basis 

G 

5*4.2 Dual vector space 

The space of all linear maps from J5 to is denoted with 

J5* = Lin(2?, K) , 

and is called the dual space of E. The elements of E* will be denoted with 

small Greek letters or, 

For an arbitrary element a € E* , we have 



a:X eE^a(X)£R, 
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a(X + Y) = a(X) + a(Y ) , 
a(cX) = ca(X) , VcG 3ft. 

It is easy to see that 

• E* is also a vector space, the internal composition law and the multi- 
plication by real numbers being trivially defined as 

(a + fi)(X) = a(X)+0(X) 9 
(ca)(X) = ca(X ) . 

The vectors of E * are called covectors in order to distinguish them 
from the vectors of E ; 

• E * has the same dimension of E . 

If ei, e 2 , . . . , e n is a basis of E , a given vector X € E can be expressed 
as 



X = X i e i , i G {1, 2 , . . . , n} . 

Associated with the given basis {e*} of £, let us introduce the elements 
of E *, namely . . . ,i? n , defined by 

or equivalently 

&&) = $> Ue{l,2,,.,,n}. 

Since for any elements a € E* and X € E, we have 

o(Jf) = aiX'et) = **«(*) = an^(X) , 



with Qi = a(ej) e 9?, the element a can be expressed as 

a = a iif* . 

The set i? 1 ,!? 2 , ... ,i? n is then a basis for E*. 

It is also possible to consider the dual E** = (E*)* of the dual of a given 
vector space E. The reader can easily prove that if the dimension of E is finite, 
then E** is isomorphic to E and they can be identified. 
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Thus, E and E* are duals of each other; in order to underline the reciprocal 
duality, the value that a covector a takes on a vector X is also denoted by the 
bracket {•,•), so that 

a(X) = (a,X). 

If {e-} and {e*} are two different bases and {tf' 1 } and {tf 1 } are their dual 
bases, respectively, a given vector V can be represented in two different forms. 
Then, we have 

V = V H e' = V ** . 

Thus, the value of a generic element of {$'*} on V will be 

4 th (V) = V 9i ‘d fk (e§ = V'd tk (ei ) , 

and then 

V fk = M k iV i , 

M denoting the matrix whose elements are # //c (ej). 

5.5 Cotangent Space at a Point 

As for any vector space we can introduce the dual T* ftA of the vector space 
T p Ad. The vector space T* M is called the cotangent space to the manifold 
M at the point p. Special covectors of T*M can be associated with any 
differentiable function / defined on At, as follows: 

If / : M — > 3? is a differentiable function at the point p € At, its differential 
(or gradient, or exterior derivative) df p at the point p is the linear map 

df p : l~ p At — > 3? 

of the tangent space T P M in 9? defined by 

(dfp,X p )=Xpf, VXpGTpM. 

More explicitly, let X p be a tangent vector to Af in p, and 7 (r) a curve, 
belonging to the equivalence class of curves through p, (7(0) = p), which 
represents X pi then 



(df p ,X p ) = ~(fo 7 )(r) 



T — 0 



( 5 . 6 ) 
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If p is representable on the chart (U, </?), we have 



(df p ,X p ) = ^(fo7)( T ) 



T = 0 



^;(/ 0 (v 7 O 7 ))(t) 



r= 0 




(5-7) 



By choosing for / the coordinate functions ij :pGW-+^(p), we obtain 



{dx> p ,X p )=Xi. 



Then, Eq. (5.7) can also be written in the form 



Wr> X r)=(§Pj (d4,X p ), 



or equivalently, in the form 



df t 



= (*L) dx< 
l ax* I dXp 

\ / p 



It follows that the set of covectors { dx £} is the dual basis of the natural basis 
{< d/dx^} of T P M . 



5.6 Maps Between Manifolds 

If <t> : Ad -4 AT is a map from a manifold A4 to another manifold A f, the image 
of a curve 7 on M will be a curve 7 ' = (j> o 7 on Af 1 and a tangent vector 
X p to 7 at the point p, will have, as an image, a tangent vector to 7 ' at the 
transformed point <^(p). Thus, <t> induces the linear map 

4>* P * TpAA — > T^pjAf 

between the tangent spaces 7^ At and T^^Af defined, formally, as in Eq, (5.6), 



<t>*P X P = 0 1){t) 



r=0 



VX p €r p Af . 
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However, here (p+ v X v is a vector belonging to T^ v )Af. Indeed, if p is 
representable in the chart (W, <p), and q = 4>(jp) in the chart (V, ^), then we 
have 






f d4> l \ ( 

\ dxj )p\ dT /r= 0 







where 4> = ip o (j) o 1 . Vice versa we can associate with a given covector 
a q E T*N, the co vector /3 P eT p M defined by 

<Ap*X p ) s (Gfqi^+p-Xp) > 



with q — (j>(p). 

Thus, (p* v X v is called the push-forward of X p , while fi p = (t> p ^( p ) is called 
the pull-back of cty(p). 



5.7 Vector Fields 

A vector field X on a manifold At is a rule which to every point p 6 M 
associates a tangent vector X p E T V M\ i.e. a map 

X i p £ At — > X (p) = X p e T P M 

is defined on At. In a local coordinate system, a vector field X can be written 
in the form 

x<p) = #<,)(£)'. 

The vector field X(p) is said to be C h differentiable on a C k manifold At, with 
h <k - 1, if the functions X^p) are C h differentiable on the manifold At. 



5.7.1 Holonomic and anholonomic basis of vector fields 

The natural basis {d/dx 1 } is not, of course, the sole possible basis for vector 
fields. By taking n, point-wise linearly independent, combinations e* of its 
elements; i.e. 












n 



(5.8) 
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with det(a^(x)) ^ 0 everywhere, we obtain a new basis {ei(a;)}. In fact, previ- 
ous relations can be solved with respect to d/dx j in the form 

^7 =ti(x)ej, i — 

where (b{( x)) is the inverse matrix of (a{(x)). 

Thus, an arbitrary vector field X , that in the original basis was written as 
X = X i {d/dx i ), takes the form 

X - X li ei , 



where X'i = b/{(x)X i are the new components. 

In other words, a basis is given by n arbitrary point-wise linearly indepen- 
dent vector fields. 

If the matrix (a?(z)) is a Jacobian matrix, coordinates y l exist such that 



d 




* = !»•• 



n. 



Of course, such coordinates are the solutions of the differential system 



dy j 

dx i 



= bj(x), 



(5.9) 



which defines, then, a coordinate transformation between the x’s and the y’ s. 

The natural basis, as well the ones related to it by a coordinate transfor- 
mation, has the following obvious property: 



’A JL 

dx i * dxt 



i,j = l,...,n. 



For an arbitrary linear combination, as the one in Eq. (5.8), it will happen, 
generally, that 



[ e ii 7 ^ 0 > 



at least for some values of the indices i,j. 

If this linear combination is made with a Jacobian matrix, the previous 
property is again satisfied, since 



[ e i. e j] 



d_ _d_' 
dy v dyi 



= 0, i,j = 1,.. 



,n. 




142 



Manifolds and Tangent Spaces 



It is true also the converse, namely: If the elements of a basis {e*} of vector 
fields fulfill the property 

l e i) e j] = 0 1 i y j = 
then coordinates y l exist such that 

9 . 

ei ~ dyi ’ * - 

This can be understood by observing that the elements e, of a basis, however, 
this one is chosen, are linear combination (with functions as coefficients) of the 
partial derivatives d/dx l \ 

d 



ei = a i( x )faJ> i = 



Thus, 
[e»,e,] = 
Then, 






= of( x) 



daj(x ) 
8x h 



gh (x) ^M \ d , 

3 dx h J dx k 



[e i<ej } = 0 = a fa)^iT 



If (fr-(x)) is the inverse matrix of (a?(x)), we have 

bjaf = S, k => (d/,bj)a k = - b}(9 h a f) =► (fl fc ajf) = 

=> a i{9h a> j) ~ a$(d h a?) = a$a‘(d h b?)a k p - o?oJ(^6f)a* 

= aja? WK - ata‘(d h bf)a k p = aJafajKW - (W)) , 

where for convenience, the shorthand notation <9/* = d/dx h has been intro- 
duced. 

Thus, 



4 , Cj] — 0^0* ^ dajI 5a . h Je p , 



( 5 . 10 ) 



and, since det(aj) ^ 0, 
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which is just the compatibility conditions to be satisfied, in order a differential 
system, like Eq. (5.9), admit solutions. In other words, the conditions 

dx l dx h 

say that the differential forms 

= b p h dx k , p ~ 1, . . . , n 

are closed; that is, functions y p , at least locally, exist such that $ p = dy p . 

Equation (5.10) shows that the commutation relations between elements of 
an arbitrary basis are of the form 

[ e i> e j] = • 

A basis for which c?- = 0, Vi, j, p , will be called holonomic (integrable), or 
anholonomic (nonintegrable), otherwise. 



5.8 The Tangent Bundle 

The union Up^M'TpM of all tangent spaces T P M to a manifold Ad can be 
endowed with a structure of a differential manifold in a very natural way. An 
element of it is a pair (p, X p ) with p G M and X p E T P M. Thus, a sys- 
tem of local coordinates (as 1 , x 2 , . . . , x n , X 1 , X 2 , . . . , X n ) for Upe^TpAd can 
be introduced by using the local coordinates (x 1 , x 2 , . . . , x n ) of p and the 
ones (AT 1 , AT 2 , . . . , X n ) of X p > Regarded as a differential manifold, the set 
^ P €M%M is denoted with TM and it is called the tangent bundle of M, 
while a single tangent space T P M is called a fiber of TAd. Of course, the 
dimension of TM is twice that of Ad. 

A curve on TM identifies a vector at each point of Ad, and so it defines a 
vector field on Ad. Such a curve; that is, a curve transversal to the fibers, is 
called a cross-section ofTM . 

The names bundle , fiber , and cross-section refer, however, to general struc- 
tures that our “special” differential manifold TM shares with a general class 
of differential manifolds called fiber bundles. A general fiber bundle consists 
of a base manifold, which in our case is Ad , and of one fiber attached to each 
point of the base space. If the dimension of the base space is n and the one of 
each fiber is m, the bundle has m + n dimensions. The points of each fiber are 
related to one another, while points on different fibers are not. 
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The fibers need not be related to the differential structure of the base 
manifold M. In elementary particle physics , bundles are considered, whose 
fibers are isospin spaces attached to points in the space-time, which is the base 
manifold. Such a bundle will describe, besides the coordinates (£,x, y, z), also 
the isospin of an elementary particle. 



5.9 General Definition of Fiber Bundle 

Let E y Ad, F be differential manifolds and n a differentiable map 

7r : E — > M 

from E to Ad. 

Let be a covering of Ad, made of open subsets of Ad, which 

are compatible charts’ domains 

M={ JUj. 

i=l 

Let us suppose that, for every open set Uj, there is a homeomorphism ipj 
from n~ l (Uj) to the Cartesian product Uj x F of the form 

<pj ■ y e -> <Pj(y) = (^(y),v>j (y)^ eUj x F, 

where <Pj: 7T _1 (Wj) — > F and the restriction <Pj |*.-i(p) of <Pj to tx _1 (p), 

h = V jlP : ir~Hp) F , 

7T-l(p) 

is a homeomorphism of onto F, such that the diagram 

w/ \<pj 

Uj Uj x F 

commutes; i.e. 

* = P O (fj , 

p denoting the canonical projection from Uj x F onto Uj. 
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A A ” 1 

Of course, the set of maps <Pj t }P o F -> F for all p e Uj HZ4 and for 
all j, fc € {1, . . . , n} is a group G in a natural way. If this group is a Lie group 
and the maps 

9jk '.peUjDUk-* 9jk(p) = <Pk tP 0 V jtP € G 

are differentiable, we will say that (E } M, 7r,F, G) is a differentiable fiber bun- 
dle) M is called the base of the bundle , F is called the typical fiber , and n~ l (p) 
is called the fiber in p. The group is called the structure group . Usually the 
bundle (E,M, ir 9 F, G) is simply indicated by E . 

Locally , a fiber bundle is always a Cartesian product; i.e., n~ l (Uj) ^ Uj x F. 
A fiber bundle F, which is globally a Cartesian product; that is, if E = M x F, 
is called trivial For more details see Ref. 19. 

5.9.1 More on the tangent bundle 

Let us consider again an n-dimensional differential manifold M and the set 
of the pairs ( p y X p ) where p E M and X p € T P M . Such a set, denoted by 
the symbol TM 9 can be provided of a differential bundle structure in the 
following way: as a base we take the differential manifold M and the map n 
is the projection 



7r : (p, X p ) € TM 7 r(p, AT P ) = pe M . 

The typical fiber F is the Euclidean space 5ft n , and for every p e M ) the 
fiber 7r" x (p) is T p M ) the tangent space to M at p. The covering of M is made 
by the domains Uj of compatible charts (Uj^j) such that 

M=\JUj. 

The homeomorphisms <fj are defined as follows: 

<Pj ■ (p» Xp) € 7T -'(Uj) -> tpj(p, X p ) = (n(p, Xp), (V>i).p(7T 2 (p, Xp))) G Uj x 5R" , 
where 7r 2 (p, X p ) = X p . 

The coordinates of the point (p,X p ) in TM are then 
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where x % are the coordinates of p and 

K = [( v- j )*p(x p )] < 

are the coordinates of X p in the chart (Uj y'lpj). 
The linear map 



(jjjU : T P M 9 * n 

is an isomorphism between the spaces T P M and fc n . 

If p is representable on two charts (Uj , rpj ) and the map 

° ((^).p)" 1 : 5?" -> 3? n 

is an isomorphism of U n onto itself. Thus, the structure group G is GL(n } 9 ?). 

As we have already noted, the space TM is usually called the tangent 
bundle. 



The cotangent bundle 

The cotangent bundle is built exactly as the tangent bundle TM ) by simply 
replacing the tangent spaces T P M with the cotangent spaces T p M. 



5.9.2 Analysis of two bundles with S 1 as base manifold 

The tangent bundle TS l of the circle S l can be visualized as a cylinder, which 
globally is the Cartesian product S l x 5?, and so it is a trivial bundle. 

A cylinder, once cut along a directrix, “becomes 11 an infinite rectangle be- 
longing to 3? 2 ; a part of it is a finite rectangle. 

Let a and a ' be the upper corners of the rectangle and b and b f the down 
ones. Before the cut, a - a* was identified with the same point of the cylinder 
and a! — b f with a different point along the same directrix. 

Thus, by gluing a with a! and b with b\ we obtain an upper- and down- 
bounded part of the cylinder, while by gluing a with b f and b with a', we obtain 
the so-called Mobius band . 

Then, with the same base space S l and the same fibers 9?, we can build 
two globally different bundles. The first, T5 1 , is a trivial bundle, the second, 
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a nontrivial one; both show the same local properties. Their difference, which 
is of global type, is described by the structure group. 

The bundle TS 1 

Let be an open covering of, S l = \Jj=ify' Every Uj has, as 

coordinate system, a parameter Tj along S 1 , and for p € Wj, a basis of T P S 1 ^ 
F = 5ft will be given by the vector d/drj. Thus, a given vector V € T v S l will 
be represented by v^djdr^ where is a real number, and since j is fixed, 
there is no sum over j. If p belongs to the intersection of two neighborhoods 
Uj and the vector V will have two representations, v^d/drj and v l d/dr *, 
where since rj and Tj are unrelated, v j and v l are two nonzero real numbers. 

A A ^ 

Since the typical fiber is 3?, the homeomorphism Ti yP o <p jp : 3ft SR maps 
yi in v x y so that it reduces simply to the multiplication by the real number 
Uj — v i /v j . 

Thus, the structure group of TS 1 , since rij are nonzero arbitrary real num- 
bers, is GL( 1,31) = (SR - {0}, x); that is, 5R — {0} with the composition law 
given by the multiplication. 

We observe now that, for any j ) the parameters Tj can be chosen to be 
concordant; that is, in such a way that any two of them, namely Tj and Tj, 
increase in the same direction of S 1 ( dTi/dTj > 0), in the intersection Uj DUi. 
With this choice, nj > 0 and the structure group reduces to the positive 
real numbers with the composition law given by the multiplication. 

Moreover, the Jacobians dTi/dTj could be chosen in such a way that, in the 
intersection Uj Pi Ui, we have dTi/dTj = 1. Thus, the structure group reduces, 
finally, to (1, x), a trivial group as trivial as the bundle TS 1 . 

The Mobius fiber bundle 

It is easy to see that the Mobius strip is not an orientable manifold, so that at 
least one of the real numbers r^ = v x /v J will be —1. In this way, the structure 
group reduces to ({1, -1}, x). 

The bundle of frames and the principal fiber bundle 

The frame bundle FrM of an n-dimensional differential manifold M is a bundle 
having M as base space, GL(n, Sft) as structure group (the same of the tangent 
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bundle TM ), and the set of all bases of 3ft n as fiber. Since the set of all bases 
of 3ft n is homeomorphic to GL(n, 5R), the typical fiber F is just GL(n,3ft). 

Then TM has G = GL(n, 3ft) and F = 9ft n , while FrM has G = GL(n, 3ft) 
and F = GL(n,3ft). 

The frame bundle FrM is just an example of a bundle in which the struc- 
ture group (not necessarily GL(n, 3ft)) is homeomorphic to the fiber. Such a 
bundle, that is, a bundle in which the structure group is homeomorphic to the 
fiber, is called a principal fiber bundle. 



5.10 Integral Curves of a Vector Field 

As it has already been said, given a vector X p E T P M , there exist infinitely 
many differentiable curves on M which in p admit X p as tangent vector. Given 
two vectors, X p and X q , it is also easy to find curves on M admitting X p and 
X q as tangent vectors at p and q , respectively. It is also clear that the search 
for such curves becomes more and more difficult as the number of the given 
vectors increases. It is in a sense surprising that, given a vector field X on M, 
and then the assignment of infinitely many tangent vectors (one in each tangent 
space T P M % Vp E M), there exists always a curve p = p(r),T E]a, 6[C 3ft on 
M, whose tangent vector in a point po = p(to) coincides with the value X po 
of the field at the point, Vro E]a, b[. 

As a matter of the fact, if x l = x l (r) is the local parametric represen- 
tation of the unknown curve, the derivatives dx l / dr\ T = TQ will represent the 
components of the tangent vector at r 0 , while, if X = X % {d/dx x ) is the local 
representation of the vector field, X l (po) will be the components of the vector 
corresponding to the value of the vector field X at p 0 . Thus, the unknown 
curve will be the solution of the system of differential equations 

dx i 

— ^X\x), Vi E (1, 2, . . . , n) . 

We know that, for smooth X \ the above system always admits, locally, a 
unique solution x l = £ l (r), assuming at r = r 0 a prefixed value x ft. Such a 
solution is called an integral curve of the vector field X . 

Such curves are well known in physics as force lines , a name given by M. 
Faraday who introduced them for the electric and magnetic vector fields E 
and H. 
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Example 19 Let 



Y _ 9 d 
X dy V dx 



be the harmonic oscillator vector field. Its integral curves will be given by so- 
lutions of the differential system 



( dx 
dr 
dy 
^ dr 



Tr=- y ' 



= X , 



which are circles 



x 2 + y 2 = r 2 



of arbitrary radius r . 

Example 20 The integral curves of the vector field 

y\ d / x\ d 






dy 

where r = (x 2 +y 2 ) 1 ^ 2 , will be given by the solutions of the differential system 

!=-(*+«• 

<*+?)• 

By multiplying the first equation by x and the second by y, we obtain 

dx j* 
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which gives 



r — r -j- c, 

represents infinitely many spirals , one for each value of the constant c . 

We can summarize saying that, for every point p in M there exists an 
integral curve of X ; i.e. a curve on Ad 

7 : t € / C » -+ 7 (r) € Ad , 

which satisfies the differential equations 

^~ = *( 7 (r)), Vre/. 

More precisely, for every p G .M, there exists an interval I p C and an 
integral curve r € J p -+ 7 (r, p) of class in such that 7(0, p) = p. 

Moreover, this integral curve is uniquely determined. 

It follows that, if a and r are elements of I p such that a + r € I P) we have 

7(r,7(<r,p)) = 7(r + a,p) , Vp e Ad . (5.11) 

Ifpo € Ad, there exist an open set U(po) C Ad containing po and an interval 
Ipq C 3 R such that 7 is defined on J po x W(po) 

7 : (r,p) € /po x U(p 0 ) 7(r,p) G Ad . 

For every r G / Po , the map 

7 r : p € W(po) 7 r (p) ~ 7 (t, p) € Ad (5.12) 

is a diffeomorphism between open subsets of Ad; a point p in Z/(po) goes to a 
point 7 r (p) G Ad along the integral curve of X at p. The position of 7 r (p) is 
determined by t. 

Let (W(po)} be a covering of Ad. The intersection I of the intervals / Po 
corresponding to the open sets U(po) can be empty, but if the manifold Ad is 
compact, the covering {W(po)} contains a finite subcovering and the intersec- 
tion I of the corresponding intervals is certainly not empty. In such a case the 
diffeomorphisms (5.12) can be extended to the entire manifold Ad, with r G / 
and the vector field X said to be complete , 29 From Eq, (5.11), we have 

7 (r + CT,p) = 7 r+ff (p) ) 7 (r, 7 (cr,p)) = y T (j (a,p)) =7 T °7 "(p), 
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and then 



-.T+0 -T _ 

7 — 7 o 7 . 



Moreover, every 7 r is supplied by an inverse; that is by the diffeomorphism 
7“ r , so that we can define 7 r for every r € 5R. 

What has been said above can be summarized by the following theorem. 29 

Theorem 21 With every C h differentiable vector field X(p ), on a C k (h < 
k — 1) compact , differential manifold M> a one parameter group is associated 

^ : M M . (5.13) 



This group of diffeomorphisms of M in itself is such that 






x(p), 



r=0 






The group 7 r is also called the flow of the vector field X(p), and it is also 
denoted by 7J. 

The group (5.13) is then well defined if the manifold M is compact. In the 
general case, the 7 r are defined just like in Eq. (5.12) only in neighborhoods 
of a point po € M and for small r. 



5.11 The Lie Derivative 



Let X(p) and Y (p) be two vector fields on an n-dimensional differential man- 
ifold M> and <j> r x be the flow of the vector field X . 

The Lie derivative LxY of the vector field Y is the vector field defined by 
the relation 



(LxY)(p) 



lim 

T— VO 



(rn,^ (P) TO r (p)))-y(p) 



(5.14) 



where 



(<f> r )*<f> T (p ) : % r (p)M -* T P M . 

Let us calculate the Lie derivative of the basis vectors {dfdx 1 }. 

In order to simplify the notation, let us indicate with x eW 1 the coordinates 
of the points of M and let us set <f> r {x) ~ y. If 0*(r, x) are the coordinates of 
4> r (x ), and <^(t,x) those of <j>~ r (y) } then <j> l (0,p) = x i and <£*(0 ,y) =s y\ 
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Prom Eq. (5.14), we have 



( Lx £) <"> = >S ; [»" r >~ (^) y - (sj<), ■ 

The components of djdx i , in the natural coordinates system (5.5), are <5?, 
since 

while the components of (<f> ~ T )*y(&)v are S iven b y 



dft(T,y) h = dft(T,y) 
dy 1 ' 1 dy' 



Then, we can write 



M - 19 ? T - 5 ‘ (w), ' (5 I5) 






(5.16) 



By using Eq. (5.16), Eq. (5.15) can be rewritten in the following form: 
( T d\ d (dp\ ( d \ 



dx i ) dr l dy 



d_ ( df_ d<j> h 
dr l 8y h dx* 



= T/‘= *• 



we have 



d d&{T,y) \ g^(M) dft(0,y) f d d4> h (T,x) \ = 

ir dy h ) dx' dy h \dr dx ' y T=0 



d_df_ 
dr dy h 



s': + si 



d d^_ 
dr dx * 
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so that 



and 




(lJL\(\ = -(±?£\ A 9X5 (JL\ 

V X dx i ) P \dr dx* / r=0 dx* p 3x i \3x3 ) p 
The Lie derivative is an additive operator; i.e. 



Lx(U + V)=LxU + L x V, 



(5,17) 



where X , U, and V are vector fields on the manifold M. Moreover, it satisfies 
the Leibnitz rule 



L X (U®V) = (L X U)®V + U®L X V, 

where the symbol ® denotes the tensor product defined in the next chapter. 

By using the Eq. (5.17) and the relations ( dx % , d/dx j ) = , we can calculate 

the Lie derivative L x dx l of the basis differential 1-iorms { dx *}. Indeed 

so that 

lhxdx\ A\ - _ /dx\L x —\ = (dxi^^TLJLA 
\ X ' dx3 / \ ’ x dxi j \ ’ dx i dx k / 

= d&H = 9X* d& k 

3xi ^ £)x3 dx ^ ^ 




Therefore, we obtain 



L x dx i = dX l . 
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The Lie derivative of a differentiable function / on the manifold Ad has the 
following expression: 






where / = / o ^ 1 is the function representing / in the chart (W, \j)) in which 
p is represented. 



5,12 Submanifolds 

Examples of submanifolds are given by a sphere S 2 or a curve 7 in the space B? 3 . 
In some neighborhood U C of any point p £ 5 2 , a coordinate system (x> y , z) 
can be introduced for 9? 3 , such that the points of S 2 n U are characterized by 
z = 0. 

Similarly, in some neighborhood U C SR 3 , of any point p £ 7, a coordinate 
system (x,f/,z) can be introduced for SR 3 , such that the points of 7 C\U are 
characterized by y = z = 0. 

A sphere S 2 (or a curve 7) is said to be 2-dimensional (l-dimensional) 
submanifold S of the manifold M = 5i 3 . 

Thus, it is natural to say that an m-dimensionai submanifold 5, of an 
n-dimensional manifold Ad, is a set of points of Ad such that, in some neigh- 
borhood U C Ad of any point p £ 5, a coordinate system (a: 1 , . , . , x n ) can be 
introduced for Ad in which the points of So U are characterized by x m+1 = 

2»m+2 __ . . , = x n = Q 

More formally, a one-to-one map / : Q M is said to be an embedding of 
the m-dimensional manifold Q in an n-dimensional manifold Ad, (m < n), if 
at every q £ Q there is a neighborhood V C <5 of q and a chart (W, <p) of Ad at 
p = /(g), such that (V, <p o f\ y ) is a chart of Q\ that is, ip o / |y : Q are 

coordinates on V for Q. The manifold Q is said to be embedded in the manifold 
M. The image S = f(Q) is called a submanifold of the manifold Ad, provided 
with the manifold structure for which f : Q S C M is & diffeomorphism. 

If / is not one-to-one, we shall speak of immersion . In other words, a map 
/ : Q -4 Ad is said to be an immersion of the manifold Q in a manifold Ad, if 
at every p £ Q, there is a neighborhood V C Q of p and a chart (W, ip) of Ad at 
f(p ), such that (V, <pof) is a chart of Q\ that is, <pof : Q — > 3? n are coordinates 
on V for Q. The manifold Q is said to be immersed in the manifold Ad. 
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By recalling what has been said in Sec, 5.6, concerning maps between man- 
ifolds, a vector field defined on a submanifold S is also a vector field on M , 
and a covector field on M is also a covector field on S . A suggested reading 
on the subject and its applications is given by the Mar mo, Saletan, Simoni, 
Vitale book. 41 

5 , 12.1 The Frobenius theorem 

It has been shown that, given a smooth vector field X on an n-dimensional 
manifold M, one can find a curve ( integral curve ) that, at every point p £ At, 
the value X p of the vector field X coincides with the tangent vector to the 
curve at the same point. 

In other words, since a vector field X is an assignment at every point 
p € M of a vector X p in the tangent space T P M> we can paraphrase the 
previous statement saying: 

Given , at every point p € M , a 1 -dimensional subspace D p of the tangent 
space T P M , one can find a 1-dimensional submanifold N such that D p — 

TpAf,VpeM. 

It is interesting to have an answer to the analogous problem: 

Given , at every point p € .A4, a 2-dimensional subspace D p of the tangent 
space TpAi (i.e, a plane), does a 2- dimensional submanifold M , such that D p = 
Tpfif, exist Vp e Ml) 

The answer is generally: No, 

In order to discuss the general case, it is advisable to introduce the following 
useful definitions: 

• An assignment D at every point p € M, of a h-dimensional sub- 
space D p of the tangent space T P M, that is, a hyperplane, is called a 
h- dimensional distribution on M, or also, a differential systems of 
h-planes on M. 

• A ^-dimensional distribution D is said to be C°° if, at every point 
p G M, there exists a neighborhood U of p and h C°°-vector fields, 
namely Xj, , . . , X^, defined in U and defining, at every point q€U, a 
basis Xi(g), . . . , Xh(q) for D q . The vector fields Xi, , , . , Xh are then 
called a local basis for D. 

• A vector field X is said to belong to D if X p € D p at every point 
p € M. 




156 



Manifolds and Tangent Spaces 



• A C°° distribution D is called involutive if 

XzD,Y £D^\X,Y}zD. 

The above relation is equivalent to say that a local basis {Xi, . . . , Xh} 
of a involutive distribution has the following property: 

[XuXj^^Xk, 

since the Lie bracket of any two vector fields X and F, which are their 
/-linear (he. the coefficients are functions) combinations 

X = f(p)Xi, Y = g i (p)Xi , 

will be linear combinations of X*: 

[X,Y\ = [fXi^Xi) 

= f i g i lX i ,X j \ + f%{g k )X k - g'YiU^Xk 

= (/V 4 + pXitf) - pXiif^Xk = d%x k . 

• A connected submanifold Af of M is called an integral manifold of the 
distribution D if f*(T p Af) = D q for all p e Af, where / is the embedding 
of Af into Ad, The submanifold Af is called a maximal integral manifold 
of D , when no other integral manifold of D, containing Af, exists. 

It can be proven (see for instance Refs. 11, 29 and 50) that 

Theorem 22 (Frobenius) If D is an involutive distribution on a differen- 
tial manifold Ad, through every point p € Ad, there passes a unique maximal 
integral manifold Af(p) of D. Any integral manifold through p is an open sub- 
manifold of Af(p), 

In other words, if X\, *..,Xh are h(< n ) vector fields defined on a region 
U of an n-dimensional manifold Ad such that 

the integral curves of vector fields mesh to form a family of submanifolds. 
Each submanifold has dimension equal to the dimension of the vector space 
these fields define at any point, which is at most h. Each point of U belongs to 
one and only one submanifold, provided that the dimension of the vector space 
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defined by the fields is the same everywhere in U. This family of submanifolds 
is called a foliation of U , and each submanifold a leaf of U. 

The central idea underlying the Frobenius theorem is that, if the integral 
curves, of the vector fields , . . , Xh defining a distribution, are to define a 
submanifold to which the vector fields must be tangent, they have to mesh 
one another as cotton threads in a web. In other words the flows (p l Xi of 
the vector field X{ have to transform an integral curve of a vector field Xj, 
in the integral curve (of the image) of a vector field constructed as linear 
combination (with functions) of Xi t * . . , Xh- This will be guaranteed if all their 
Lie brackets [X*, Xj] are themselves tangent; that is, belong to the distribution 
[Xi f Xj] = c^Xfc. This just means that the distribution has to be involutive. 




Chapter 6 

Differential Forms 



6.1 The Tensors 

In previous sections it has been shown how to construct the dual space E* of 
a given vector space E . The elements of such spaces constitute the simplest 
examples of tensors. 

A more interesting example is given by the area A(U , V) of a given pa- 
rallelogram constructed by two vectors [/, V . Its most important property is 
expressed as follows: 



A(X + 7, Z) = A{X , Z) + A{Y, Z ) . 

Thus, the area of a parallelogram is a rule 

A: (U,V) e E x E — > A(U , V) € », 

which associates a real number with two vectors linearly in the entries f7, V. 

Any bilinear map T, from the Cartesian product E x E to 9ft, is called a 
tensor of (0, 2 )-type. 

The space of all such tensors is denoted with 

7^(E) = Un(ExE ) R), 
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and can be endowed naturally with a vector space structure, defined by 

(Ti + T 2 )(X, Y) = Ti(x, y) + t 2 (x, y) , 
(fcTj^yj^fcfr^y)), vfc€^. 

A basis of such vector space can be easily constructed by using a basis {e*} of 
E and its dual basis {$*}. 

In the given basis {e*}, the vectors X and Y can be written as 
X = X^i , Y - Y j ej , 

and we have 

T(X, Y) - T(X i e i , Y j ej) = X*y*r(e,, e,) = TyX^ , 
with Tij = T(ei,ej) £ 

Since, by definition, for all X € E, $*(X) = X 1 , the previous relation can 
also be written in the form 

T(X, Y) = Ti^(X)iF(y) . (6.1) 

Thus, by introducing the tensor product ® of two covectors, a £ E*, /3 £ 
E\ by 



(a®/J)(X,y) :=a(X)/3(F), 

the relation (6.1) becomes 

r(x,r) = (T ii #®#)(x,y) i 

or for the arbitrariness of X, Y, 

Since the tensor T is an arbitrary element of the vector space Tj^E), the 
last relation shows that a basis for this space is given by the n 2 elements 
® Thus, a basis in E will fix a basis in its dual space, E*, and also a 
basis in the vector space of (0, 2) tensors. For this reason the n 2 elements of 
3? are called the components of the tensor T in the given basis. 

Similarly, any bilinear map R } from the Cartesian product E* x E* to Jf, 

R : (a,0) £ E* x E* — > R(a,0) £ U, 
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is called a tensor of (2,0 )-type. The space of all such tensors is denoted with 

7f(E) = Un{E* xF,»), 

and can be endowed naturally with a vector space structure defined by 

{Ri + R2)(X t Y ) = R 1 (X, Y) + R 2 (X, Y ) , 

{kR){X,Y) = k(R{X,Y)), Vfc€3R. 

By defining the tensor product X®Y,of two vectors X , Y of E, to be the 
(2, 0) tensor given by 

(X®Y)(a,P) = a(X)l3(Y), VaeFJeF, 

a basis {e< <2> ej} of 7q{E) is fixed in terms of a chosen basis {ei} of E. 

Once more, any bilinear map S, from the Cartesian product E* x E to SR, 

5 : (a, X) £E*xE—> S(a,X ) € SR, 

is called a tensor of (l, 1 )-type. The space of all such tensors is denoted with 

Ti(E) = Lin(JS* x £,3R), 

and can be endowed naturally with a vector space structure defined by 
(Si + S 2 )(a,X) = Si(a,X) + S 2 (a,X ) , 

{kS)(a,X) = k{S(a,X)), VfceSR. 

Exercise 6.1.1 Show that a basis ofTi(E ) can be given by {d‘ < 2 > ey}, with 
an obvious definition for this tensor product. 

Previous examples exhaust the concepts of tensor of rank 2. 

More generally, any multilinear map 

T : E x E x x E x E* x E* x x E* — + 3R , 

' v ' y ' 

q times p times 

is called a tensor of (p, q)-type. The tensor T is also said to be of rank p + q. 
The space of all such tensors is denoted by 

7 J{E) = Linj E x E x - * • x E x E* x E* x * • - x E* f 3?) , 

q times p times 




162 



Differential Forms 



and can be endowed naturally with a vector space structure defined by 

(kT)(X,Y,...,Z ta) (3,... % 'v)==k(T(X,Y,...,Z,a,(3,...,' i )), 

A basis of T ( f(E) is easily found by using the same procedure used for 
T£(E), Tq{E), or Ti(E). Indeed, let T be a (p, q) tensor, {e,} be a basis of 
E and {#} be its dual basis. We have 

T(X, Y t ...,Z,aJ 3 , ... >7 ) = tfY* ■ • • Z k a p f3 q ■■■'y r T 

x (e*, ej, . . . , e^, . . . , 7 ) 

= T%:;ZnX)W{Y) • • • # k (Z)e p (a)e q ((3) • • • e r ( 7 ) 

= (TfY’.k^ 1 ® ® ■ ■ ■ ®$ k ® e p ® e 9 ® ® firj 

x (X,Y,...,Z,a,/3,..., 7 ). 

Since X, F, Z, a, , 7 are arbitrary vectors and covectors, we can 
write 

T = TfY.Z ¥ ® <8> • • * ® ® e p ® e q 0 • • • ® e r , (6.2) 

which shows that a basis for the vector space Tff(E) is given by 
® ® • . . ® ® e p ® e ff ® • • • ® e r . 

V ** ' V— ^ ✓ 

q times p times 

Remark 13 According to the previous definition we can say that 

• A covector is a tensor of (0, 1 )-type. The corresponding vector space 
E* is also denoted , besides 7f(E) } with A (E), or simply A. So A (E) = 
7f(E) = E*. 

• A vector is a tensor of (1,0 )~type. The corresponding vector space E 
could be also denoted with Tf(E). 

• The elements ofR are called tensors of (0,0) -type. 
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A tensor T of (0, 2)- type is said to be 

« symmetric if T(X , Y) « T(Y \ X) 

• antisymmetric if T(X, Y ) = — T(K ? X) 

The same definition can be given for tensors of (2,0)-type and, more ge- 
nerally, for tensors of (0 ,p) or (g,0)-type. As for a tensor of (l,l)-type, no 
meaning can be given to the interchange of a vector with a co vector. 

The set of all antisymmetric tensor of (0, 2) type is, of course, a vector 
subspace A 2 (E) of the vector space T^(E). A basis can be easily found by 
considering a generic element A of A 2 (jB). In a given basis {e*} of E , the 
antisymmetric (0, 2) tensor A can be written as 

A = Aijti 1 <g> , 

where the \n(n — 1) distinct numbers Aij = A(e*,ej) are antisymmetric for 
the interchange i o j. Thus 

A = ® ® # = i A^ (i? i ® # - ¥ ® if) . 

Then, by introducing the exterior (or wedge) product d 1 A of the basis 
elements and by 



if A if := if <g> if - if (8) if , 

the antisymmetric (0, 2) tensor A can also be written in the form 

A = ^A ij '& i . 

Thus, a basis for A 2 (E) is given by the \n(n - 1) elements {if A if}. 
More generally, a tensor T of (0, g)-type is said to be 

• symmetric if T(X ai A&, . * , X c ) = T(X 1 ^X 2 ^ **X q ) for all permuta- 
tions (a, 6, , c) of (1, 2 

• antisymmetric if T(X a , Xb, . . . X c ) = -T(Xi, X 2 ,. . . X 9 ) for all odd 
permutations (a, 6, . . , , c) of (1, 2, , * . } q) 

A similar definition can be given for tensors of (g, 0)-type. 
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6 . 1.1 The p-covectors 

Antisymmetric (0,p) tensors are called p-covectors or p-forrns and usually de- 
noted with small Greek letters. So a p-form uj is a function 

ai:(X lf ... # X p )€ JSx... xE-*i»{X u ... t X p )e1t f 



which is 

• p- times linear; that is, for all i — 1, 2, . . . ,p 

u(Xi , « * ♦ j Xi-u oYi + bZi , Xi+ 1 , . » . } Xp) 

= , . . . , Xi— i , Yi , Xx+ 1, * * * , Xp ) 

+ bw k {X, X p ) ; ( 6 , 3 ) 



• completely antisymmetric 

«(*», • • • , X h ) = (-1)^ (6.4) 

where \a\ = 0 or 1 according to the parity (even or odd, respectively) 
of the permutation a = (ii> , . . ,z p ) of (1,2,. . . ,p). 

The set of p-covectors is a subspace A P (E) of the vector space T^(E). A 
basis of A P (E) can be found by applying the usual procedures which require, 
however, the notion of wedge or exterior product of p covectors. 



6 . 1.2 The exterior product 

Let cq , a 2 , ♦ . . , a p be p-covectors on a vector space E. Their exterior product 
ai A ot 2 A ♦ ■ * A a p is the p-form on E defined by 



(c*i A OL 2 A * ■ < A a p )(X \ , . . . , X p ) — det 



/aitxo, ••• «i (x,y 

\a p (Xi) ■■■ a i (X p ) i 



, (6.5) 



that is, by the determinant of the matrix (oii(Xj)). 

The properties of the determinant show that the exterior product defined 
by (6.5) is a p-form. 
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By using the procedure already used for 2-forms, it is easy to check that 
any p-form u can be written, in a given basis {e*} of E, as follows 

with = o;(e tl , . . . , e lp ) and {i? 1 } the dual basis of {ej}. 

Thus, the (”) = n!/p!(n - p)! distinct elements 

i? il A • • • A , p < n , (6.6) 

make a basis in the vector space, A P (E), of the p- forms on E\ that is, any 
p-form u) can be expressed in terms of them, and then 

dim A P (E) = 

The exterior product between a p-form a € A P (E) and a g-form (3 € A q (E) 
is the (p -f g)-form a A /3 e A p + q (E) defined as 




(<*A €)(Xi, . . .,X k+l ) = ^2(-l)^a(X h , . . . ,X ik )(3{X h> . . .,X jt ) , 

<J 

where the sum is over all permutation a = (t‘i, ...» ik*3u • * • >3i) of (1, , k+l) 
and |cr| = 0 or 1, according to the parity (even or odd, respectively) of the 
permutation. 

It is easy to verify that 

• a A (3 is truly a (p + q)-form, 

• that the product is 

0 anticommutative: a A (3 = (— 1 ) pq f3 A a, 

0 distributive with respect to the sum: (aa+ba) A/3 = aaA/3-j-baA/3, 

<0> associative: (a A /3) A 7 = a A (/3 A 7), 

0 coincides with the product defined by Eq. (6.5) if a and (3 are 
monomials; that is, if a is the exterior product of p covectors 
ai, . . . , a p and (3 is the exterior product of q covectors j3i, . . . , j8 g , 
respectively: 



a = ai A * • ■ A a p , (3 = /?i A • - • A (3 q . 
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The pair 

(a= 0A%E),Aj 

of all p-covectors with arbitrary p, endowed with the exterior product A, is 
called a Grassmann algebra. 

6.1.3 The metric tensor on a vector space 

A metric tensor on an n-dimensional vector space E is a (0, 2) tensor g satis- 
fying the following requirement: 

• symmetry: g(X,Y ) = g(Y,X) } X,Y 6 E 

• not degenerate: g(X,Y) =0, VX £ E Y = 0. 

Exercise 6,1.2 Show that previous requirements are equivalent , in a given 
basis {e*}, to 

• symmetry : = gji 

• not degenerate : det(^j) ^ 0, 

where gij ~ g(e{, ej) are the components of g in the basis {e*}. 

Since the matrix g = (g^) is symmetric, there exists a basis {e* = U?ej}, 
with U — (Uf) an orthogonal matrix, such that 

= XiSij , 

where the eigenvalues A*, i = 1, . , . , n are not vanishing by the hypothesis that 
g is not degenerate. 

Thus, if g is a metric tensor, a basis 

= Eijy/k^ 

exists such that 

g'ij = ff(e i,e$) = ±Sij. 

A metric tensor provides an isomorphism between vectors and covectors. 
In fact, with any vector X € E, we can associate the covector x = ixg 
defined by 



X = (ix 9 )(Y) = g{X,Y) 
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whose components in a given basis are 

Xj = ( ixg)j = X i g ij . 

Since det(py) ^ 0, the previous map is invertible, so that 

X* = fPxi, 

where (g ij ) is the inverse of (g^ ) defined by 

9 ih 9hj — Sij . 



6.2 The Tensor Fields 

A ( m,n)-type tensor field S on a manifold Ad is a rule that associates, with 
every point p € M, a (m,n)-type tensor S p € T™{T P M); i.e. a map 

S : p e U C M -> 5(p) = € 1?(T P M) . 

By applying the same algebraic procedure used to obtain the Eq. (6.2), it is 
easy to see that, in a local coordinate system, a tensor field S can be written 
in the form 

3d 3 

S(p) ~ S$:: c g (p)dx e <g> dx f ® • . • <g> dx 9 ® — ® ^ ® • • • <g> — , (6.7) 

where x* ~ <p*(p) are the coordinate of p in the chart cp). The tensor field 
S(p) is said to be C h differentiable on a C k manifold M f with h < k — 1, if 
the functions are C h differentiable on the manifold M. 

6.2.1 The Lie derivative of a tensor field 

Since the Lie derivative has been defined on functions, differential 1-forms and 
vector field, it is also defined, by the Leibnitz rule, on a general tensor field as 
the one given in Eq. (6.7). 

One of the most important use of the Lie derivative in physics is to check 
if a tensor field is invariant under some transformation. If the transformation 
is generated by some vector field A, then the invariance of the tensor field S 
is expressed by 



L a S= 0. 
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The invariance condition preserves its elegance, also locally. 
For instance, let the mixed tensor field 



be locally represented by 



S:(X,a)->S(X,o) 



s = s ^‘®S J 



Its Lie derivative, with respect to the vector field A, is given by 
L a S = ( Sfdx i ® ^ 

= (LzSOdx* ® — + S|(W) ® A + Sldx' ® 

di fc dxi 1 dx k dxi 1 8x3 









A fe J- gJ C*: 

+ * fc aa* 



( 6 . 8 ) 



Thus, the invariance of S is expressed by 



8x k “ 4 dx k dx i u k 



dS U k = s kdAj 9Ak 



-rSi, 



In terms of the matrices 



S=(S>, a'=(a? = ^), 



it can be written as follows: 



d 

dr 



S = fs,A' 

rsj I rv’ 



For the interested reader, an intrinsic definition can be given as in the case 
of a vector field. 

The Lie derivative, with respect to X of a tensor field 5, is defined by 



(L x S)(p)= lim 



rwwW T (p)))-g(p) 



(6.9) 
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where 

• (j> r is the flow of the vector field X 

<t> r : P e M -f <t> T (p) 6 M , 

• (<t> T )* its derivative 

(</> t )*p ' T P M i ^ , 

• (<£ T )* the extension 29 of (<£ T )* 

(4> T U:T(p)^r(r(p)) ) 

to the whole tensor algebra 

oo 

t ~{ p ) = E 

m,n=0 

Thus, in our case 

(4>- T Ur ip y.T(<f> T (p))^T(p). 

This definition can appear formally complicated. In reality it is very simple 
from a geometrical point of view. As a matter of fact, a map <j> between two 
manifolds M and Af, transforms a curve trough p e M to a curve trough 
the point <j>(p) e AT] then, it also transforms a tangent vector to M at p in 
a tangent vector to A f at <f>(p ). So induces a map, 0*, between the corre- 
sponding tangent spaces T P M and 7^( P )A f at corresponding points. Of course, 
it also induces maps between the tensor spaces T™(T P M) and 7^ m (7^-(p)A4) 
at corresponding points and, finally, between T(p) = n=0 and 

W(p)) = Em,n=o7; m (V(p)M). 

If S is a (l,r)-tensor field, the relation 

(a, SiY^Y 2 , .... Y r )) = S(a, Y^Y 2 ,..., Y r ) 

defines a vector field S(Y X , Y 2 , Y r ). 

It can be easily proven that, for any vector field X, we have 

t l x s )( y \ y 2 y ) = [x,5(y 1 ,y 2 ,...,y r )] 

-E^(y 1 .----[^y i ],..-,y r ). (e.io) 

i=l 
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The Leibnitz rule gives the following general properties of the Lie derivative; 

L x (R®S) = (L x R)®S + R®{LxS), (6.11) 

Lx{T{cti,. ..,a p ,X\,.. -,X q )) = (L x T)(ai ,. . . ,ot p ,X\, . . . ,X q ) 

p 

’ I " ^ ^ i Lx&ii * • • i dpt X\ j . . . j Xq) 

2=1 

P 

+ 5Z r(a 1( . . . , a p , Xi, . . . , LxXi, X q ) . 

i=l 

( 6 . 12 ) 

Equation (6.10) is just a particular case of Eq. (6.12). 

Exercise 6.2.1 Show that for any vector fields X and Y : 

L\X,Y) = [Lx,Ly) . 



6 . 2.2 The differential p- forms 

A differential l-/orra a on the manifold M is a regular map 

a:TM-+3l (6.13) 

of the tangent bundle of the manifold M in 5ft, linear in every tangent space 

T P M: 

a p {aX + bY) = aa p {X) + ba p (Y) , V a, 6 e 5R , V X, Y G T p M . 

In this way, a differential 1-form on M is a covector on T P M differentiable in 
p. Let us suppose that the functions x 1 , . . . , x n are a system of local coordinates 
in a given domain U of the manifold M, 

x % \ po eU x l (po) =XoG5ft Vi = 1, . . . , n . 

These functions are differentiable, and their differentials dx l po at the 
point po, 

dx po : X e T Po M dx l po ( X ) el ft Vi = 1, . . . , n , 
are covectors on T P0 M . 
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The values of the differentials dx * o , . . . , dx™ o on the vector X are the com- 
ponents X 1 , . . . , X n of the vector. 

If ctpo is any covector on T Po M , because of the linearity of a Po , we have 

)dz* o (X) = a i (p 0 )dx} o (X) 

Po/ 

= {oii(po)dx[p Q , X) , 

with 




The covector a Po can thus be expressed locally in the form 

<*Po = a i(Po)d x p 0 + • • • + a n (p 0 )dXp o . 

Therefore, every differential 1-form a (Eq. (6.13)) in the domain U can be 
locally expressed as 

a = a\{p)dx l -| h a n (p)dx n . 

A k-covector uj p at the point p € M is a fc-times linear (Eq. (6.3)) and 
antisymmetric (Eq. (6.4)) function, 

w p : (X\, . . . , Xk) € x • • • x TpAA — > u p (Xx 1 . . . , X *.) (E 5ft . (6.14) 

A differential k-form o> is defined on the manifold M if the form (Eq. (6.14)) 
is given at every point p in M and, moreover, if it is differentiable. 

Every differential fc-form u can be uniquely expressed in a domain with 
local coordinates x 1 , . . . , x n as 

U) = - • • .,x n )dx 11 A • • • A dx lk , (6.15) 

where dx tl A • • • A dx lk are the exterior products of the basis 1-forms 
dx 1 ,, . . ,dx n . 

Operations such as the sum of fc- forms, the product with real numbers, the 
exterior product between forms are always point- wise possible; that is, at every 
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point p £ M the corresponding exterior forms on the tangent spaces T V M can 
be summed and multiplied with numbers or exteriorly. 



Lie derivative of a differential kfform 

Prom Eq. (6.9), defining the Lie derivative of a tensor field, we obtain, for a 
differential fc-form u>, the useful formula 

(L x u)(Y\Y\...,Y k ) = [. XMY\Y 2 ,...,Y k )] 

*7 •••.!'*), (6.16) 
i—X 

which is similar to the one given, for a (1, fc)-tensor field, by the Eq. (6.10). 



6.2.3 The exterior derivative 

On the space of differential fc- forms we can define an operator d, called exterior 
derivative , having the following properties: 

If a e A k {M), (3 e A h (M), 7 € A h (M), 

(1) d(a -f f$) = da + df3) 

(2) d(a A 7 ) = da A 7 + (-l)*a A dy; 

(3) d 2 a = 0; 

(4) On the differential 0-forms; that is, on functions, the operator d coin- 
cides with the differential defined in Sec. 5.5. 

The operator d, as it easily follows from its properties, transforms differen- 
tial fc-forms in differential (A; -f l)-forms. 

By using the properties (1), (2), (3) and (4), we can easily calculate the 
exterior derivative of a fc-form in a coordinate basis. For u) given by Eq. (6.15), 
we obtain 



dw = 






A dx H A • • * A dx tk , 



because ddx i = 0. 
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6.2.4 Closed and exact differential forms 
A differential fc-form is said to be closed if 

du = 0, 

and to be exact if there exists a 6 A fc_1 (.M), such that 

u> = da . 

Since d 2 = 0, an exact p-form is also closed. The converse is not true and 
the following is a classical example in 3R 2 . 

Example 23 Consider the differential l-/orm 

xdy - ydx 

U = ~ 2 ^ 2 ~ ’ 
x 2 +2T 

which it is easy to see to be closed , 

du = 0 . 



In polar coordinates 



it becomes 



x = r cos t? , 
y = rsim? , 



l o = d$ . 

77ms, one is tempted to say that u is an exact differential form also. But the 
angles do not exist really ! 

The misunderstanding is solved by observing that u is not defined at the 
point (0,0), as well as the transformation from Cartesian to polar coordinates. 



6.2.6 The contraction operator ix 

Let E be an n-dimensional vector space and A r (E) be the vector space of 
r-covectors defined on it. 

If u € A r (E) is an antisymmetric multilinear map from E x E x - • « x E 
to 3ft, and Xu • • • X r are vectors of E, then 

u(XuX 2 ...Xr) 



(6.17) 
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is a real number antisymmetric under the interchange of any two vectors. 
Therefore, an r- covector is defined once the number (Eq. (6.17)) is given VX*, 
i = 

It is natural, starting from any r-covector to G A r (E) and a vector X G E, 
to define a (r — l)-covector, namely i x w € A r ~ l (E) by the following equality: 

{ixu){X u X 2 , . ■ . Xr-i) w(X, X u X 2y . . . X r -i) • 

In this way, (i x &) is the (r — l)-covector, built from w G A r (E) and X G E, 
which evaluated on (r-1) vectors Xi ) X 2) . . . X r -\, gives the same real number 
given by lo on the r vectors AT, Xu X 2) . * . X r -\ . 

The operator ix is called the contraction operator with respect to X. We 
already met it in the case in which a; is a simple covector. In fact, by denoting 
with a an element of A 1 (25) = A (E) = 25*, the previous definition simply 
reduces to 



i x a = a(X) = (a, X) . 



In order to illustrate the given definition, let us represent the r-covector u) in 
a basis {$*}, as follows: 



Thus, 



w = A A * • ♦ A d k . 

r! ^ 



( 6 . 18 ) 



(ijJTi^)(-^2i • ■ • y XV) " i2 '-'i r 



&*(Xi) 9 ...,&*(X r ) 



(6.19) 



and then, by using the Laplace expansion (first column) of the determinant, 
ix& is represented by 



(»*»«) = {XiW* A $ <3 A • • • A i? ir 

— A # 3 A • • • A 

+ (Xi)^ 1 A A i?* 4 • ■ • A i? ir + ■ • • 
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+ l(-irV..J i 1^iFA# , A...Ar- 1 (6.20) 

r\ 

= (. X i)i? i2 A i?* 3 A • • • A i? ir . (6.21) 

(r- 1)1 

What are the properties of the operator tx? 

• It is easy to see that 

ixiy = -iyix • (6.22) 

This easily follows by observing that, Vcj G A r (i£), 

u>(X , F, JT lf JT 2 , • . • JTr-a) = (^)(F, X r - 2 ) 

= (iy^x^)(Xi,X2,...AT r ^2) 
w(y, X, X 1? Jt 2 , . . . X r - 3 ) - (iyW)(X, X U X 2 ,... X r - 2 ) 

= (ixiyu)(X i, X 2) . . . AT r _ 2 ) • 



As a particular case, it follows that 

i 2 x = 0. (6.23) 

• If a 6 A r (£), and /? € A S (E), with r + s < n, then 

ix(c* A P) — {ix&) A /? + (-l) r a A ix/3 * (6.24) 

This easily follows from the following formula: 

(a A 0)(Xi , . . . , X r+S ) = X)(~ir «(^Jt - • • • - **) 

x f3{Xj r+1 , . . . , Xj r+s ) , 

where the sum is over all permutation (ji, j 2 > . . . ,.7r+s) of (1, 2, . . . ,r + 
s) and a = 0 or 1, according to its parity (even or odd, respectively). 

Properties of Eqs. (6.23) and (6.24) extend in a natural way, with the only 
additional requirement that on 0-forms / G F(M), ixf = 0, to r- forms on a 
differential manifold M. 

Let X be a vector field on M and a G A k (M). 
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The operator ix which, acting on the differential fc-form a, transforms it 
in a differential (k - l)-form ix& (also called interior product between X and 
a), is defined point-wise as 

(ixa) p (Xi,...X*_i)*a i ,(X(p) > Xi,... > jr fc -i) > VpeM, (6.25) 

where Xi, . . . , Xk-i are tangent vectors to M at p. 

The ix operator fulfills the following properties: 

( 1 ) ix(ai + a 2 ) = ixoci + ixa 2 ; 

(2) »x(a A 0) — ixa A 0 -f (-l)*a A ix/3; 

(3) if a € A 1 (M), ( ix<*)(p ) = (X(p), a p ) = a p (X(p)); 

(4) if / is a 0-form, then ixf = 0. 

Thus, the properties of the interior product ix on a differential manifold 
M are algebraically similar to the ones of the exterior derivative d, namely 

d 2 = 0 , d(a A /?) = (da) A 0 + (-1 ) r a A d/3 . 

Of course, 

ix * A r (Ad) -4 A r ~ 1 (A4) 

d: A r (A4) -4 A r+1 (M), 

and 

i x d : A r (M) -4 A r (Af) 
dix : A r (A4) -4 A r (M). 

The operators ixd and dix do not coincide, as it is easy to verify on the 
simple example of a — dx l , Indeed, denoting with X % the components in the 
basis { d/dx % } of the vector field X, we get 

(i ixd)dx x = 0 , 

(6.26) 

nvi 

o dix)dx i = d(i x dx ‘) = dX 4 = -j—dx* . 

Moreover, the operators ixd and dix are not derivations, since 
ixd(a A /3) = ix[(da) A/3 + (-l) r a Ad/3] 

= ix((da) A/3] + (-T) r ix[<* A d/3] 
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= (ixda) A /3 + (-l) r+1 (da) A ixfi 

+ (-l) r («xa) A d/3 + (-1 ) r+r a A i x d/3, 
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and 



dix(a A ft) = d[{ixda ) A f3+ (-l) r a A ixfi] 

= d[(t'xa) A 0\ + (-l) r d[a A ix/?] 

= (dixa) A /3 + (-l) r+1 (ixa) A d(3 
+ (-1 ) r (da) A i x /3 + (-l) r+r a A di x (3 ■ 

However, by adding ixd(oc A /3) and dix(oc A /?) from the above relations, 
we obtain the result that the operator ixd + dix is a derivation, since 

(ixd + dix){ct A (3) = [(ixd + dix)a] A/3 + aA ( ixd + dix)P • (6.27) 

Finally, let us remark that the three operators Lx, ix an d d are not inde- 
pendent on A r (M). It is easy to see that, on r-forms u £ A r (M), they satisfy 
a very useful relation, the so-called homotopic or Carton identity: 

Lxu = ixduJ + dixu > , (6.28) 

or in operator terms, 

Lx = ix ° d + d o ix . (6.29) 



Proof. 

• If / e F(M) = A r {M), since ixf = 0, we have 

ixdf + dixf ~ ixdf = (df)(X) = Xf — Lxf , 

• For a generic 1-form a = fdg € A (Ad): 

i x da = ix(df Adg) = ( Xf)dg - (df)Xg , 

di x a = d(/X<?) = (d/)X 5 + fd(Xg) . (6.30) 
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Thus , 

i x da + di x a = (Xf)dg + fd(Xg) = (L x f)dg 4- fL x dg = L x a , 

(6.31) 

where the Cartan identity on functions has been used: 

MAtf) = fd(i x dg) = /(dix)cfo = f(di X + ixd)d# = /Lxdflf . 

The proof proceeds now by induction. 

A more elegant proof can be found in the Kobayashi-Nomizu book, and it 
consists in observing that 

(1) i x d -f di x is a derivation of degree 0; 

(2) every derivation of degree 0 commuting with d is the Lie derivative 
with respect to some vector field; 

(3) the derivations L x and i x d + di x give the same result on / € !F(M)* 
Prom Eq. (6.29) directly follows the useful formulae 

[L x id] = 0 , [Lx>ix] = °* 



6 , 2.6 A different procedure 

The fact that the three operators d, L x and i x are not independent on differ- 
ential forms, suggests the following different procedure to define the exterior 
derivative in terms of the interior product and the Lie derivative. 

Let us observe that, by using the Cartan identity, we have 

0 for a function /: 

ixdf = (df,X) = L x f , 

0 for a differential 1-form a € A(.M): 

(da){X,Y) = i Y ixda 

= iy(L x a — di x ot) 

= (Lx&} Y) - iy(di x a ) 

= (L x a,Y) -iyd{i x a) 

= {L x *,Y)-Ly(a,X) 
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= (L x *,Y)-(L Y a,X) + (a ) [X i Y]) 
= (L x <* i Y)-(L Y a 1 X)-{a,[X,Y}) i 
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where the property that / = i x ot = (a, X) is a function, to which the previous 
formula can be applied, and the Leibnitz rule has been used, 

0 for a differential 2-form u € A 2 (.M): 



dw(X,7, Z) = iyi x izdu> 

= i Y ix(Lz — d%z)u) 

= i Y i X L Z w — i Y ixd(izw) 

= {L z u){X,Y)-{d{i z u>)){X,Y) 

= (L z u>)(X y Y) - L x {i z ^Y) + L Y {{izu>)iX) - {(i z u),{X,Y}) 
= (L^)(X, Y) - L x («(Z, Y)) + Ly (w(Z, X)) - w(Z, [X, 7]) 

= (L*w)(X f 7) - (L x w)(Z, I") + (Lyu){Z, X) + «(Z, [X, 7]) 

+ w([x f zj f y) - «(z, [7, X]) - *([7, z], x) - w(z, [x, yj) 

= Lx^(F, Z) - Lycj(X, Z) + (L^)(X, y) 

+ a;(X, [7, Z]) - u(Y t [X, Z\) + a/(Z, [X, K]) , 



where to a s which is a differential 1-form, and to / = 7), which 

is a function, previous formulae have been applied. Moreover, Eq. (6.16) has 
been used. 

Thus, the exterior derivative could be defined axiomatically by the follow- 
ing: 



• for a function /, as 



(d/)(X) = Lx/, 

• for a differential 1-form a € A (XI), as 



(da)(X, Y) = (. L x a , 7> - (iya, X) + (a, [X, 7]) 
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• for a differential 2-form u) e A 2 (M ), as 

MX, y, Z) = L x u>(y, z) - l y oj(x , Z) + (L Z W)(X, y) + W([X, y], z) , 

• for a differential p-form u; G A P (A4), as 

MXi,. ..,X P+1 ) = £(-l)' WLxMXi t ,...x ip ) 

a 

( 6 - 32 ) 

a 

where the sum is over all permutation a = (i, ij, . . . , z p ) of (1, . . . ,p+ 1) 
and |cr| = 0 or 1, according to the parity (even or odd, respectively) of 
the permutation. 

Exercise 6.2.2 Prove, by using as definition the one given in the Eq. (6.32), 
all the properties of the exterior derivative. 

6.2.7 A dual characterization of holonomic and 
anholonomic basis 

Let us return to the discussion in Sec. 5.7.1 and consider a generic basis {ei} 
of vector fields on an n-dimensional manifold AL 

[e h ej] = c^e h . 

The dual basis {tf 1 } has the point- wise property 

(■d k ,e j ) = 8$. 

By taking the Lie derivative, with respect to the vector field e* of the 
previous expression, we obtain 

(L et fi k ,ej) = [e, )fi ,]> = -c%{d k ,e h ) = -c% . 

Then, by using the Cartan identity, we have 

(dd k ){e i ,e j ) = -e £- . 

The exterior derivatives dd k are differential 2-forms and the above formula 
allows us to evaluate their coefficients d k j in the given basis, in which dd k ~ 
d k 9 d r 
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We obtain 

drs(d r Ai? 4 )(ei,ej) = -c-j , 



or 



2 d k > = -c* 
ij C ij ' 

Therefore, the elements of the dual basis {tf 1 } have the following property: 

M k = -^4^ A & . (6.33) 

A 

We can summarize the previous results as follows: 

If {ei} is a basis of vector fields and {tf*} its dual basis on an n-dimensional 
manifold M , then 

[e<, ej] = c%e h & M k = A & . 

Therefore, for a holonomic basis, given =0, the dual basis consists of closed 
differential 1-forms di9 fc ~ 0, and then, locally, coordinates functions {a; 1 } 
exist such that 

= dx k . 



As a consequence, 



d 



ei = 



dx i 



Thus, besides the one given in Sec. 5.7.1, a new characterization of a holonomic 
basis {ei} is given by the closure property of the differential 1-form which 
composes its dual basis. 



6.3 The Metric Tensor Field on a Manifold 

A metric tensor field g on a manifold M is a rule that associates with every 
point p 6 M a symmetric and not degenerate (0, 2)-tensor g(p). 

Thus, at every point p € M, g(p) is a metric tensor for the tangent space 
T P M> and the considerations, already done for a metric tensor on a vector 
space, can be repeated. In particular, in every tangent space T P M , a basis can 
be chosen such that gij(p) = ±Sij. 
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Since a metric tensor field is required to be at least continuous and integers 
do not change continuously, the canonical form of g has to be constant every- 
where and we speak of signature of the field g . The collection of the bases in 
which g takes on the canonical form, defines a globally orthonormal basis on 
M, but this global basis is not generally a coordinate basis. 

In this sense the space considered as a manifold endowed with the 
Euclidean metric tensor field (Sij at every point), constitutes just an excep- 
tional case. Even in that case only the Cartesian coordinates generate an 
orthonormal basis. 

6.3.1 Killing vector fields 

The Killing vector fields play a relevant role in the study of the isometries of 
a metric tensor field; this is why they are usually used in general relativity. 
They are defined to be the vector fields A preserving a metric tensor field g\ 
that is, by the invariance condition 

L A g = 0 . 

The above equation, given g, admits very few solutions for A. 

Let the metric tensor field 

9'.{X>Y)-* 9 {X>Y) 

be locally represented by g = gijdx 1 ® dx j . 

Its Lie derivative, with respect to the vector field A, is given by 



L a g = L A (gijdx l ® dx j ) 

— (L A gij)dx l ® dx j + 9ij{L A dx % ) <S> dx j + g^dx 1 ® ( L A dx j ) 

dA j 



= A k dx l ® dx j -f g ij { ^^dx k ® dx j + g {j f^dx 1 ® dx k 



dA l 
' dx k ' 



- ( dx< g dx> 



Thus, the invariance of g is expressed by 

d 9ij A k, n 

d^ A + 9k > 



dx3 ) 



( 6 . 34 ) 



dx { 



+ Qik 



d&_ 

8xi 



= 0 . 



( 6 . 35 ) 
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In terms of the matrices 

9= ( gij ) , A' = (a* j = -jg*) , 
Eq, (6.35) can be written as follows: 

4 - 9=-(&' 9+ 9 A' T ) , 

where the symbol T denotes matrix transposition. 



6 . 3*2 Maximally symmetric manifolds 

We may now ask the following question: how many vector fields, leaving a 
metric tensor field g invariant, exist on an n-dimensional manifold Ml 
By introducing the differential 1-form £ by 



(t,X)=g{A 9 X), 



Eq. (6.35) can also be written in the following form: 



£k + ?k 

dx3 + dx i 



= 2&r * , 



where 

ph 1 hk ( &9ki &Qkj _ &9ij \ 

ij 2 9 \dxi 6x i dx k ) 



(6.36) 



(6.37) 



are called the Christoffel symbols. 

The number of independent differential equations, in the partial differential 
system (6.36), is (l/2)n(n+ 1), while the number of unknown functions £ is 
n, so that the system (6.36) is overdetermined for n > 1, and the number of 
Killing vectors will be upper- bounded. 

By taking the derivative of Eq. (6.36), we obtain 



d 2 £i_ , d 2 £j _ 2 - — (£ h r h ) 
dxidx h dx i dx k dx k %3 



(6.38) 



By adding the above equation to itself with the permutation ( i -4 j,j -4 i, k -4 
j) of the indices, and subtracting the one with the permutation (i -4 j, j -4 
A, k -4 *), we finally obtain 



d% 

dxWx k 






, f>r £ 

ijk q x s > 
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where A™ k is a function of and its first derivatives, and B^ k is a function 
of gij and its first and second derivatives. 

Thus, once the metric tensor field g is given and the functions £’s and its 
first derivatives are known at a point p € At, the above equation allows us 
also to know the value, at the point p, of the second derivatives of the £’s. In 
the same way, by successively differentiating the equation, we can determine 
all higher derivatives of the at the point p. This suffices, if the manifold M 
is analytic, to determine the differential 1-form £ everywhere. 

Since the assignment of & at p determine, via Eq. (6.38), the symmetric 
part of the first derivatives d£ifdx*> we conclude that every Killing vector on 
M is determined by giving the values 



a i — ( P ) > 








at any point p e M. 

Therefore, since the number N of the parameters and 6*j is given by 
N ~ n 4- ^n(n - 1) - ~n(n 4- 1) , 

on an n-dimensional manifold M there exist at most (l/2)n(n~f- 1) Killing 
vectors, 6 for n = 3. 

It is worth observing that Eq. (6.36) may not admit solutions. 

An n-manifold M , endowed with a metric tensor field, is said to be maxi- 
mally symmetric if, on it, there exist (l/2)n(n -b 1) Killing vectors. 



6.3.3 The Levi-Civita covariant derivative 

On a differential manifold M there exist only three natural derivations , which 
are given by the Lie derivative , the interior product and the exterior derivative , 
Moreover, on differential forms they are not independent, because of the Cartan 
identity 



L x = ixd + di x . 

However, once a metric tensor field g is given on a manifold At, a new deriva- 
tion, the Levi-Civita covariant derivative Vx with respect to the vector field 
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X , can be defined by 



V xf = L x f, 

(V*a)(Y) = ![(*»)(*, Y) + (L Xa g)(X,Y )} , 



(6.39) 



where /, a and Y are a differentiable function, a differential 1-form and a 
vector field, respectively, and where X a is the vector field associated to a via 
the metric tensor field g; i.e. 



*(x ol y) = a(y), 



or, symbolically 



X a = g- 1 {a). 



We notice that (Vxa)(Y) is the sum of two terms which are antisymmetric 
and symmetric, respectively, under the interchange X Y. 

The Levi-Civita covariant derivative can be naturally extended to vector 
fields by the Leibnitz rule; that is, by 

(a,V x Y)=L x (a,Y)-(V x a,Y). 

Prom Eqs. (6.39), it easily follows that the Levi-Civita covariant derivative is 
j^-linear; that is, the following property holds: 

V/x = /V x , Vfef(M). 

It is worth recalling that the same property does not hold for the Lie 
derivative; i.e. 



Lj X ± fL x , 

unless when applied to functions. 

Let us evaluate the Levi-Civita covariant derivative in a basis {e*}, {tf 11 }. 
We have 



X = X% , Y = Y i e i , a = OLiW , g = gijW ® & , 



X a = g i3 a jei . 



so that 
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By repeating, in a generic basis in which [e^e^] = the analogous calcu- 

lations already done to obtain Eq. (6.34), we have 

Lx a g = \Xa(ek(gij) + 9ijC l ik + gu c jk) + ffkjM-Xa) + 9 kiej(X*)}ti l ® # , 

and then 

(&X<* $)(&£* ®i) = “b 9lj c ih “b 9li G jk) *b d~ * 

On the other hand 

X a = g kh a h e k , 



so that 

X k =g kh a h , 

Therefore, we obtain 

(■ Lx a §)(ei , ej) = a h g hk (e k (gij) + 9ij4 + 51*4*) 

+ gkjei(g hk a h ) + g k iej(g hk a h ) 

- othg hk {ek{9ij) + gij4k + guc l jk - ei(g k j) - ej(g k i )) 

“f €i ( OCj ) -f (OLi ) * 

Thus, we may write 
(Vxa)OO - 

= Ix^iidaXeuej) + {L Xt ,g)(e i ,e j )] 

= \x*Y*[ eiiai) - ej(ai) - 0*4 + {X^fl)(e i! e i )| 

= X*Yhi(aj) + | X*Y*<x h if*{eu{$ii) - eifoy) - ej(g ki )) 

+ \x l Y>a h g hk ( gij c\ k + g H c l jk - g kl c\j ) , 

or, shortly 

(Vx<*)(T) = XWMaj) - T^a h } , (6,40) 
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with 

It ) = \g hk (ej(9ki) + ei(g kj ) - e k ( gij ) - g u c l jk - g tj c\ k + g u t^) . 

The above quantities, which are also called the Levi-Civita connection co- 
efficients , in a holonomic basis reduce to the Christoffel symbols given by 
Eq. (6.37). They are not the components of any tensor and have the 
property 

r£. -r£-4 = o. (6.4i) 

Exercise 6.3,1 Show that , in a given basis 

V x y = X^eifyl) - T^Yj]e h , 

so that 

V e . ei = . 



The covariant derivative can be extended to any tensor field by the Leibnitz 
rule, so that 

V X (S ® T) = (V X S) <8> T + S 0 V X T . 

Exercise 6.3.2 Show that the Levi-Civita covariant derivative of the metric 
tensor field vanishes ; i.e. 

V X 9 = 0 . 

Equation (6.40), for a = and X = e*, gives 

v ei $ h = -i%d* , 

and can be taken as a starting point to define a more general covariant deriva- 
tive, without use of any metrics, but we will not go on further on this subject. 
A purely algebraic formulation can be found in Ref. 125. 

Equation (6.41) expresses, in a given basis, the vanishing of the (1, 2)-tensor 
field defined by 

T(o, X, Y) - (a, V X Y - VyX - [X,F]>, 

which is called the torsion of the connection V. 
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Exercise 6.3.3 Show that actually T is a tensor field and that , in a given 
basis , 

t £ = T(tf\ ei) e 3 ) = r| - r£ - 4. . 

Thus, the Levi-Civita covariant derivative has vanishing torsion and fulfills 
the property Vxg = 0. It can be shown that, given a metrics on a manifold, the 
only torsionless connection for which V x9 = 0 is the Levi-Civita connection. 43 

6.3.4 The Riemann tensor field 

The Riemann* (l,3)-tensor field 71 is defined by 

n(a, z t X, Y) = {a, R(X, Y)Z ) , ( 6 . 42 ) 

where the R(X , F) is the curvature operator of V, defined by 
R{X, Y) = V* Vy - Vy V* - V,x 5 yj . 



Exercise 6.3.4 Show that actually 71, defined by Eq< (6^2), is a tensor field; 
that is, it is J 7 -multilinear. 

Exercise 6.3.5 Show that , in a given basis , 

n k hij = n# k , e i<ej , e h ) = ei(T%) - e 3 (T k hl ) + - 1^,1% - c$, T k hr . 

Exercise 6.3.6 Show that the covariant derivative V satisfies the Jacobi 
identity 



[Vjfi [Vy, V 2 ]] + (Vy, [Vz, Vx]] + [V Z , [Vx, Vy]] = 0 . 



* Georg FYiedrik Bernhard Riemann was born in Breselenz on September 17 , 1826 and 
died in Selasca on July 20, 1866. He studied at Gottingen under Gauss, and subsequently 
at Berlin under Jacobi, Dirichlet, Steiner and Eisenstein, all of whom were professors there 
at the same time. In spite of poverty and sickness he struggled to pursue his researches. 
Riemann was one of the most profound and brilliant mathematicians of his time. In 1857 he 
was made professor at Gottingen. 
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Show also that in a coordinates basis the above equation reduces to the so-called 
Bianchi! identities 



v ei n k hij + v ei n k hjl + v ei n k hU = o. 

6.3.5 The Ricci tensor and the scalar curvature 

The Riccfi tensor is the (0, 2)-tensor field, which is defined in a coordinate 
basis by 

Tiij = R'ikj > 

and it is a symmetric tensor field 



IZij — TZji . 

The scalar curvature is defined by 

n = , 

Exercise 6.3.7 Show that the Ricci tensor is a symmetric tensor field. Show 
also that the contracted Bianchi identities 

VeAi + Vertjk + Ve" fcfo = 0 

imply 



t Luigi Bianchi was born in Parma in 1856 and died in Pisa in 1928. He has been a student 
of E. Betti and U. Dini in Pisa, and of F. Klein in Gottingen. He was a professor at the 
University and Scuola Normale Superiore in Pisa. He has been one of the most important 
Italian mathematicians in the last century. His works fill up more than 10 volumes and 
concern mainly differential geometry and number theory. Both the original papers and the, 
now classical, books (on differential geometry, transformations groups, elliptic function) are 
written in a very transparent and elegant form. Bianchi was strongly loved by his students 
not only for the marked vis comica (funny spirit), which was one of his characteristic features. 

* Gregorio Ricci-Curbastro was born in Lugo (Ravenna) in 1853 and died in Bologna in 
1925. He studied at Rome, Bologna and Pisa Universities where he obtained his degree in 
1875. He has been a student of F. Klein, in Gottingen, and teaching assistant of U. Dini 
in Pisa. He has been a professor of mathematical physics at Padova University from the 
year 1880. The main scientific contribution of Ricci has been the invention (together with 
its student Levi-Civita) of the absolute differential calculus, later an essential tool for the 
formulation of general relativity. 
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The previous tensor fields play a basic role in Einstein 5 general relativity in 
which space-time is represented as a 4-dimensional manifold with a metric ten- 
sor field g representing the gravitational field. The empty-space gravitational 
field g is found by solving Einstein’s field equations 

n ij - ^ng ij = o . 



6,4 Endomorphisms Associated with a Mixed Tensor Field 

Let T be a mixed tensor field ; that is, a tensor field of type (1,1), on the 
n-dimensional manifold M. In a coordinate basis it can be written as 

r = £ T’ix‘ ® ±- . (6.43) 

Let T P M be the tangent space to the manifold at the point p and T*M its 
dual. 

The tensor product T p M ® T P M is isomorphic to Lin(7^A4,7^At), the 
vector space of the linear operators on T P M, via the canonical isomorphism 
given by 

1 :aQX eT*M ® T P M X(a 0 X) = L a ® x € Lin(7^A4, T P M) , 
where L a ®x is the linear map 

JW : Y € T P M -> L a ^x(Y) - a (Y)X e T P M . 



§ Albert Einstein was born in Ulm, Germany in 1879 and died at Princeton in 1955. He 
spent his youth in Munich and after a period past in Milan, he moved, in 1896, to Swiss. 
He obtained his Ph.D. at Zurich Polytechnic in 1905. After working at Swiss Patent Office, 
he was appointed associate professor at Zurich University in 1909 and then at Berlin Uni- 
versity in 1913. He wrote in 1905 six papers. The first of them, with the introduction of 
the photon, gave a basic contribution to the rise of quantum theory; the second and the 
third gave rise to special relativity and, with this, to the new concept of space-time; the 
others explained the Brownian motion and, with this, introduced new methods to measure 
the dimensions of atoms. His paper on general relativity is dated 1915. He was appointed 
a Nobel Prize, for the photoelectric effect, in 1921. In 1933, with the introduction of racial 
Nazis laws, he moved to Princeton where he was appointed to a chair of professor of physics 
at The Institute for Advanced Studies, where he taught until 1955. 
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Then, with the tensor (6.43), we can associate the endomorphism T on 
T P M 



fiX&T p M-^fXeT p M, 



defined as follows 



X = £x‘A. (6.44) 

i,j = 1 fc=l 

Moreover, there is another isomorphism between the tensor product 
TpM <8> T P M and the space Lm(T p M, T P M) that associates to every a®X € 
TpM ® TpM the linear map 

-.PeT;M-> L* a9X {p) = (3(p)a e t;m . 

Thus, with the tensor (6.43), we can associate also the endomorphism T 

on t;m 

T : a £ T;M -> fa € T p f M , 

defined by 



T a = £ a jT!dx i , 



n 

a = ^afcda: fc . 
fc=i 



(6.45) 



By using Eqs. (6.44) and (6.45), we find that ( Ta,X ) = ( a,TX ). 
In fact, 



n 



(a,TX) = a(TX) = a £ T{X 



n 



dxi 






hj- 1 



(fa,X) = (fa)(X) = a j Tfdx i (X) = £ 

i,j = l i,i=l 



Henceforth, when no confusion possibly arises, we will not distinguish be- 
tween a tensor T and its associated endomorphisms T and T. 
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6,4.1 The Nijenhuis bracket of two mixed tensor fields 

If S and T are the endomorphisms associated with two tensor fields of (1.1)- 
type, and if X, Y are two arbitrary vector fields, the relation 

2UUX, Y) = [SX, TY } + [TX, SY] + ST[X, Y] + TS[X, Y) 

- S[X, TY] - S[TX, Y] - T[X, SY\ - T[SX, Y] 

is called the Nijenhuis bracket of S and T. It defines a vector field Wf (X, Y) 
which is antisymmetric under the interchange X Y. 

The (l,2)-type tensor field defined by 

Mf(o l ,X,Y) = {a,nUX,Y)) 

is called the Nijenhuis torsion of S and T. 

Let us observe that H^{X % Y) can also be written in the form 

HfrX, Y) = \(L SX T + L TX S - SL X T - TL X S)Y . 

The Nijenhuis torsion Mr of a mixed tensor field T with itself is called the 
Nijenhuis torsion ofT ; it, generally, is not vanishing. 

In such a case, the previous relations become 

J*T(*,X,Y) = (a t H T (X,Y)) 

with 



H t (X,Y)^(L tx T~TL x T)Y. 

Exercise 6.4.1 Show that 

• A fs+T — A fs 4- 2A /y + Mr 

• N't = 0 A/y2 = 0. 



Exercise 6.4.2 Let us suppose that the tensor field (6.43) has a vanishing 
Nijenhuis torsion. Thus , it satisfies the condition 

( L fx T) A Y = T(L X T) A Y . (6.46) 

From this relation , it follows that if T is invariant for a vector field A, it is 
invariant for all vector fields T n A, generated by repeated application of T to 
A. Show that [T n A, T m A] =0Vn,m. 
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The Lie derivative, with respect to A, of the tensor (6.43) is given by (see 
Eq. (6.8)) 

idA k 



A k , rpj rpk 



L a T = 

In local coordinates on M, we have 






(ifxir'Y = (fjk*'y‘ - gr,W+r/gy‘x' 

■ rpj rpk dX‘ yi _ rpjrpk 9X l yi\ d 

+ dx i Y ll Ji dx k Y ) dxi 



and 



f(£*D A y = (j/gx‘y + ^y-i/3*^y) 

Then, the relation (6.46) becomes 

'T’fc vl-wi rpkyt yi rpj y-feyi mi Y k X l 

d^ TlXY ~d^ TlYX - Ti w x Y Ti d^ Y x ■ 
If7:re5 l-+Afisa curve on M such that 7(0) = p, and 

fdy(r)\ _ 

V*r ),.«-• 



(6.47) 



we have 



?(p)(X,Y) = ^f(7(r))y 



t=0 



= ^Lx k Y‘±~ 

dx k 8x3 ' 

Thus, the relation (6.47) can also be written as 
t'(p)(tX,Y) - f'(p)(TY t X) = f[f'(p)(X,Y) - T'(p)(Y,X)} . 



(6.48) 




Chapter 7 

Integration Theory 



7.1 Orient able Manifolds 

A differential manifold M is said to be orientable if a nowhere vanishing con- 
tinuous differential n-form ft exists on it. Such a differential n-form is said to 
be a volume n-form. 

At each point p 6 M, the n-form Cl will define an n-covector, Cl p € 
A n (T p M), whose value Cl p (e i, e 2 , . . . , e n ) on a basis { e\ , • . . , e n } in T P M 

will be different from zero. So all the basis in T P M will be divided in two 
classes according to the sign of ft p (e i, e 2 > . . • , e n ). The two classes are indepen- 
dent from ft, because every nowhere vanishing n-form ft' will be proportional 
to Cl by a factor / ^ 0, and then it will take the same sign (depending on the 
sign of /) on the elements of each class. The two classes will be called left- 
handed and right-handed .* Thus, it will be possible to choose, continuously 
Vp e M, a basis { e \ , . . . , e n } p belonging to the same class. If the basis are 

coordinate basis, the Jacobian determinant in the transition from one basis to 
another will have, in the neighborhood of each point p € M, the same sign. 
The Mobius band is a not an orientable manifold. 



* Which class has which name is a convention, since the sign of Q' will depend on /, which 
is at our disposal. 
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7.2 Integration on Orientable Manifolds 



Let M be an n-dimensional orientable manifold and u be a differential n-form 
on it. In a given chart (U y <p), u) will be locally represented as 

u = /(a; 1 , . . M x n )dx l A * * « A dx n . 



(7.1) 



The integral of over U C M is defined by 

f u> = f f{x l , . . . , x n )dx l « * * dx n , 

Ju J<p(U) 

where tp(U ) C 3 ? n is the image of U and the symbol dx l * * *dx n denotes the 
measure for the usual integral of differential calculus. 

In order to show that the integral so defined does not depend on the coor- 
dinates, let us choose a different coordinate basis {d/dy*} in which 

oj = f(y\.">y n )dy l --dy n . 

The equality 

f{y)dy l A * * • A dy n = f{x)dx l A • • * A dx n , 
evaluated on the basis {d/dy 1 } 



gives 



• 'Ady n ) j 


( d 
v<V’ - 


d 

dy n 


= f(x)(dx x A 


• • - Ada; 1 


n )(~ 




( dy x 






/<^ 


5a: 1 \ 


i 


dy x 


: 

dy n 






' dy n 


/(y)det 






= /(a:(y))det 


•• 






dy n 


8y^ 




5a:” 


dx n 




\ dy 1 


dy n J 




\ dy 1 


dy n / 



or 



f(y) =* 



where J is the Jacobian determinant. 
Thus, we have 



/ w = f Jf(y l ,...,y n )dy 1 

JU JrP(U) 



■dy n , 



(7.2) 
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Then, our definition of the integral of a> will not depend on the coordinates if 

f f(x\...,x n )dx l -->dx n = / Jf{y l „..,y n )dy 1 ---dy n . 

Jv(U) 

As we know from differential calculus, the above equality holds only when 
J> 0. 

It follows that in the definition (7.1), an orientation for U must be chosen; 
that is, a requirement on the handedness of the basis must be added. This ex- 
plains why, from the very beginning, M has been supposed to be an orientable 
manifold; that is, one for which it is possible to choose, continuously at every 
point p € M y a coordinate basis {d/dx^} with the same handedness. 

However, the integration theory of differential forms has been extended, by 
de Rham, to nonorientable manifolds 4 by introducing forms of odd parity , and 
this can have interesting physical applications. 173 On the historical side we 
shall mention that they were introduced by Hermann Weyl 56 and developed 
by Schouten, 48 and called Weyl tensors. Synge and Schild refer to them as 
oriented tensorSy while de Rham called them tensors of odd kind J Under a 
change of coordinates (x o x ! ), a twisted differential form transforms as follows 

, J dx p dx<* dx r 

Uab ' " c - | J| dx' a dx' b ' ' ' dx' cWpq " r ’ 

where J is the Jacobian determinant and | J| its absolute value. 



7.3 p- Vectors and Dual Tensors 

Completely antisymmetric tensors of type (p,0), on a n-dimensional vector 
space Ey are called p -vectors. A Grassmann algebra can be, of course, con- 
structed on them in complete analogy with that of p-covectors. The vector 
space of p-vectors is denoted with V P (E). Its dimension is 

dim V p (E) = j J = ( ” j = dim V n ~ p (E ) , 

\P J \n-pj 

and a basis is given by 



e a A e*, A * - * A e c . 

S ✓ 

p times 
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Thus, 



dim V p (E) = dim V n ~P(E) = dim A p (£) - dim A*>(£) . 

If {i? 1 } is the dual basis of {e*}, the n-eovector 

fj = # a d 2 A • • • A i?" = A $* 2 A • • • A i? in 

is a basis for the vector space A n , and will be called a volume covector . 

By using the volume covector, we can associate, with any p~ vector 

X = ix a6 ‘‘ c e a A 66 A • • • A e c , 

p! 

the (n — p)~covector defined by 

0(X) = = A*W-i, £ .^v+i A A • • • A t? in . 

pl 

The above (n - p)-covector is called the fl-dual of X or also the Poincare dual 
of X. 

A basis independent definition is given by 

i x ft{Y p +\ . . . ,y ft ) - n(x a y p+l a . . • a y u ) , vy^ 1 , . . . , r n € js. 

It is also possible to make the inverse; that is, to associate, with any p- 
covector a, the (n — p)- vector 

= ~j stli7 "' ino! hi 2 -ip e ip+i A • • • A e in , 

where 









= n! . 



( 7 . 3 ) 



Let us now calculate the “dual of the dual” of a given p~ve ctor X, 
We have 

n-^noo) = n _1 a^a.-.a^J 

= Ai? ij,+a A • • • A i9 in ) 

— ^ . . irV-M '"injl J2'"jp a . A ... A o • 

~p!(n-p)! A e *i*a-*» e e J> A Ae Jp 
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(_1 )p(n-p) 
p!(n - p)\ 



A • • • A e jp . 



Then, 



[ft" 1 (fi(A'))] 12 "' P = (_ 1 l P( l- P) vil i 2 -i, 



x iii 3 - i o£ ilil ... i y- pi ’>+ i - i " 



p\(n — p)\ 

(-_l) p ( n l-..p(p+l)...n 



— (_l)P(»-p)jfl 2 -p 



Let us next calculate the “dual of the dual” of a given p-covector a. 
We have 






e 1 2 iTl o^i 1 t 2 -- ipfi( e t p+ i A • • • A e* n ) 



1 1 
(n — p)! p! 

... -oil A... 

p|( n _ py S a *l t2-tp £ Zp+l -tnJl Jp V A A V 

/I \p(n-p) 

i L f i P +i"-i„tU2-"tp-, . fy. . . ypi A A i9 1 p 

pt(n — p)' A A17 



Summing up, we obtain 



OflT^a)) = (— l) p ( n ~ p )a Va € A P {E ) . 



Thus, the volume covector Cl and its inverse Cl 1 provide the following map- 
pings: 



A? 


VP 


A p 




V p 


\ >/ 
fi 




\ 

fi- 1 


/* 




\ 




/ 


\ 


A n-p 


[v n -P 


A n “P 


1 


V n “P 
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7.4 Metric o Volume = Hodge Duality 

In Sec. 6.3, it has been shown that a metric tensor g over a n-dimensional vector 
space provides an isomorphism between vectors and covectors. It is easy to see 
that it also provides an isomorphism between p-vectors and p-covectors, since 

-k — QilQjm * * ' QknX 

is completely antisymmetric in the indices i, j , . . . , fc. 

Then, a metric tensor g allows us to complete the previous picture in the 
following way: 



A p <-g*~ 

\ »/ 
n 

»/ \ 


VP 


AP 


<-g <- VP 

\ /* 

a- 1 

/ \ 


A n ~P 


Y n-p 


> 

3 

1 


4r- g 4r~ \ n ~P 



The composite map * = g o O 1 

* : A p — ► A n ~ p , 

which provides an isomorphism between p-covectors and (n - p)-covectors, is 
called the Hodge dual 

Its transposed fi -1 o g provides an isomorphism between p- vectors and 
( n — p)-ve ctors, and is denoted by the same symbol. 

An example of this isomorphism is given by the so-called vector product of 
two vectors in the 3-dimensional Euclidean space (3ft 3 , pij = <S^): 

• Consider two vectors U, V in 3ft 3 ; 

• Take the associated covectors u = g(U , «), v = g(V, *) via the Euclidean 
metrics; 

• Consider the 2-covector given by their exterior product: u A v; 

• The volume dual of u A v is a vector which is called the vector product 
of U, V, 

Summing up: 



V = ( 9 (Ur) A g(V,-)). 
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Remark 14 If a manifold has a metric g ) let {tf 1 } be an orthonormal basis 
for differential 1-forms , and fi be the volume-form 

Q, = I ? 1 A i ? 2 A • • • A i? n . 

If {x k } is an arbitrary coordinate, and A is the transformation matrix from 
{dx k } to {•$’}; i.e. 

& = A[dx k , 



we have 

Cl = A] • A 2 • * • A %dx l A dx j A • • * A dx k 
= A} * Aj • • • A^e^'^dx 1 A dx 2 A • • • A dx n 
= (det A)dx x A dx 2 A * • * A dx n , 

On the other hand i we also have 

Qij = A? A jg(e h ,e k ), 

where gy are the components of the metric tensor g in the coordinate basis 
{S/Sa;*}, and g(eh,ek) = &hk, since the original basis was orthonormal 
Therefore , 

g = det (gij) = (det A ) 2 



and 

= y^fg \dx l A dx 2 A • • • A dx n . 

Eq. (7.3) it follows that the components Cl^"' k ofCl~ x are given by 



^12-n y/H\ 

However , m owr metric manifold the inverse of could also be defined by 



n'V' k =g ip g^---g kr n pq ... r , 



so that 

q /12 -n _ V\g\ 



g 
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If g is negative , fi 12 "' n and Q n2 ' n differ by a sign. In special or general 
relativity , it is conventional to use fl n2 * n in the dual relations. 

7.5 Stokes Theorem 

Let M be an orientable n-dimensional differential manifold and U be a region 
of M . We call boundary of U an orientable n— 1 dimensional submanifold of 
M, namely dU, which divides M - dU in two disjoint parts, U and CU , in 
such a way that any continuous curve joining a point of U with a point in CU 
contains a point of d U. Let us consider the integral of an arbitrary n-form cu 
over U 

I UJt 

Let X be a vector field and U (r) the images of U under the flow <p generated 
by X: 



U (t) = <p T (U) . 

Prom the analysis already performed in Sec. 4.1, it follows that 




since the form u is obviously closed. 

On the other hand, by applying directly the definition of Lie derivative, we 
obtain 




with 17(0) - U and 6U{r) - U{r) - 17(0). 
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Let us consider a part dV(0) C dU (0), to which the vector field X is not 
tangent, and a part SV (r) of SU(r) y representing a region between dU(Q) and 
dU (r) locally given by 

6V(T)*=dV(0)x]0 s r[. 

Then if (x 2 ,x 3 ,. . ., 2 c n ) denote the coordinates for dV(0) y we can introduce, 
with X\ = r, coordinates ( x\,x 2 , . . . ,x n ) for SV(t). In these coordinates the 
differential n-form u> can be expressed as follows: 

u = f(x i,#2, . . . ,x n )dx 1 A dx 2 A * * * A dx n 



and 



lim - f u> = lim - [ 
r ~ 4 ° r Jsv(r) r Jd 



uj = lim 
fSV(r) r ^° 



UJ 



5 V( 0 )x] 0 ,r[ 



= lim - f f dx 1 A <f;r2 A • • • A ete n 

T “ >0r Jav(0)x]0,r[ 

= lim - f If fdx 1 dx 2 A * * • A dz n 
r “+° T 7av(o) L«/o 

= lim - f [r/( 0 , 2:2, ... , x n )\dx 2 A • • * A dx n 
r ^° t Jav(o) 

= / /Uc/(o)cte 2 A •• • Adx n 

JdV( 0) 

= / (*xw)|dt/<o) » 

/av(o) 



/av(o) 

where the symbol \qu denotes the restriction to dU. 

The final equation 

[ uj - I (ixw)|ai/(o) ( 7 . 5 ) 

T ->° r y4V( T ) JdV(o) 

is independent from the constructed coordinates, but it requires that X should 
not be tangent to dU in V . For the whole boundary dU , two cases can 
occur: 



• X is tangent to isolated points forming a submanifold of lower dimen- 
sionality. 
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In such a case these points do not contribute to the integral. 

• X is tangent to dU in an open region of it. 

In this case both sides of the Eq. (7.5) are vanishing and the equation 
still holds. 

So, summing over all parts dV of <91/ , we obtain 

lim - / u> = f (ixv)\dU(o)* 
r ^° t Jsu(t) Jdu( o) 

from which 

L x f & = f (ixv)\du - (7-6) 

Jo JdU 

By comparing the two expressions, Eqs. (7.4) and (7.6), of the Lie derivative 
of the integral we finally obtain 



/ dix^ — / (ixv)\eu * 

Jv JdU 

and since ixw, as well as u>, is arbitrary, we conclude that 

Theorem 24 (Stokes) For any (n — 1 )-form a over an n-dimensional 
manifold U, the following relation 




(7.7) 



holds. 

If U = [a, 6] is an interval of the real line, and / : U — y SR a differentiable 
function, then the Stokes* theorem reduces to 

f f'dx = f{b)~ f (a), 

J a 

since dU = {a, 6}. 



t George Gabriel Stokes was born in Skreen (Ireland) in 1819 and died in Cambridge in 
1903. Physicist and mathematician, he has been a professor of mathematics at Cambridge 
University and is universally known for the results on the transformations of integrals, on 
the liquid waves and for his theories on optics, founded on the hypothesis of dragging ether. 
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7.6 Gradient, Curl and Divergence 

On an n-dimensional orientable manifold M , endowed with a metric tensor 
field g , all properties concerning the volume duality and the Hodge duality can 
be point-wise carried over directly. This allows us to better understand the 
meaning of some familiar concepts in SR 3 , such as the gradient , the curl and 
the divergence. 

• The gradient 

Consider a function / and take its exterior derivative df. The vector 
field associated to the differential form d/, by means of the inverse of 
the Euclidean metric tensor 77, is called the gradient of f: 

v/ = ,•) = df. 



• The curl 

Consider a vector field £7, take the associated differential form a = 
T)(U y •) and its exterior derivative da. The volume-dual of da is a 
vector which is called the curl of U : 

V x U = J] _1 (da) , 



with H = dx A dy A dz. 

• The divergence 

Consider a vector field V, take the associated differential 2-form via the 
volume form £1 = dx A dy A dz. Its exterior derivative is proportional 
to fi up to a multiplicative function called the divergence of V : 

(V • V)$l = di v n . 

Moreover, if V = V x U = O'" 1 (da), then 

V * V x U — diyxuQ — diQ- i(d a )^ = d(fi(fi ^da))) 

= d(-l) 3_1 da = d 2 a = 0 . 

Exercise 7.6.1. Use Stokes' theorem to prove that , for every exact differential 
2- form <jj on the sphere 5 2 , 



f cj = 0 . 

Js 2 
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Proof. 



In order for u) to be exact , a differential 1 -form a have to exist such that 
uj = da. In this case , Stokes’ theorem gives 



/ da = a = 0 , 

Js 2 Js 2 JdS 2 



since S 2 /ms no boundary. 



Exercise 7.6.2. Use Stokes’ theorem to show that for the differential 2-form 
u) = x 1 dx 2 A dx 3 on 9ft 3 , 




where S 2 2 s i/ie unit sphere considered as a submanifold o/9ft 3 . 



Answer. 

The differential 3-form 

dw — dx 1 A dx 2 A dx 3 

25 the usual volume form , 50 that when integrated on the volume V of the sphere , 
gives 



L 



4 

a; = -7T . 
v 3 



The result then follows by Stokes ’ theorem. 

The above exercise gives an example of a closed differential 2-form on S 2 
which is not exact, since it does not satisfy the criterion of the first exercise. 



7.7 A Primer for Cohomology 

Let Z P (M) and B P (M) be the set of all closed differential p-forms and the set 
of all exact differential p-forms, respectively. Both sets have a natural structure 
of vector space and, moreover, B P {M) is a subspace of Z P (M). Then, we can 
introduce in Z P (M) an equivalent relation , namely « by declaring 

a « (3 <=> (a - /?) £ B P (M ) ; 
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i.e. 



— d'y. 

The set of all equivalence classes is denoted with H P (M ) and is called the 
pth de Rham cohomology vector space of M . 

It is easy to show that, if M is any connected manifold, then 

Indeed, a zero-differential form is just a function, so that Z°(M) is the space 
of functions / for which df = 0; i.e. Z°(M) = 5R. Moreover, B°(M) = {0}; 
i.e. the zero function, so that constants / and g are equivalent if they coincide. 

If M is not connected, then an element in Z°(M) will be constant on each 
connected component of Ad, but the value of the constant can be different on 
different components, so that 

H°(M) = Z°(M) = $i m , 

where m is the number of components of M. 

Exercise 7-7.1. Show that for the n-dimensional open ball or any region U 
diffeomorphic to it , 



H*(U)= 0, p> 1 . 

(Hint: All closed differential p -forms are equivalent to one another , and hence 
to the zero differentialp-form). 

Exercise 7.7.2. Show that 

H n (S n )yL o, H n ~ l (S n ) = 0 . 



It can be proven that 51 

H n (S n ) = », 

H p (S n ) = 0 , 0 < p < n, 

H°(S n ) = R. 
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Remark 15 The dimension of H P (M) is called the pth-Bett$ number. 

Remark 16 The given definition of H P (M) relied on the differential 
structure of At. However , it can be proven (see y for instance Ref. 55) that 
the cohomology groups depend , only on the topology of At and not its 
differentiability . 



7.8 Scalar Product of Differential p-Forms 

Let At be an orientable n-dimensional compact differential manifold and let 
a, (3 be differential p-forms A P (A4). The Hodge dual */? of f3 is a differential 
(n — p)-form: */? e A n ~ p (M) y so that a A */? is a differential n-form. This 
allows us to define the scalar product (a, (3) of a and /?, by 

(a,/3) = [ a A */3 

Jm 

Exercise 7.8.1. Show that the previous formula defines a scalar product on 
A P (M). 

7.8.1 Exterior codifferential 

By using the above scalar product, we can define a new operator 5 , the adjoint 
of d , by 



(7 ,S/3) := (d 7 ,/3) 7 € A P ~\M),I3 e . 



Clearly, 



S : A p (X) — > , 1 < p < n , 

Sf = 0 /or euerp function f . 

The operator S is called the codifferential . It is worth to observe that it can 
be introduced only by using a metric tensor field defined on A4. 

* Enrico Betti, born in Pistoia in 1823 and died in Pisa in 1892, has been a professor 
of mathematical physics at Pisa University and Director of the Scuola Normale Superiore 
in Pisa. He gave deep contributions to algebra, topology, elasticity theory, and potential 
theory. An excellent teacher, and among his students were Luigi Bianchi and Vito Volterra. 
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Exercise 7.8.2. Show that for every differential p -form a 

f =(- lJwP+n+l* (7.8) 



and that 6 is not a derivation. 

Let us finally observe that, from the Eq. (7.8), it follows that 8 2 = 0. 



The Laplace -Beltrami operator 

The Laplaee-Beltrami § operator A is defined by the relation 

A = do8-{~8od~ (d -{- 6 ) 2 , 
and it is a self-adjoint operator, since 

(Aa,/3) = (a,A/3). 

Exercise 7.8.3. Give the expression of A in 5R 3 by using the Cartesian coor- 
dinates and the spherical-polar ones. 

A differential form w that satisfies the differential equation 

Au = 0 

is called harmonic. 

Clearly, 



A u) — 0 dw = 0 , Sw = 0 . 



Indeed 



(Acj,o;) = (dStJ.u) -f (Sdu^uj) 
= (<So;, Sw) + (da;, dw ) , 



with (<Sa;,<Sa;) > 0, (dw ) dw) > 0. 

§ Eugenio Beltrami, born in Cremona in 1835 and died in Rome in 1900, has been a profes- 
sor of algebra and analytical geometry at Bologna University and, after, at Pisa, Pavia and 
Rome universities. His research activity on the Newtonian potential and on the differential 
parameters can be considered of basic importance, and his Saggio sulla interpretazione della 
Geometria non Euclidea is now considered as classical work. 
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7.8.2 Hodge theorem 

Hodge theorem is an important decomposition theorem that we quote without 
proof. 

Theorem 25 (Hodge) Every differential p -form u) can be written as 

u) = da -f 8(3 + 7 , 

where a is a differential (p— l)-/orra, j3 is a differential (p+ l)-/orm, and 7 a 
harmonic form. Moreover , the differential forms da, 5/3 and 7 are unique . 
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8.1 Lie Groups 

A finite-dimensional Lie group is a G°° manifold G of dimension n, endowed 
with a group structure, such that the product 

(</, h) G G x G i — ¥ gh G G (8.1) 

and the inverse 

g E G i — >■ g * G G (8*2) 

are C°° maps. The diffeomorphisms 

Lg \ h G G — > gh G G , : h G G — > hg G G 

are called the Je/fc translation by g and the npAf translation by h , respectively. 

Let (W, <*?) be a chart in G such that e GW and ^ l (e) = 0, where e is the 
identity of the group. For every open set U containing e, there exists an open 
set V C W, to which e belongs, such that V ■ V C U ) where V * V = {gh : g, he 

V}. 

Then, the product ip(V) x <p(V) is an open set in 3R n x containing the 
point (0,0). Since G is a Lie group, the map (8.1) is differentiable, so that, if 
g and h are two elements in V, the coordinates <p l (gh) = (gh) 1 of their product 
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are differentiable functions of the coordinates x l = <p l (g) of g and y l = (p l (h) 
of h , and we can set 

(gh) i = f i (x 1 ,...,x n ,y 1 ,...,y n ) 

or shortly, 

W =/<(*,</). 

The group structure implies that the functions f l must satisfy the following 
properties: 

/*(/(*. y), z) = /*(*, f(y, z)) f(x, 0) = f(0, x ) . 

The first property follows from the associativity of the group product; i.e. 

(( gh)uy = (g(hu)Y , Vg,h,u € G ==> /*(/(*, y), z) = f{x, f(y, z )) , 
for every choice of £, y, z in v?(V), z% “ The second follows from 

foe) 4 = (e ff ) 4 = * 4 => r (a, o) = / tf (0 t *) = a 4 . 

Moreover, for the s the following expansion can be performed: 

/*(*, y) = ** + y i + Yl, • (8.3) 

a>l,[3>l 

To build the inverse y _1 of an element g it is sufficient to solve the following 
system of equations with respect to y l \ 

f i (x\...,x n ,y\...,y n ) = 0. (8.4) 

From Eq. (8.3), we have 




so that the Jacobian determinant 3(/ 1 , . . . , f n )/d(y l i . . . , y n ) at the point (0, 0) 
in Sft n x 5ft n is 1. Therefore, by continuity, the Jacobian does not vanish in a 
neighborhood of the origin and, by the implicit functions theorem, there exists 
an open set V C V in e, such that for every g e V' the system (8.4) has a 
unique solution (y 1 , . . . , y n ). 
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8.1.1 Local Lie groups 

A local Lie group is a local version of a Lie Group. Then, it is a pair (A, /), 
where A is an open set in containing the origin of the coordinates, and / a 
differentiable map 



/ : A x A 3? n 



satisfying, V x, y, z G A, the following conditions: 

(a) f(x, f(y, z )) = /(/(x, y), 2 ); 

(b) /(0, x) = f(x, 0) = x; 

(c) there exists a differentiable map £ : A — 5£ n , such that 

f(x,£(x)) =f(e{x),x) = 0. 



Thus, given a Lie group G it is always possible to build a local Lie group, 
with the identification A = y>(V') C 5ft n . 

Two local Lie groups, (Ai,/i) and (A 2 ,/ 2 ), are isomorphic if there exists 
any two neighborhoods, A[ C A\ and A 2 C A 2 , of the origin of 5J n and a 
diffeomorphism 0 : A[ A 2 such that the diagram 




is commutative, as to say 

4>{h{x,y)) = x V0(*>2/)) = f2(‘4>(x),4’(y)) , V(*,y) e A, x A, . 



Of course, all local Lie groups obtained from the same Lie group G, with 
the previous procedure, are isomorphic among themselves. 



8.2 Building of a Lie Algebra from a Lie Group 
8.2.1 Lie algebras 

The algebraic definition of Lie algebra has been already given in Part I. Here 
we are going to give just a mention about three types of algebras with great 





214 



Lie Groups and Lie Algebras 



relevance; they are Abelian Lie algebras , simple Lie algebras , and semi- simple 
Lie algebras . 

Vector spaces endowed with an identically vanishing commutator constitute 
the so-called commutative or Abelian Lie algebras. The definitions of simple 
and semi-simple Lie algebra need the introduction of a further concept, that 
of ideal in a Lie algebra, 

A subspace 1 of a Lie algebra A is said to be an ideal if 

[A2]cl, 

that is x £ I, if [y, x] El for every y 6 A. 

Of course, since [y,x] = -~[x, y) and X is a vector space, if [x y y] € X for 
every |/g 4, then xEl Notice that this implies I is a subalgebra. 

Trivial ideals in ^4 are {0} and A. A Lie algebra containing just trivial 
ideals is called simple . A Lie algebra containing nontrivial ideals, but none of 
them Abelian, is called a semi-simple Lie algebra . 

There exist different methods to build a Lie algebra from a Lie group. Here 
we are going to give account of the two most significant methods. 

The first of them is based on the use of differential operators on the group. 



8.2.2 Left invariant vector fields 

Let G be a finite dimensional Lie group. For every g € G, the left translation 
L g : h € G -> L g (h) — gh eG 

is a diffeomorphism from G to itself. Any neighborhood of e is mapped by 
left translation along a particular g onto a neighborhood of g, so that the 
map carries curves through e into curves through g, and curves through h into 
curves through gh. Then, the derivative of the map at point h, namely (L g )*h> 
is a linear map from the tangent space ThG to the tangent space T g hG, 

{L g )+h : ThG -» TghG . 

If V is a vector field, its value V(h) at point h belongs to ThG , Its image 
by (Lg)*h, which belongs to TghG, will be denoted by {gV){gh)\ i.e. 



(gV)(gh) s (L 9 UV(h) 
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( 8 . 5 ) 



VgeG, 



so that we have 

( 9 V)(h) = (L g ). g -> h V( 9 -'h). 

A vector field V on a Lie group G is said to be left invariant if 
(gV){h) = V(h ) , Vg,heG, 

or equivalently, if 

V(gh) = (L a UV(h). 

The addition of vector fields on G and their product with real numbers can 
be naturally defined as follows: 

(V + W)(g) = V(g) + W(g), 

(a V)(g)=aV(g), 

so that, by the linearity of the operator (L g )» s , it follows that 

• The set of left invariant vector fields on G is a vector space over 9ft. 

Moreover, 

• A left invariant vector field on G is uniquely determined by its value 
at the identity element e of the group G. 

Indeed, if V ( h ) and W (h) are left invariant vector fields on G 

( 9 v )W =n/.). 

(gW)(h) = Wm, 

such that V(e) = W(e), we have (with h = g) 

V(g) = ( 9 V)(g) = (L g ) mg -i g (V(g- l g)) = ( L g )» e (V(e )) 

= (L g ), e (W(e)) = (Lg) t ,g-\ g (W(g~ 1 g)) = (gW)(g) = W( 5 ). 

• The vector space of the left invariant vector fields is isomorphic to %G , 
the tangent space to G at e. 

Indeed, with every vector V e £ T e G , we can associate a vector field V(h) 
on G by means of the operator ( Lh)* e 



V(h)=;(L h )* e (V e ), VheG, 



( 8 . 6 ) 
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the left invariance of V ( g ) following from 

(gV)(h) = {L g ). g -i h {V{g-'h)) 

~ {I J g)*g-ih((I J g~ 1 h)*eVe) 

= (L g oL g -i h )"V B 

= (L h ) me V e = V(h), Vg,heG. 

Let us consider now the set of differential 1-forms aonG that consti- 
tutes a vector space on Sft if the sum and the product with real number r are 
defined as 

{a + a')(g) = a(g) + a'(g ) , 

(ra)(g) = ra(g ) , 

A useful notation for the operator (L 9 )* is given by the symbol dL g . Then, 
relations (8.5) and (8.6) can be rewritten as follows: 

C 9V)(h) = dL g (V(g-'h )), (8.7) 

V(h) = dL h (V e ). (8.8) 

Let us introduce the transposed operator dL* of dL g , which acts on the 
differential 1-forms a , by 



(V,dL' g (a)) = (dL g (V),a), (8.9) 

where V and a are a vector field and a differential 1-form on G, respectively, 
and the brackets (•, •) denotes, as it is usual, the interior product. 

Thus, dL 3 and dL* are the following operators: 

dL g : T h G T gh G , dL; : T* h G T£G . (8,10) 

A differential 1-form a on G, is transformed by means of the translation 
dLZ in a differential 1-form ga on G, according to the relation 

(ga){h) = dL* s {a{gh)). 

A differential 1-form a is said to be left invariant if 

(ga)(h) =s a(h ) , Vg,heG. 

Since the linearity of dL s implies the linearity of dL J, we have that 
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• The set of left invariant differential 1- forms on G is a vector space on 
5ft 



Moreover, 

• A left invariant differential l -form is uniquely determined by its value 
in e . 



Indeed, if a and a f are two left invariant differential 1-forms, such that 
a(e) — a'(e), we have 

<*{g) = = dL*-i(a(e)) 

= dL*-i(a'(e)) = = a' (3) • 

As the vector space of the left invariant vector fields is isomorphic to %G , 
so the vector space of left invariant differential 1-forms is isomorphic to T*G. 
If a e denotes a covector on %G , the differential 1-form a(g), defined by 

a(g) = dL;^(a e ), VgzG, 

is a left invariant differential 1-form. 

Indeed, since 



dL 



* 

gh 



= dL; o dL 



* 

hi 



we have 



(ga)(h) = dL*(a(gh)) = {dL* o <«$*>-, )(<*) 

= {dL*odL* h -i g -.){a e ) = dZ£-,(a.) 

= a(/i) , VgheG. 

Thus, with every covector on %G we can associate, in a unique way, a left 
invariant differential form on G. 

An interesting and useful result is the following: 

• The contraction (a,V), between a left invariant differential 1-form, a 
and a left invariant vector field V, is constant on G. 



Indeed, 



(a,V)( g ) = (a(g),V(g)) 

= {dL;^{a{e)UL g {V{e))) 
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= (dL g .todL g )((a(e),V(e))) 

= {a(e),V(e)), VgeG. 

There is a converse to this, namely 

• A vector field V on G ) for which (a, V) is constant on G for every left 
invariant differential l-/orm, is a left invariant vector field. 

Indeed, 

(a{h),gV{h)) = (a(h), dL g (V(g~ 1 h))) = {dL*{ a (h)),V(g~ l h)) 

= {a(g- l h),V(g- i h)) = (a(h),V(h)). 

Since the left invariant form a is arbitrary, then 

(gV)(h) = V{h), Vg^hzG. 

These two properties, together with the useful relation* 

MX, Y) = Lx((a , y» - Ly (( a, X )) + (a, [X, Y}) , (8.11) 

allow us to prove the following statement: 

• If X and Y are two left invariant vector fields on a Lie group G , their 
Lie brackets [ X , Y] is a left invariant vector field. 

To this purpose, we just have to prove that (a, [X, F]) is constant on G 
for every left invariant differential 1-form a (g). Indeed, if a is left invariant, 
then (a,X) and (a,F) are constant on <7, because X(g) and Y{g) are, by 
hypothesis, left invariant vector fields, so that the Lie derivatives Lx((&,Y)) 
and Ly((a,X)) vanish identically. 

Therefore, we have 

da(X,y) = (a,[X,r]). (8.12) 

Since da is an exact 2-form, for which dda = 0, and the right hand of 
Eq. (8.12) is a 0-form; that is, a function on G , then 

(a, [X, Y]) = constant . 



*In this chapter the Lie derivative, with respect to a vector field X , has been denoted 
with the symbol instead of Lx> to avoid confusion with the left translation L*. 
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Thus, by using the isomorphism between T e G and the vector space of the 
left invariant vector fields, it is possible to introduce, in the tangent space 7^G, 
a commutation relation which, being bilinear, antisymmetric, and satisfying 
the Jacobi identity, endows it with a Lie algebra structure. 

To be specific, if X e and Y e denote two vectors belonging to 7^G, the Lie 
brackets of the two left invariant vector field on G corresponding to them, still 
is a left invariant vector field which also is uniquely determined by its value at 
the identity element of the group. 

Thus, given X e and Y e belonging to 7^G, we define the Lie commutator of 
X and Y as the value, at the identity element e of the group G, of the Lie 
bracket of the corresponding left invariant vector fields 



[X e ,y e ] = [dL ff (X e ),dL ff (y e )], = e. 

This Lie algebra is called the Lie algebra of the Lie group G. 

8,2.3 The adjoint representation of a Lie group 

There exists a second method, as well, which allows us to introduce a Lie 
algebra structure in the tangent space T e G. 

Let us observe that the map 

A g :h€G-+A 9 (h) = ghg- 1 eG i 

composed of the left translation by g and the right translation by g~ x 

Ag = Rg-iLg : h E G —> (R g -iL g )(h) = ghg 1 € G, 

is a one-to-one, differentiable map. Actually, since A g l = A g - 1, the map is a 
diffeomorphism of G into itself. 

Since 



A g (hih 2 ) = ghih 2 g 1 = ghig l gh 2 g 1 = A g (hi)A g (h 2 ) , 

A g is a homomorphism of G into itself. Actually, A g is an isomorphism of G 
into itself, as to say an inner automorphism of G, since A g -\ — A g l . 

Notice that each A g maps the identity element e into itself, so that ev- 
ery curve through e is mapped into a, possibly different, curve through e. 
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Therefore, the derivative {A g )* e at the unit e, usually denoted with Ad g , 

Ad g : T e G 7 e G , 

is an invertible linear map of any tangent vector of T e G to another one in %G , 
For the automorphism A g , we have 

Af ° A g = , V /, # g G , 

and for derivatives 



(-4/ o Ag)* e — (A/)* e o (Ag)* e i 



so that 



Adfg = A<£/ O Adg , 

The set of all invertible linear maps of T e G into itself is a group whose 
internal composition law is the usual composition of maps. This group is 
denoted by Aut %G. 

Thus, the map 



Ad 4 . q € G Ad(g) = Adg €• Aut *T^G (8.13) 

is a homomorphism of G into the group AutT e G of the invertible linear maps 
of the vector space T e G. 

Once a basis in %G is chosen, the map Ad becomes a homomorphism of G 
into the group GL(n } R), where n is the dimension of T e G . The group GL(n, 3?) 
is the group of nonsingular real matrices n x n and can be endowed with a 
differential manifold structure. 

The compatibility of group and differential manifold structures promotes 

the group GL(n t 3ft) to a Lie group. Obviously, the dimension of GL(n , 5?) is 

„,2 

n. 

Thus, the map Ad is a representation of G on %G and is called the adjoint 
representation of the Lie group G. 

The tangent space to GL(n r 9t) at the identity I (the unit matrix) is the 
space, denoted with Ma£ n (5 i), of the not necessarily invertible real matrixes 
n x n. 

The map Ad is differentiable and its derivative (Ad)* e at the unit e is 
a linear map of T e G in EndT e G ) the vector space of the (not necessarily 
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invertible) linear maps of T e G into itself, that are endomorphisms of T e G . In 
other terms, 

End %G = T( Aut T e G ) . 

The derivative (Ad)* e is denoted with the symbol ad y 

ad:V £ T e G — ► ad(F) = ady € End7;G . 

A one parameter subgroup of a Lie group G is a representation of SR in G, 
as to say a homeomorphism of SR in G; that is, a differentiable map 

p ; t £ 3? — ¥ pit) €: G , 

such that 



p(0) = e , p(< + t') = p(t)p(i') , V ^ € X . 

Let K be an element in T e G and let 

pv.:t€R-> p Vt (t) = e tv ‘ eG (8.14) 

be the integral curve of the left invariant vector field (L g )» e (V e ) on G. 

Let us also fix s € SR and define the map 



Xi : t e SR -+ x(i) = pv t (s)pv, (t) = L pVt ( a )Pv e (t) € G , 



where L pVc (,) is the left translation by pv e (s). 

Since the vector field (L g ) me (V) on G is left invariant, we have 




^PV.(sW.(f) 



t=o 



= J t L Pv.(°)PvM 



t=0 



— (LpVt («))*«(^e) » 



so that xi(0 is an integral curve of V = (Lg)*e{V e ) through pv,{ 3 ) at t = 0. 
On the other hand, the map 



X 2 ■ t € SR -* X 2 (t) = pv. (s + 1 ) € G 

is also an integral curve of V = {Lg)» e (V e ) through py, (s) at t = 0. 

Thus, xi(t) — X2 (t), since the integral curve of V = (L ! ,)* e (V r e ) through 
py, (s) at t = 0 is imique. As a consequence, we have 



pv,(s + t) = py.(s)py.(t) 



(8.15) 




222 



Lie Groups and Lie Algebras 



and 



e (*+t)V e _ e sK e tK ' 

From Eq. (8.15), it follows that the map (8.14) is a homeomorpfaism of 5R 
in and then a one parameter subgroup of G. This subgroup is unique. 
Indeed, if 



a a(t) € G 



is another one parameter subgroup of G such that 



then 



<r(0) = e , 




= V e 



a(t + s) = cr(t)a(s) = L aW cr(s) . 



Thus, 









ds 



8=0 






0 



(W)) *e 00; 



that is, a(t) is an integral curve of V — (Lg)*^^) through e at £ = 0. Since, 
Eq. (8.14) shows that py e is an integral curve of V = (I^)* e (Ve) through e, 
then = <r. 

We can conclude that, with every vector V e € T e G> there is associated a 
unique one-parameter subgroup py e (t) of G. 

By using the notation py e (t) — e tv * , we can write 



£ 

dt ( 









The explicit expression of the operator ady can be easily found. Indeed, 



ad Ve = (i4d)«(V;) = J t Ad{e iV *) 



t~o 









so that the value of the operator ady e on a vector W e £ T e G will be given by 



ad K (W e ) = j f Ad et v t (W e ) 



t= 0 
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= 3 -(R e -tv,L e tV')„ e (W e ) 
ai t= o 

d 

ai t=Q 

= ^(R e -*v e )* et V'(W(e tV ‘)) . 

ai h=o 

On the other hand, e tVe is just the value at e of the flow of the vector field 
V(g) = (L g )* e (V e ), as it is easily followed by 

^v(g) - ge m = R e tv e g } 

so that 

e^=4(e). 

Thus, we have 

ady,(W e ) = |{(Tv t )^(e ) (W(4(e))) = (L v W)(e ) . (8.16) 

ac t=o 

By Eq. (8.16) and by the well-known properties of the Lie derivative, we 
can define the following bracket in T e G: 

M = (V., W e ) € TeG X T e G -+ [14, We] = adv«(W e ) € TeG , (8.17) 

which can be easily seen to be 

• bilinear because 

ad Cl Xi+c a x 2 (y) = Ciadxt 00 + c 2 adx 2 (Y) , 
adx (c\ Y x -f c 2 Y 2 ) = ciadx(Yi) + c 2 ad x {Y 2 ) , 

whatever X U X 2 , V, Y], Y 2 , Y £ T e G and c u c 2 € 3ft are chosen; 

• antisymmetric because 

ad x (Y) = r~ad Y (X ) , VX,Y<=T e G; and 

• satisfying the Jacobi identity 

ad x (ady(Z )) -f ady(adz(X)) + adz(ad x (Y)) = 0. 
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The composition law, defined by Eq. (8.17), provides the vector space T e G 
with a Lie algebra structure. 

In conclusion, given a Lie group G , it is always possible to build from it, 
a Lie algebra. Now we can ask whether, given a Lie algebra A, there exists a 
Lie group of which, mce versa , A is the algebra. The answer to this question 
is given by the following theorem: 

Theorem 26 (Cartan) Every Lie algebra is the Lie algebra of some Lie 
group. 

In the previous section we spoke about local Lie groups. They are also 
related to the Lie algebras because every Lie algebra is a Lie algebra of some 
local Lie group. Moreover, the local Lie groups are isomorphic if and only if 
the corresponding algebras are isomorphic as well. 

Let A\ and A*i be two Lie algebras, and G \ and G 2 the corresponding Lie 
groups. By the last we can build two local Lie groups G[ and G 2 , which will 
be isomorphic if Ai and A 2 are isomorphic. However, the fact that G\ and G 2 
are isomorphic does not imply that G\ and G 2 are so. In this case, we speak 
of local isomorphism between G\ and G 2 . 

For a simply connected Lie group G ) the following theorem holds: 

Theorem 27 (Monodromy) If G is a simply connected Lie group and F 
any Lie group , every local homomorphism* of G in F is uniquely prolonged in 
a global homomorphism of G in F. 

Let us denote with GL(n , 5?) the Lie group ofnxn invertible real matrices 
and with QL(n , 3ft) the corresponding Lie algebra, which is given by the vector 
space ofnxn real matrices with the commutator as Lie bracket. A very 
important result is the following: 

Theorem 28 (Ado) Every Lie algebra of a Lie group is a subalgebra of 
QL(n , 3ft) for some value of n. 

For Lie groups, the analogous statement holds only locally; i.e, 

Every Lie group is locally isomorphic to a subgroup of GL(n,Sft) for some 
value of n. 

By this theorem the local isomorphism between G\ and G 2 is prolonged to 
a global isomorphism. 



t A local homeomorphism is a homeomorphism of the correspondent local groups. 
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Thus, we can conclude that just one simply connected Lie group G corre- 
sponds to a Lie algebra A . 

8.2.4 The coadjoint representation of a Lie group 

We can introduce translation operators also in the dual space T*G of T e G. 
As for the left translation, we can use relations (8.9) and (8.10); the right 
translations are defined in a perfectly analogous way, 

(VJR* 9 (a)) = (dR 9 (V),a) 

dR g : %G Th g G , dR* : T£ g G -> T£G . 

It is also possible to define the operator Ad*, dual of the operator Ad g , as 
follows: 



{V y Adl(a)) = (Ad g (V),a). (8.18) 

By Eq. (8.18) and by the properties of Ad g , we argue that 

Ad* t t;g t;g 

is an invertible linear map of T*G into itself. 

The map 

Ad* : g € G -> Ad*(g) = Ad* g € Aui T;G , (8,19) 

as the one in Eq. (8.13), is also a representation of the Lie group G . It is called 

coadjoint representation of the Lie group G 

The map (8.19) is differentiable. Its derivative (Ad*)* e at the unit, denoted 
by ad* , is the map 

ad* : V € T e G — » ad*{V) = ad* v € End T e *G. 

The operator ady is the conjugate of ady, and 

(W,ad* v {a)) « (ad v (W),a ) , Va € T e *G, VWeT e G. 

The vector spaces T e G and T*G , endowed with a bracket giving them a 
Lie algebra structure, are usually denoted by the symbols Q and Q*. 

The coadjoint representation of a Lie group has an important role in clas- 
sical mechanics. As we will see, the orbits of the group under the coadjoint 
representation are sympleetic manifolds. 
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This will be shown in Part III, in the chapter Orbits method , after the 
introduction of some preliminary concepts. An exhaustive discussion on this 
subject can be found in Ref. 41. The second part of this book is in fact 
completely devoted to Reduction , Actions of Group and Algebras. 
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Part III 

Geometry and Physics 




Part III is devoted to a revisiting of analytical mechanics in terms of geomet- 
rical structures. Chapter 9 is devoted to the intrinsic formulation of Maxwell’s 
differential equations in terms of differential forms, so that it can be considered 
as an introduction for Gauge Theories . 
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Chapter 9 



Symplectic Manifolds and Hamiltonian 

Systems 



9.1 Symplectic Structures on a Manifold 

If M is a 2n-dimensional differentiable manifold, a symplectic structure on M. 
is a differential 2-form u required to be 

• closed 

duj = 0 , 

• and not degenerate 

(Wp(X,r) = 0 VYeT p M)=>(X = 0 ) VpeM. (9.1) 

A pair (,M,u>), with M a 2n-dimensional differentiable manifold and u a 
symplectic structure , is called a symplectic manifold 

In a given basis {e*} for vector fields on M, we may write 

X = X^i , Y = , 

so that, with Wij(p) = w p (ei, e^), the relation (9.1) becomes 

(X i Y i w ij (p)= 0 V Y*) =* (X* = 0) Vp€-M, 

or equivalently, 

= o) =► (-y* = o) . 
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Thus, a differential 2-form is not degenerate iff 

det(cjjj(p)) ^ 0 Vp € M . 

A generic differential 2-form to on a manifold defines a homomorphism 

u : t p m -+ t;m 

of the vector space T p M, of tangent vectors at the point p e M, into T p M, the 
vector space of differential 1-forms to the manifold M at the point p € M, since 
with the vector X p 6 T P M, u) associates the differential 1-form a p , defined as 

a p = ix P u(p) • 

As a consequence, with the vector field X , c u associates the differential 1-form 
a, defined point-wise as 



a = ix& • 



When the differential 2-form is not degenerate, the above relation can be 
point- wise solved with respect to the vector field X. 

Then, a not degenerate differential 2-form u defines an isomorphism, be- 
tween the vector spaces T P M and T*M> given by 

X = A(a, •) , 



where the 2- vector field 



A : T;M T P M , 

is the inverse of a;, 



A oa> = a; o A = 1 . 

The above relation in a given coordinate basis, in which 

u) — \uijdx l A dx 1 , A = ^A 1 - 7 -^-: A , 
2 3 ’ 2 dx 1 dx* 

is simply written as follows: 

A ih uhj = S} . 



(9.2) 



(9.3) 
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9.2 Locally and Globally Hamiltonian Vector Fields 

A vector field X on symplectic manifold {M , v) is called a ( locally ) Hamiltonian 
vector field if 



Lxv = 0 , 

that is, if the symplectic structure is invariant under the flow generated by X . 

Since a symplectic form is closed, the above relation can also be written, 
by using the Cartan identity, in the following form: 

dix& = 0 • 

Thus, a locally Hamiltonian vector field on M is a vector field satisfying the 
requirement that the differential 1-form a, defined by 



a = i x u , 



is closed. 

If the differential 1-form a = %x^> is also exact; that is, a function H on M 
exists such that 



ixw = — dH y (9.4) 

the vector field is called a globally Hamiltonian vector field , or simply a Hamil- 
tonian vector field , and the function H is called the Hamiltonian function cor- 
responding to X . The minus sign in Eq. (9.4) is introduced just for historical 
reasons. 

Vice versa ) any differentiable function on a symplectic manifold M, 

f : A4 — y , 

defines a Hamiltonian vector field Xf by the relation 

i Xf uJ = df . 



9.2.1 Integral curves of a Hamiltonian vector field 
In a coordinate basis, we may write 
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so that 



ixw = JijX l dx j - ^-Uijdx z X j — uj ij X l dx j , 



and Eq. (9.4) becomes 



fxTJ 

U) ij X i dx j = -^-rdx j , 



or 






dH 

dxi 



Since det(a;ij(:r)) ^ 0, the last relation gives 



X 1 = A* 









Thus, the first order differential equations for the integral curves of the 
Hamiltonian vector fields X have the following form: 



= Kii dH 

dt dxi ’ 



(9.5) 



and they are very similar to the Eqs. (2.24) of Sec. 2.4.1. 

Equations (2.24) and (9.5) coincide, provided that the antisymmetric ma- 
trix, whose elements are satisfies the Jacobi identity 






dxi 



dxi 



dxi 



(9.6) 



Actually, the Jacobi identity is satisfied because of the closure of the sym- 
plectic form u>. Indeed, in a coordinate basis, we may write 



so that 



dw 



-( 



dvjj 

dx k 



+ 



diVjk 

dx 1 



dvic 

dxi 



zi \ 

~) 



dx l A dx j A dx k , 



(L) = 0 



dug 

dx k 



du)jk duJki 

dx 1 dxi 



= 0 . 



The reader can easily check that, if A %h u)hj = ^ , Eqs. (9.6) are equivalent 
to 



du>jj dujjk duJki 

dx k dx 1 dxi 
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9.3 Hamiltonian Plows 

What has been said in the previous section can be repeated, more geometri- 
cally, as follows. 

Let us consider a function / defined on the differentiable symplectic mani- 
fold Its differential df p at the point p £ M belongs to T p M 

df p : T P M — > SR , Vp € M . 

The bi-vector field A associates to df p a tangent vector to M at the point 
p £ M as follows: 

Xf(p) = A(df(p),-). 

With the vector field Xf(p), a one-parameter group of diffeomorphisms is 
associated (Eq. (5.13)) as 

( 7 * : M -¥ M , 



such that 




= X f (p ) . 

t=sO 



The group <7*, which is called Hamiltonian flow with Hamilton function H , 
preserves the symplectic structure, that is 

c t u lj = u , (9.7) 



where a u is the derivative of a 1 . 

More explicitly, Eq. (9.7) can be written in the following form: 

(o**u) p (X,Y) =V'* W (<Ti p (X),o* p (Y)) = u> p (X,Y), (9.8) 

where X,Y £ T P M and 

a l P : Tpt(p)M 

is the derivative of a 1 at the point p. 

The Lie derivative of the 2-form c o along Xf is given by 

(L Xt w) p (X,Y) = j t w<r* {v M P (X)A P (Y)) = 0, 
where the relation (9.8) has been used. 
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Since u> is closed, we may write 

Lx f M = 0 dixjU — 0* (9.9) 

Of course, ix f w is an exact differential 1-form, since 

**,« = «(*,,.)=«( A(df,-),) = df. 

9 . 3.1 Lie algebras of Hamiltonian vector fields and of 
Hamilton functions 

It is worth recalling that a Lie algebra is a vector space A supplied with a 
bracket 



[• , •] : {x, y) E A x A [x, y] 6 A , 



which is 

• bilinear 

[as + /3y, z] = a[ x, z } + 0[y, z ] , 



Wx,y,z€A, V a, /3 e !R(or C) ; 

(9.10) 



[x, ay + f3z ] = a[x, y) + /3[x, z ) , 

• antisymmetric 

[x,y\ = -\y,x] V x,y € A; (9.11) 

• and satisfying the Jacobi identity 

[{x,y\,z} + \[y,z],x] + {{z,x],y\ = 0 ) Vx,y,zeA. (9.12) 
The Lie bracket 



[X,Y] = L X Y, (9.13) 

which satisfies the relations (9.10), (9.11) and (9.12), provides the infinite- 
dimensional vector space of differentiable vector fields, on a manifold A4, with 
a Lie algebra structure. 

Let X and Y be two vector fields and o l x and cry be the corresponding flows, 
respectively. As already said, such flows are diffeomorphisms defined over all 
M, if the manifold is compact. Otherwise, a x and Oy are defined only in 
open sets in M and for small values of the parameters t and s. However, this 
suffices for our purposes. 
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An important property of the Lie bracket, of two vector fields, is that its 
vanishing is a necessary and sufficient condition for the corresponding flows to 
commute 2 : 



[X,Y]=0 ^(Ty = (JyCTx . (9.14) 



Let (A 4 ,u;) be a symplectic manifold, and / and g two differentiable func- 
tions on M. 

The bracket {/,#}, defined by 






t= o 



(9.15) 



where Oj denotes the Hamiltonian flow corresponding to the Hamiltonian vec- 
tor field Xf defined by ix f v = d/, is called the Poisson bracket of the functions 
f and g. 

FYom definition (9.15), we have that the vanishing of the Poisson bracket 
{/, < 7 } is ft necessary and sufficient condition for the function g to be a first 
integral of the flow crj. with Hamilton function /. 

Because of the isomorphism (9.2) between vector fields and differential 
forms, the Poisson bracket (9.15) can be written in the following form: 



{f,9}(p) = A P (df,dg) = u p {X f ,X B ) . (9.16) 



Indeed, Vp € M 

{ 9,f}(P ) = 4fl(*/(p)) 

ai t= 0 

= dg p (Xf) = (Xjg)p = ix,dg p = ix f ix t v p 
= w p (X gi X f ). 



Exercise 9.3.1. Prove, by using (9.16), that the Poisson Bracket is 
bilinear , antisymmetric , and satisfies the Jacobi identity 

{{/, 9 },h} + {{g, h}, /} + {{h, f},g} = 0 . (9.17) 

Thus, the Poisson bracket provides the set T(M), of differentiable functions 
on X, with a Lie algebra structure. This Lie algebra, as it has already been 
shown in Part I, modulo the constants, is isomorphic to the Lie algebra of 
differentiable vector fields on M. 
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Exercise 9.3.2. Let u be a closed differential 2-form and X and Y be any 
two vector fields on a manifold M , locally represented by 

We have 

Lxiyu ~ iyLxw — dixiy + i x diyu — iydixu) 

= d(u>(Y , X)) - 1 - - iydixoJ 

= df-w^Y') + ixd(o/ y YW - u^YW) 

- iyd(wyX*dar* - utyX^dx*) 

- w y [X, YJVfcc* - u^[X, Y]W 
= 

Prove the relation 



i[X,Y\W = Lxiycv - iyLxw , (9.18) 

without use of the coordinates. 

Let X/ and X ff be the Hamiltonian vector fields associated with the func- 
tions / and < 7 , respectively; i.e. 

i X/ v = df , i Xg u> = dg . 

By using Eq. (9.18) for the Hamiltonian vector fields X/ and Y/, we have 
*[ X f ,X g ]U = L Xf ix g u = di Xf ix g u 4- ix f dix g u = di Xf ix g u = d{/, 0 } , 

(9.19) 

so that 

£[X,,X*]W = 0' (9.20) 

Therefore, [X/,X P ] is a globally Hamiltonian vector field with Hamilton 
function given by 

h(p)=c^(x /i -y p ) = {/^}(p). 

Thus, the set of globally Hamiltonian vector fields on a symplectic manifold 
close on a Lie subalgebra of all vector fields. 
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Exercise 9.3.3. Prove that the set of first integrals of a Hamiltonian flow 
constitute a subalgebra of the Lie algebra of all differentiable functions. 

Exercise 9.3.4. Prove , by using Eq. (9.18), that the Lie bracket of two locally 
Hamiltonian vector fields , X and Y, is a globally Hamiltonian vector field , with 
Hamiltonian function given by H(p) = c o p (Y, X). 

It follows that the set of locally Hamiltonian vector fields constitute a sub - 
algebra of the Lie algebra of all vector fields too . 

The considerations developed in Sec. 2.4.4 ( Further generalizations of the 
Jacobi-Poisson dynamics ), can be repeated, of course, also in this new context. 
A useful reading on the theory of ordinary Jacobi-Poisson manifolds is given 
by Vaisman’s book. 54 



9.4 The Cotangent Bundle and Its Symplectic Structure 

An example of symplectic manifold is given by the cotangent bundle T*Q 
of an n-dimensional manifold Q. An element $ of T*Q is a differential 1- 
form on T P Q , the tangent space to Q at a point p. In a coordinates basis 
(gV..,< 7 n ), a differential 1-form # has components pi,...,p n and the 2n 
numbers (pi, . . . ,p n , g 1 , . . . , q n ) can be taken as local coordinates of a point 
in T*Q. 

Thus, the cotangent bundle M — T*Q has a natural structure of a 271 - 
dimensional differential manifold. 2 ’ 1 

Moreover, it can be proven (see Appendix E) that T*Q has a natural 
symplectic structure c o c which, in local coordinates, can be written as follows: 

= dpi A dq l H b dp n A dq n , (9.21) 



or 



u c = dtic , 



with 



= Pidq i • 

The differential forms 1 9 C and co c are called the canonical differential 1-form 
and the canonical symplectic structure , respectively. 
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But there is much more, in the sense that any symplectic manifold can be 
locally considered as a cotangent bundle. This is guaranteed by the Darboux* 
theorem, 2,1,7 according to which: 

Theorem 29 (Darboux) At every point p 0 of a 2n- dimensional symplectic 
manifold A4, there exists a chart (U^d) in which the symplectic structure u> 
assumes the form 

uj = dx l A dx l * n , i — 1, . . . , n . 

Such a chart (U.ipo) is called a Darboux chart. In a Darboux chart, setting 

(Pi = x\...,p n = x n ,q 1 = x n+1 q n = x 2n ) , 

the symplectic structure uj and the bivector field A, given by Eqs. (9.3), assume 
the canonical forms 



o> c = dpt A dq % 



and 



d d 
c dpi A dq i ’ 



respectively. Moreover, the Eq. (9.3), 



dxi_ = Aij dH 

dt dx i ’ 



become the familiar Hamilton equations 

dH 



Pi = 



q‘ = 



dq i ' 
dpi ' 



(9.22) 



An atlas for A4, composed by Darboux charts, is called a Darboux atlas or 
a symplectic atlas. 



* Gaston Darboux, born in Nimes in 1842 and died in Paris in 1917, has been a professor at 
the Sorbonne University for about 40 years. His work in four volumes on Thtorie des Surfaces 
is considered a classic. Besides giving new and remarkable contributions to differential 
geometry, he deeply influenced the development of the theory of differential equations and, 
thanks to a deep geometrical insight and a sagacious use of algorithms, gave solutions to 
relevant problems in calculus and mechanics. 
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At this point it is clear that the Hamiltonian formulation of the dynamics , 
described in Part I (Analytical Mechanics) is, at least for systems which do 
not depend explicitly on time, the local version (i.e. in a Darboux chart) of the 
theory of Hamiltonian vector fields on a symplectic manifold M. 



9.5 Revisited Analytical Mechanics 

The reader can discover by himself the global version of many results obtained 
in Part I. 

Indeed, 

• A system of particles has n-degrees of freedom if its configurations 
define an n-dimensional differential manifold Q. The state space of 
the system is the tangent bundle TQ, while the phase space is the 
cotangent bundle T*Q. 

• A Lagrangian function £ is a differentiable map 

£:TQ->5ft, 



from TQ into 5ft. 

• Lagrange's equations 







can be written in the intrinsic form, 



La 'dc — dC , 



or 



l A d$c = —dEc , 



(9.23) 



(9.24) 



where 

— A is the vector field given by A = v h d/dq h + L hk Fk(q/v)d/dv h ; 

— L hk are the elements of the matrix L -1 , with L = {d 2 C/dv h v k )\ 

— -dc the differential 1-form on TQ defined by $c = ( dC/dv h )dq h \ 
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— Ec is the energy 



Ec = — £ * 

We notice that, if the Hessian determinant of the Lagrangian is not 
vanishing, then u>£ = d$c is a symplectic structure on TQ. 

The intrinsic form of Lagrange’s equation allows us to introduce the Not her 
theorem as follows. 

Consider a complete vector field X on TQ\ i.e. the generator of a one- 
parameter group <p T of diffeomorphisms on TQ. Let us calculate the infinites- 
imal transformation , SC = LxC, , which X induces on the Lagrangian function 
£. Prom Eq. (9.23), we have 

SC = Lx£ — ixdC — IxLa 

= La(4 c >X)-(*c>L±X) 

= ^[x,A]^r + La ix$c • 

It follows that 



LxC = 0, and [X, A] = 0 La^x^c = 0 , 
i.e. 

Theorem 30 (Nother) >1 symmetry X of both the Lagrangian C and the 
dynamics A gives rise to a first integral given by La^x^c)* 

The translation of the previous geometrical formulation in coordinate language 
gives back the original formulation by Emmy Nother. 

Remark 17 In order for ix$c to be a first integral , it suffices that 
i[x,A\dc ~ LxC vanishes , which is less stringent than the separate vanishing 
of each term . 

• The Legendre transformation defines a vector bundle isomorphism be- 
tween TQ and T*Q. 

Indeed, the map 

f ■ {q,v) e TQ — » (q,p) € T*Q , 
with ph = {dCfdv h )(q, v) } induces the derivative map 

U-Xe T {QiV) (TQ) ^X> = f+X e T iqtP) (T*Q ) . 
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The Legendre transformation is then defined by 



(q,v/Q,V)—>(q,p/Q,P), 



where <2, V denote the sets of “q” and the V’ components of the 
vector field X , respectively, and Q,P the ones of the “g” and the “p” 
components of the vector field X + . 



A ~ Q dq h+V dv h ' 

x — o h ^ -j- p h d 

* “ v + d P h ' 



In matrix notation, setting 



/.= 





with I the n x n identity matrix, and 




we have 



( 



Q 

P 



) 





a(q/p/t) \ 




1 



where the tilde ~ indicates that the velocities v’s must be expressed in 
terms of the q' s and p’s by inverting the relations pn = (dC/dv h )(q, v). 
If the Lagrangian is degenerate; i.e. the Hessian determinant vanishes, 
the Legendre map defines only a vector bundle homomorphism from 
TQ into T*Q. 

The theory of constraints by Dirac and Bergman 85 ’ 17,18,26 just starts 
from this observation. A geometrical analysis can be found in Refs. 41, 
108, 177, 146 and 136. 

• An algebraic formulation of Lagrangian dynamics, suitable to be used 
in a general context, including situations with no global Lagrangian 
and/or fermionic variables, can be found in Ref. 76. 
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• A symplectic transformation, as defined in Part I, is just a map between 
two Darboux chart (ZY, <p = ( p/q )) and = (7r/x))| that is, it is a 
map such that 



dpi A dq l = dni A dx* . 



• The above relation is the exterior derivative of 



Pidq 1 = n^dx* + dF , 

which is just the Lie condition for a transformation to be symplectic. 
• A completely canonical transformation is a map between two almost 
Darboux charts, in the sense that 

dpi A dq 1 = cditi A d\ l • 



• The Lagrange bracket 

3 } _ 

’ ^ dp, dpi ' 

in which the inversion of the position of covariant and contravariant 
indices is just caused by the old notations, can be then obtained much 
more easily by expanding the previous equality to the form 

dpi A dq 1 = cd^h A d\ h = c(pi, q j ]dpi A dq j , 

which gives the familiar conditions for a transformation to be com- 
pletely canonical, 



c[pi» q j ] = S) . 

• The Poisson bracket as defined in Part I is, vice versa, ob- 

tained expanding the inverse equality 

d d d d 

— A r = c - — A —7 , 

dn h dx h dpi dq 1 

in the inverted direction, to obtain 

d d _ / chh dyf_ chxh dx * \ _d_ . _d_ 

d-Kh dx h ° \ &Pi dc? dq 1 dpi ) dn h dx k ’ 
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which gives the old conditions for a transformation to be completely 
canonical, 

c{*h,X k } = S k h , 

this time with the right covariance of indices! 

• The operator 

y r f 

f t7 ’* 7 dp i 9q i Qqidpi’ 

that we called Hamiltonian vector field in Part I, is just the local ex- 
pression of the Hamiltonian vector field 

i Xf u) = d/ , 

here introduced, 

• A complete analogy exists between the intrinsic Lagrange equations 
and the Hamilton equations, 



i&uc = — dEc , = ~dH . 

The main difference between them, consists in the fact that, in the 
Hamilton equations, the “interaction” is present only in the Hamilto- 
nian function, while in the Lagrange equations, the “interaction,” via 
the Lagrangian function, is also present in the symplectic structure ve- 
in other words, the symplectic structure in the Hamilton equations, 
is universal , in the sense that it does not depend on the considered 
dynamical system. This is not true for Lagrange’s equations. This 
feature is a consequence of the fact that the cotangent bundle T*Q, of 
a manifold carries a natural symplectic structure, while the tangent 
bundle TQ has not such a structure. 

• A Nother-type theorem, connecting a symmetry to a first integral, can 
be stated in the Hamiltonian formalism as well as in the Lagrangian, 
even more easily. Indeed, let A and X/ be globally Hamiltonian vector 
fields, with Hamiltonian functions given by H and /, respectively; i.e. 

v = -dH , iXfV = ~df . 

We thus have 

Lx f H — 0 ix f dH = 0 iXfi&w = 0 & v(Xf , A) 

= 0 = 
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so that 

Lx f H ~ 0 <=> L&f - 0 , 

that is, to any symmetry of the Hamiltonian corresponds a constant 
of the motion and, vice versa , any constant of the motion is the in- 
finitesimal generator of a symmetry transformation. 

In other words, 

A first integral , for a Hamiltonian dynamics, generates a one-parameter 
group of symplectomorphisms , which leaves the Hamiltonian function 
H invariant and> vice versa , with any one-parameter group of symplec- 
to-morphisms y leaving H invariant , we can associate a first integral 
• The Sec. (4.1), on the Integral invariants , can be revisited as follows. 
Let us observe that the Lie derivative, with respect to the vector field 
X , of the differential n-form 

a = p{x)dx r A dx 2 A • * • A dx n , 

on an n-dimensional manifold M> is given by 

Lx& = dixot = div{pX)dx l A dx 2 A « * « A dx n , 

so that the relation (4.5), for a function p not depending explicitly on 
time, simply says that 




It follows that a necessary and sufficient condition for f a a to be in- 
variant is Lx<* = 0. 

What has been said can be generalized as follows. 

A differential k- form a e A^Ad), on an n-dimensional manifold A 4, 
is said to be an absolute integral invariant of the complete vector field 
X, if 

Lxa = 0 . 

The latter is equivalent to 



<fi* T (a(<p T (p))) = a(p ) , 

where <p T denote the flow of the vector field X < 



(9.25) 
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If U is a 6-dimensional submanifold of M and i the immersion map 






(ip T o i)(U) is a new 6-dimensional submanifold of M , and 

f a= f ((fir a i)*a = / (i*otp*)a. 

J(v>rOi)(C/) JU JU 

It follows, from Eq. (9.25), that if a is invariant, then 

f a-fca-f 

J (if T oi)(U) JU Ji(l 

Vice versa, if the relation 

/ « = J 

J(tp T oi)(U) J i(l 



HU) 



holds, for any choice of U, i and r, then (i* o <p*)a = i*a or, equiva- 
lently, tp*a = q. 

We can conclude that a necessary and sufficient condition for a differ- 
ential k- form to be an absolute integral invariant is that 

f a= f a, 

J(<p T oi)(y) Ji(U) 
for any choice of U , i and r. 

A differential (fc-l)-form f3 € A fc_i (A4), on an n-dimensional manifold 
M, is said to be a relative integral invariant of the complete vector field 
X , if d/3 is an absolute integral invariant; that is, if 



dLxP — Lxdfi = 0 . 



• A revisiting of the Hamilton-Jacobi theory can be found in Ref, 149. 

Another difficult task is to globalize the Liouville theorem. Undertaking 
this task would also be useless, since as we shall see in the next section, it has 
already been accomplished, 2,185,1,3 . 
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9.6 The Liouville Theorem 

Let (M,u;) be a 2n-dimensional symplectic manifold on which n differentiable 
functions are defined 



fi : M -» U , Vz = 1, . . . ,n. 

Let us suppose that the functions /i, . . . , f n are in involution; i.e, 

{fhfj}= 0, v*,jf = l,...,n, (9.26) 

and that the n differential 1 -forms dfi , . . . , d/ n are linearly independent at every 
point p of the feveZ set M /(*) defined by 

M f ( n) - {pe M : fi(p) = ni, i = l,...,n}. 

From the implicit functions theorem, the level set Mf( n ) is an n~ 
dimensional submanifold of M, which is called the level manifold . 

Because of the isomorphism (9.2), with each differential 1-form dfi , we can 
associate a vector field on M such that 

* 

These vector fields X/ a which are supposed to be complete, are linearly inde- 
pendent at every point of M f( n ) since the differentials df \ , . . . , df n are linearly 
independent and the symplectic form u) is not degenerate. 

In addition, by Eq. (9.26), the vector fields Xf. commute each other, 

{Xf^Xf;} =0, Wi,j = 

Moreover, since 

= C ix fj dfi)(p ) = dfUXfM) = { fiJiKP ) = 0 , 

the fields X / x , . . . , Xf n are tangent to M /(*). 

Thus, there exist n commuting tangent vector fields on Mf( n ) that are 
linearly independent at every point. 

These vector fields form a local basis of an involutive distribution which, 
by Frobenius’ theorem, is completely integrable. 

Moreover, M /(„) is invariant with respect to each one of the n commuting 
flows erf associated with the functions fi. 

It can be proven that the differential manifold M /( w ), if compact and con- 
nected, is diffeomorphic to an n-dimensional torus T n , which admits the angles 
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(p 1 , . . . , y? n , as local coordinates, being T n the product of n circles. Indeed, let 
us observe that, by hypothesis, on Mf^) there exist n functions /*, which 
define an n-dimensional Abelian Lie algebra with the Poisson bracket as a Lie 
bracket. They generate, at each point, n independent flows under which M f^) 
is invariant. It follows that, a priori , Mf( n ) c* SR n-/c x T fc , but if is 

compact, we can only have k = n. 

Under the action of the Hamiltonian flow, generated by H = /i, the angular 
coordinates <p % will change according to 




Vi = 1, . . 



n, 



where u> 1 = w % {f \ , . . . , f n ), so that the motion on M j^) 

ip l (t) = <^ l (0) + i Vi = l,...,n (9.27) 



is almost periodic. 

Let us consider a neighborhood U C M of M / ^ . If we use the functions 
/i, . . . , /„ as coordinates in U ) we can find a neighborhood U f C U c M of 
which is difFeomorphic to the direct product T" x S' 1 , where S n is a 
sphere of an n-dimensional Euclidean space; i.e. a neighborhood of n in 9ft n . 

The Hamiltonian flow, generated by H = /i , expressed in terms of coordi- 
nates (<p l 1 . . . , <p n , /i , . . . , f n ) becomes 

f =0, Vi = 1, . . . , n . (9.28) 

The system (9.28) can be directly integrated to 

/»(*) = fi(0 ) , <p l {t) = ^(0) + w*(/i(0), . . . , f n {0))t , Vi = 1, . . . ,n. 

The integration of the original canonical system is, then, equivalent to 
finding the angular variables This can be done by only using 

quadratures. 

What has been previously said concerning the compact case, can be sum- 
marized by the following theorem. 2 

Theorem 31 (Liouville) If on the 2n- dimensional symplectic manifold M 
are defined n functions f \ , . . . , f n in involution 



{/i,/i} = 0, ViJ = 
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and the n differential 1 - forms df \ , . . . , df n are linearly independent at every 
point in the level manifold 

Mffr) = {peM: fi{p ) = 7Ti , i = 1, . . . , n} , 



then 

(a) M/(n r) is an n-dimensional submanifold of M, invariant with respect 
to the Hamiltonian flow generated by H — f\\ 

(b) if compact and connected , M /(**) is diffeomorphic to the n-dimensional 
torus T n , with angular coordinates ( <p l , . . . , <p n ); 

(c) the motion on determined by the Hamiltonian flow generated 

by H y is almost-periodic 



(d) the canonical equations with Hamilton function H can be integrated by 
pure quadratures. 

Let us now observe that, in general, the coordinates (/i ? . * . , / n? <p l , . . . , <p n ) 
do not form a sympleetic coordinates system. However, there exist functions 

Jh = Vi = (9.29) 

such that the coordinates (Jj, . . . , , . . ,^> n ) are sympleetic; that is, such 

that the original sympleetic form w can be expressed as 

u) = d Jh A dtp h . 

The variables (9.29), which conjugate with the angles, are called action vari- 
ables] they are first integrals of the Hamiltonian flow generated by H . 

In terms of these coordinates, the system (9.28) takes the form 

-ff = °) -fj- = J„), Vi = l,...,n. (9.30) 

9 . 6.1 The construction of the action-angle coordinates 

An analysis for the construction of global action coordinates can be found in 
Refs. 19 and 13 and a general analysis on the possibility to introduce “action- 
angle type” coordinates can be found in Refs, 158 and 41, 
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Let us consider the case in which the manifold M is a cotangent bundle, 
so that u> — dtic = d(phdq h ). 

Let us then consider the immersion 

i : M fM M 

of the level manifold Mf( n ) into M and the pull-back i*u> to Mf( v ) of the 
symplectic structure. Since di* = i*d, we have 

di*cu = i*cL) = 0 . 

Thus, i*u) is a closed differential 2 -form on the torus. It is not an exact differ- 
ential form since the torus is not simply connected; that is, there exist curves 
on the torus which cannot be contracted to a point. We have 

i*u = i'ddc = di'tic . 

On the other hand, the vector fields e fi = X fi are a basis for vector field, 
which are tangent to M /( n ), so that, for any two such fields X and Y y we may 
write 

X = X i e fiy Y = Y i e fi . 



It thus follows that 

(i*u)(X,Y) = X i Y\i*u)(ef i> e fi ) = X i Yi{f i ,f j } = 0. 



Therefore, over any bidimensional region S on the torus, we have 




LJ = 0 . 



Since two homotopic curves 71 and 72 on the torus will be the boundary of 
a two dimensional region E, we obtain 



0= f i*uj = f i*0 c> 

JT, </7iU{-72} 

by Stokes’ theorem. 

As a consequence, we have 
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The curves on the torus T n can be divided in n equivalence classes [7^], 
each class containing noncontractible homotopic curves. The action variables 
are then defined as follows: 






where h = 1,2, 

The construction can be finally completed as in Sec. 4 . 6 . 4 . 



9.7 A New Characterization of Complete Integrability 

In general, the peculiarities of a given dynamics A can be characterized by the 
invariance of some geometric structure. For instance, the symplectic character 
of a dynamics is characterized by the invariance of a symplectic structure. This 
is the case of both Lagrangian and Hamiltonian dynamics. 

It is then interesting to note the question whether the integrability prop- 
erties of a dynamics can be characterized from this point of view. As we shall 
see, this can be done. 

Let us start with the following considerations. 

Meaning of the vanishing Nijenhuis torsion of a mixed tensor field . 
A consequence of the vanishing Nijenhuis torsion of a mixed tensor field 
T, is that, given a vector field Ai, the vector fields of the sequence 

A n+1 = TA n , n > 1 , 

close on an Abelian Lie algebra 

[A n , A m ] = 0 , n,m > 1 , 

and that the transposed endomorphism T generates sequences of exact differ- 
ential 1-forms, 78 in the sense that 

{da — 0 , dfa = 0 , Mt = 0) =£► d(T n a) = 0 , n > 1 , a € . 

Moreover, the invariance of T, under the flow generated by a vector field A, 
implies the invariance of the vector fields TA n and of the differential 1-forms 
T n a. 
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Properties of eigenvectors . It is also interesting to analyze the properties 
of vector fields which are eigenvectors of a torsionless diagonalizable mixed 
tensor field. 

Let M be a differentiable manifold and T a diagonalizable mixed tensor 
field; Le. 

Te k = X k e k , T'& k ~\ k ti k , 

where {e*} is a generic basis of T P M , 

[ e i-> ®jf] ^ j 

and {#*} its dual basis of T*M , 

M k = ~\c k J r Ai? s . 

2 ” 

We recall that the Nijenhuis torsion of T is defined by 

tfTfaX,Y) = (a $ n T (X,Y)) t 

with 

n T (X> Y) = (L fx T) A Y - f(L x T)*Y 

= [t X, TY ] + f 2 {X, Y] - f [f X, Y] - T[X, TY ] . 

Let us evaluate Hr on the basis {e*}: 

» «i) - [^e*, Te^] + T 2 [e*, e^] - T(Tei, e^] - T[e*, Te^] . (9.31) 

Since, for any two differentiable functions / and g, and any two vector fields 
X and Y on M, we may write 

[fx y gY ] = fg[X t y] + g(Lyf)X - f(Lxg)Y , 

and have 

t , e% 1 r rej\ = [Aje^AjCj] = XiXj [e*, e^j + Aj(£^Ai)e* Aj(L ei Aj)Cji , 
T^e^e^] =5 T(X{[ei y ej] + (L^ Ai)e*) = AiT^e*^] + Ai(L Cj Ai)ei , 
jTje^ Tej\ ^ T*(Aj[e4 f e^*] (Le*A^)ej) XjT[e% y e^j Aj(i> ei Aj)ej . 

Thus, the relation (9.31) becomes 

~ (r A*)(T ~~ + (^i "" ^i)[(^e< Aj)ej + (£&j 
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and the vanishing of Nijenhuis torsion ej) = 0 implies the following: 

(T - Xi)(T - Xj)[e u ej] = 0 , (9.32) 

(Ai — Xj)£ ei Xj — 0. (9.33) 

It follows that, if the eigenvalues A* of T are supposed to have nowhere van- 
ishing differentials 

(d\ j ) p ^0, Vp€M> 

and to be doubly degenerate, then the two vector fields e* and Cj y belonging 
to the same eigenvalue A* = A ? , satisfy the relation 

[ei, €j] = ae* + bej . (9.34) 

Therefore, the vector fields e*, ej are a local basis of a 2-dimensional involutive 
distribution and, by Probenius 5 theorem, define a 2-dimensional submanifold 
of At 

A dual point of view is that, by contracting the relation (9.32) with the 
elements of the dual basis, we also find 

0 = (Xk ~ ) 

= -<A k-WXk-XMei.L'J*) 

= — (Afc — Ai)(Afe — Xj)(ej,i ei d‘& k ) 

= \(X k - Aj)(Afc - Aj ) (ej , i ei cjf s i? r A i9 s ) 

= ^-(A fc - Ai)(Afc - \j){e jt qr - W 

= c k rs \{\k - At)(Afc - A iWtf - srst) 

= 4(Afc - Ai)(A k - Aj) , (9.35) 

where the relation [e^ej] = c^efc has been used. 

In this way, the relation (9.35) simply says that 

cfj— 0 , V k i and k ^ j , (9.36) 

so that we discover again Eq. (9.34). Moreover, we also have 

dd k — c k s d s A d k (no sum over k) . 
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The last relation implies that 

A d/d^ = 0 , 

which again, by Frobenius’ theorem (in the dual form), ensures the holonomic- 
ity of the basis. 

In conclusion, the relations (9.32) or (9.35), which directly follows from the 
Nijenhuis condition, ensure the holonomicity of the basis {efc}, in which the 
tensor field T is diagonal, 

T = '22X i e i ®0 i . (9.37) 

i 

Invariance of the eigenvalues of an invariant mixed tensor field . It 
is easy to check that the invariance of T, under the flow generated by a vector 
field A, implies the invariance of its eigenvalues A. 

Indeed, let V € T P M and a G T*M be eigenvectors of f and T, respec- 
tively, 

fV = XV y fa = Aa, 

belonging to the same eigenvalue A, such that iya ^ 0. 

If T is supposed to be A-invariant, we have 

L A {fV) = (L a T) a V + f(L A V) = f(L A V) , V e T P M , (9.38) 

so that 

TV = XV => f{L A V) = L A (fV) = {L A X)V + X(L A V) , 



and 



(L A V, fa) = (TL A V t a) = (L A X)(V, a) + (XL A V, a ) . 



Then, from 

(La V, fa) = {. L a V \ X a) = (A L A V, a ) , 



we finally have 



(L A X)(V,a) =0=*L a A = 0; 

that is, we obtain the invariance of A under the flow generated by A. 
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If a tensor field T is invariant under the flow generated by a vector field A, 
the vector field A is said to be an automorphism of the tensor field T . 

Peculiarities of automorphisms of a torsionless mixed tensor field , 
The A-invariance implies Eq. (9.38), so that 

(A, - \j)L ei {A,W) = AiL*<A,^> - ^(A^} 

= Xi{L e A^ j ) - ^{LeA^) 

= + (L A 6i, Xjffi) 

= -Xi{L A eiA) + (LAe u T&) 

= -X^L^Ciy^) -f {TL A ei^d^) 

= -A i(L A eu&) + (L A feiA) 

= -Xi{L A Ci,&) 4 - Xi{L A eiA) 

= 0 . 

At this point, it is worth recalling that a dynamical vector field A is said 
to be separable , in dynamics with smaller dimensions, in an open set O C M, 
if a frame {e*} exists such that 

L e .( A,iF) ^ 0 =► i = j , 

where {#?} is the dual basis of {ei}. If 0 coincides with M, we'll say that A 
is separable. 

Since, as it has been shown, 

l a t = 0 => (A i - X^LetAA) - 0, 

the A-invariance of T implies the separability of the dynamics. 

Remark 18 This notion of separability is different from the one (see Ref 65) 
in the Hamilton- Jacobi theory , 

Equation (9.33) can also be written in the form 

XiL ei Xj = XjLeA , 

so that 

TdXj = f&LAj = Xi&Le.Xj = Aj^Le-Aj = AjdAj . (9.39) 
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Since the eigenvalues of T are doubly degenerate, the decomposition (9.37) 
can also be written in the form 

n 

T =Y1 ® & + e n+i ® & +n ) ■ 

3 = 1 

By means of Eq. (9.39), which implies the functional independence of the Aj’s, 
and, as a consequence, the linear independence of dA/s, it is now possible to 
choose the basis in such a way as T has the following expression: 

n 

T = ^2 A j(ej 0 OP -f 0 dA* 7 ) , (9.40) 

i 

that is, as if dAj = dA^ were part of such basis. 

Equation (9.40) explicitly shows the integrability of the projected 
dynamics. 

The equation x = A (a;) can be decomposed in the following decoupled 
systems: 



( = i A $3 ? 

\ ixd\ j = 0 , 



j = 1 



(9.41) 



Equation (9,40) can be rewritten in terms of the coordinates (^, A* 7 ) in the 
form 

1 x 7 



where the A’s are defined globally on Ad, while the y>*s, such that dtp = 
can be defined only locally on Ad; in this way, all fields satisfying the equation 
L&T = 0 can be expressed as follows: 

A = Ai(AV)A, 
and the systems (9.41) become 



¥ = A j (X i ,<p j ) f 

= 0 , 



j = 



(9.42) 
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It is easy to check that the separable and integrable vector field A is also 
a Hamiltonian vector field. 

In fact, given A, we can build many invariant symplectic structures u 

u = Y^fk(* k ,<P k )dip k Ad\ k , (9.43) 

k 

where fh are arbitrary functions required to ensure the invariance of the differ- 
ential 2-form (Eq. (9.43)). If we suppose that the field A has not got singular 
points, the generic symplectic structure u) will have the form 

Choosing, as a basis, the one associated to the action-angle variables ( J k , 
<p fc ), the tensor field T becomes 

and u) takes the following form; 

u) = ^ dJ h A d<p k . 

k 

What has been said in the present section can be summarized as follows. 78,80 

Theorem 32 (DMS V) Let A be a dynamical vector field on a manifold M 
which admits a diagonalizable mixed tensor field T which 

• is invariant 

L&T = 0 , 

• has a vanishing Nijenhuis torsion 

Mt — 0 , 

• has doubly degenerate eigenvalues A J with nowhere vanishing differen- 
tials 



deg X j = 2 , (dX j ) p ^ 0 , Vp e M . 

Then , the vector field A is separable , completely integrable and Hamiltonian . 
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Remark 19 The conditions L&T — 0 and Mr = 0 and the bidimension- 
ality of the eigenspaces of T was extracted from the existence of dynamics 
with infinitely many degrees of freedom , admitting a Lax representation ( see 
Part IV). The fact that nonlinear field theories , integrable with the inverse 
scattering method show an endomorphism , invariant under the dynamics , with 
vanishing Nijenhuis torsion and hidimensional invariant eigenspaces , suggested 
that the analysis of the integrability of dynamical systems could be realized , 
instead that in terms of a mixed tensor field T, rather than symplectic struc- 
ture U). 

The integrability conditions in terms of symplectic structures w strictly de- 
pend on the finite dimensionality of the space and cannot easily be extended to 
the infinite- dimensional case. On the contrary , the integrability in terms of T 
is expressed by conditions which do not depend on the finite number of degrees 
of freedom of the dynamical system A. 

Remark 20 It is worth remarking that the vector field A is not taken to be 
a priori a Hamiltonian vector field. As we shall see in Part IV, integrability 
of dissipative dynamics can be put in the same setting by assuming different 
spectral hypothesis for the tensor field T. 

9.7.1 From the Liouville integrability to invariant mixed 
tensor fields 

Let us now study the problem of constructing invariant mixed tensor fields, 
with the appropriate properties (also called a recursion operator ), for a given 
Liouville’s integrable Hamiltonian dynamics A. If H is the Hamiltonian func- 
tion and {*, •} is the Poisson bracket, we have 

A / = {#,/}■ 

Let us introduce in some neighborhood of a Liouville’s torus T n action- 
angle variables ( Ji, . . . , J n , ip 1 , . . . , (p n ). 

We have 



dJ\ A dJ2 A • • * A dJ n ^ 0 , {iif, J^} = 0 , 



or equivalently, 



dH A dJi A dJ2 A • * * A dJ n = 0 , 
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U) = dJh A dcp h , 

h 

_dH_ j9_ 

~ dJ h ' ‘ 

Let us distinguish the two following cases: 

• The Hamiltonian H is a separable one 

k 

In this case a class of recursion tensor fields can be easily defined as 

r = £w)(dA®^ + V‘® :§ ^) , 

with the A’s arbitrary functions required to have nowhere vanishing 
differentials. Indeed, the tensor field T is invariant and has vanishing 
Nijenhuis torsion and doubly degenerate eigenvalues. 

• The Hamiltonian has a nonvanishing Hessian 




In this case new coordinates 



u h {J) = 



dH 
dJ h ’ 



which satisfy the condition 

dv 1 A dv 2 A • • • A dv h ^ 0 , 



can be introduced. 

A new symplectic structure in this neighborhood can be then defined 
as 

. Q2JJ 

Ad * h =Y.d]rfT k dJkAd<p > 

h h/k 

with respect to which the Hamiltonian becomes a separable one 

1 
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The class of recursion tensor fields is then given by 

By means of this construction, it is possible to find the second symplectic 
structure for a completely integrable Hamiltonian system. 



9.8 Applications 

9.8.1 A Recursion operator for the rigid body dynamics 

An invariant mixed tensor field, with vanishing Nijenhuis tensor and dou- 
bly degenerate eigenvalues, can be easily constructed, 86 for the Lagrange- 
Poisson gyroscope dynamics, without gravity for the sake of simplicity, by 
using the constants of the motion found by Mishenko, Dikii, Manakov, and 
Ratiu, 154,84, HU®* 

The Hamiltonian function for the rigid body is locally given by 
rr 1 ( (p# cos ip + o*sin<p) 2 (p# sin <p - a cos <p) 2 p£\ 

A + B + C" ) ’ 

where and ^ are the Euler angles (of the body principal axes frame Oxyz 
with respect to a generic fixed frame 0£p<;), p# y p ^ and p^p their conjugate 
variables, and A> B and C the components of the inertial tensor with respect 
to Oxyz , and 



__ Pip - P<p sin $ 
sintf 

When A = B the Hamiltonian H reduces to 






and the rigid body is said to possess a gyroscopic structure ( Lagrange-Poisson 
gyroscope). Its complete integrability is obviously granted by the Liouville 
theorem in the open submanifold where H, p^ and p^ are independent. 
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The tensor field defined by 



T = T;±®du>, 

with u = (i?, ip, il>,Pd,P^,Py,) and the matrix T = (Tj) given by 



f = 



L 


0 


0 


0 


L +Pv> 


L + 


P#T 


pip 


0 


a 


0 


-N 


(L + Pp) sini? 


L 4- 


pw 


0 


Pip 


T 


N 


0 


(L +p^)sini? 


L + p^ 


0 


0 


0 


r 


P#T 


Pt?<7 


JU 


(L + p<fi) sin# 


(L + /ty)sint? 


0 


0 


0 


0 


2V 


0 


0 


0 


0 


0 


0 


PV 



fulfills the following properties: 

• L a T = 0 

• PLt — 0 

• deg (eigenvalues of T) — 2, 



where 



A = 



P t? 5 






ad ar 

+ 



*4sin$ v4sini?5p^ 



denotes the Hamiltonian vector field corresponding to Hs 



= ~dHs y 



by means of the canonical symplectic structure a ; c » 

The above properties can be easily verified by using the action-angle co- 
ordinates v = {ip 1 , ip 1 , <p 3 , Jj, J 2 , J 3 ) linked to w = ( 1 ?, ip, ^,Ptf,P 9 ,Pt/>) by the 
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following symplectic map: 



= arccos ■ 



77 + cos^ 1 

1 



+ arctan ( J\ 



9 / T £ ~ V 4" 1 (Z) 1 \ 

- arctan tan 

i/> = <p 3 — arctan f Ji 5 ;% — W tan - 7 - J H- arctan ( J\ 

V -J2) 2 / \ 

_ Ji sin y ? 1 
^ [£ 2 *“ (v 4- cosy) 1 ) 2 ]^ 

P<p = J 2 , 

l Pij) = J3 1 

where 



£ + ??- 
£(^ 3 + ^ 2 ) 

£ + *7- 

£(J 3 + J 2 ) 



3 la , l y )' 

3 tan y') ■ 



4 = 



77 = 



J? 



[(J 3 2 - J2)(J 2 2 - J?)]i ’ 

hh 



[(J 3 2 -J2)(J2_ J2)]! • 

In these coordinates the tensor field T has the form 






with 



T = diag (Ji, J 2 , J 3 , Ji, j J 3 ) . 

On the other hand, the complete integrability can be explained in terms of 
coadjoint orbits of Lie groups 62 so that the previous invariant tensor field 
can be useful to establish a connection with completely integrable systems on 
coadjoint orbits of a Lie group . 61,178,60 




264 



Symplectic Manifolds and Hamiltonian Systems 



9.8.2 A Recursion operator for the Kepler dynamics 

The vector field for the Kepler problem, in spherical-polar coordinates, for 
5ft 3 - {0}, is given by 



A 



iiJL + if 8 

m \ r dr r 2 dd r 2 sin 2 1 ? dip 




mb + 



(p 2 sin 2 ^ + p 2 ) 
r sin 2 $ 



d 

dp r 



p 2 cos$ d 
r 2 sin 3 dp $ 



It is globally Hamiltonian with respect to the following symplectic form: 
w = y dpi A dq t , i = (9.44) 

i 



with the Hamiltonian H given by 



H=^~ 

2m 



pI 



V 2 + Z± + - - 

rr ' ' 9 • 2 q 

l r z r 2 sir v 



+ U(r) 9 I7(r) == - 



In action-angle coordinates ( J, <p), the Kepler Hamiltonian H, the symplec- 
tic form u) and the vector field A become 

TT ft 2 *! 2 

(Jr + h + J v ) 2 ’ 

u> = d A A d<p h , 

h 

2mk 2 ( d d d \ 

{Jr + 17+ j v ) 3 + d^ + d^) ' 

Unfortunately, the Hessian of the Hamiltonian identically vanishes and we 
cannot apply the previously described methods for the construction of the re- 
cursion operator. Nevertheless, starting from the observation that the Hamil- 
tonian depends only upon the sum of action variables, it is possible to define 
a new coordinates system in which the Hamiltonian appears to be separated. 
In these new coordinates we can easily apply the previous methods and then, 
using the covariance of our formulation, construct a recursion operator in the 
original coordinates. 

The results can be summarized as follows: 150 
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The vector field A is globally Hamiltonian also with respect to the sym- 
plectic form where 



wi = £ fifed J h A d<p k , 

hk 

with the Hamiltonian Hi given by 



Hy = - 



2mk 2 



J r + J$ + J,p 



or equivalently, 



(9.45) 



A = {H u .}i, 

where 

V ’ 9 ' 1 > h \dJ h dip k d<p k dJ h )’ 

and the matrix fi is defined by 

/ Ji h h \ 

S = \ J 2 - J 3 J1 + J3 h 

\J$ — J2 J2 Jl + Jz/ 

Remark 21 The matrix S cannot be identified as a transformation Jacobian 
as it is clear from the fact that the Sd<f> h ’s are not closed 1- forms. 

In the original coordinates {p,q) f the symplectic form u>\ is simply written 
as follows: 

uj\ = A da 1 , (9.46) 

i 

where the functions Ki(p, q) and a l (p, q), defined by 

' Ki = \[J 2 + (J 2 -J*) 2 }(p,q), 

K 2 = \h{J i+J 3 }(p,g), 

K 3=\j 3 [Ji+J2}(p > q), 
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are considered as functions of p, q by means of the map J* = Ji(p, q),<p l = 

v ?i (p> q)- 

As a consequence, a mixed invariant tensor field T, defined for nondegen- 
erate u) by 

uj(TX,Y) = lj 1 (X,Y), 

can be constructed. 

The vanishing of the Nijenhuis torsion and the double degeneracy of the 
eigenvalues of T is more easily checked, however, in the angle-action coordi- 
nates, where the tensor field T is simply written as 

Moreover, we have 

fdH = k[-^y dH. 

Thus, the iterated application of T does not produce new functionally in- 
dependent constants of the motion. It has been shown that this particular 
situation prevails for periodic systems when the period P is a smooth function 
of the initial condition. 150 

It is now clear that all various alternative Hamiltonian descriptions that 
we may build, via a recursion operator T, will satisfy 

dP A (f ) k dH = 0 , 
i.e. 

dP ± 0 -4 (f ) k dH A (f ) k + r dH = 0 . 

However, in this finite dimensional setting, {Tr(T) k , Tr(T) h } = 0, and 
TVT, Tr(T) 2 , Tr(T) 3 are functionally independent. On the other hand, in the 
infinite dimensional case, it is not easy to give a meaning to the trace of an 
endomorphism. 



The T scheme 

Let us observe that the symplectic form oq, given by Eq. (9.46), can be 
considered 181 as the Lie derivative of the symplectic form a;, given by Eq. (9.44) , 
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with respect to the vector field 



r = K h 



d 

dJ h ' 



so that 



o>i = Lpu; . 

The vector field T generates a sequence of finitely many (Abelian) symme- 
tries according to the following scheme: 

Ak+i = [Ah,r] , 

where Ao = A and where the bracket [•, •] denotes the usual commutator 
between differential operators. Such vector fields turn out to be Hamiltonian 
with respect to both the symplectic structures, so that 

a fc = {/?*,•} = {*+1, -h. 

and commute between them 



[Am A*] — 0. 



9.9 Poisson-Nijenhuis Structures 

We may also mention a somewhat different approach to the same problem 
when the manifold M is supposed, from the very beginning, to be equipped 
with a Poisson structure A, so that ( M , A) is a Poisson manifold. 

9.9.1 Compatible Poisson pairs 

Following Ref. 139, we shall say that a Poisson-Nijenhuis structure is defined 
on the manifold M\ if on M are defined, simultaneously a Poisson tensor field 
A and a Nijenhuis torsionless tensor field T that satisfy the following coupling 
conditions: 

(a) Tk = A f 

(b) KL fx a - kL x {fa) + (J L Aa T) v (X ) = 0 , 
for arbitrary choices of the vector field X and the differential 1-form a. 



(9.47) 
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As a matter of fact, we shall see that, on the same manifold, there are 
infinitely Poisson-Nijenhuis structures, because it turns out that all the ten- 
sors T k A, for k = 1,2,..., are Poisson tensors too and satisfy the coupling 
condition. 

The structure we have introduced seems very specific, but it is interesting 
to note that it is very natural for soliton dynamics. In fact, almost in every 
approach to the theory of completely integrable systems, one can notice that a 
crucial role is played by the so-called compatible Poisson tensors, 88,22,139 ’ 140,121 
or as they are also called, Hamiltonian pairs. 103 

Two Poisson tensors P and Q are said to be compatible , if the tensor P -f- Q 
is a Poisson tensor too. 

We shall quote now the following theorem 139 : 

Theorem 33 (Magri I) Let P and Q be Poisson tensors on M. Assume 
that Q' -1 exists and is a smooth field of continuous linear mappings p € M -* 
Qp l . Then , the tensor fields T = P o Q“ L and Q endow the manifold with 
Poisson-Nijenhuis structure . Conversely , if T is Nijenhuis torsionless tensor 
field , satisfying the coupling conditions with the Poisson tensor Q, then Q and 
ToQ = TQ are compatible Poisson tensors on Ah 

A construction, similar to the one used in the above theorem, can be also 
applied in the following situation. Suppose we have, on the manifold At, si- 
multaneously a Poisson tensor A and a closed 2-form u) (not necessarily nonde- 
generate), or as it is often referred, a presymplectic form. Then, the following 
theorem 139 holds: 

Theorem 34 (Magri II) If the form uoAou is closed, then the tensor fields 
A and T = A o u) define a Poisson-Nijenhuis structure on the manifold At. 

It is worth noting that here we consider the 2- form wasa field of mappings 
p e At -4 u p : T P M -4 T* M . (9.48) 

An interesting situation arises on a symplectic manifold (M,cj), if in ad- 
dition, there is a nondegenerate Nijenhuis tensor T for which the following 
condition is satisfied: 



ljoT = Tow. (9.49) 

This condition is obviously an analogous of the coupling condition (a) for the 
Poisson-Nijenhuis structure. In this case, it can be shown that, if the eigen- 
values of T are smooth functions on M, they generate a system of integrable 
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vector fields, without the additional requirements which are usually imposed 
on U and T (see for example Ref. 139). More precisely, we have the following 
(see Refs. 100 and 139): 

Theorem 35 (Florko-Magri-Yanovski) Let (M,u) be a 2n- dimensional 
symplectic manifold on which there exists a Nijenhuis torsionless tensor field 
T, such that row = uioT, Let , for every point p € M, T v be a semisimple 
operator and the dimension of its eigenspaces be a constant on M. Then 

• The eigenspaces S* , corresponding to the eigenvalues A*, are orthogonal 
with respect to w and have even dimension. 

• If none of the functions A i is nowhere constant that is , there is no 
open subset V C M such that A i\v = constant f then the forms dXi 
are independent and are in involution . The corresponding vector fields , 
i x .v = — d\j , belong to subspaces Sj, pointwise. 

• If, for every p e M, dim5 p = 2; that is, if every eigenvalue is doubly 
degenerate , and if these eigenvalues are nowhere constants , then 

(a) The set {A*, i = 1, 2, . . . , n} is a complete set of functions in invo- 
lution and each vector field Xj is a completely integrable Hamil- 
tonian system. 

(b) The differential 2-form u can be expressed in the following way: 

uj = Si>Wi = dXiAyi, where 7 * are some differen- 

tial 1-forms onM . If we denote by Y{ the vector fields correspond- 
ing to 7z(— = iy,u;), then Xi>Yi span the subspaces S{. If Xi,Yi 
are chosen in such a way that [Xi, Yi] L = 0, then Lx { T = 0. 

(c) If the eigenvalues A* have no zeroes on M, then the differential 
2- forms u n = u> oT n , for n = 0, 1, 2, ... , are again symplectic 
structures on M. 




Chapter 10 

The Orbits Method 



10.1 Reduced Phase Space 

An action of a Lie group G on a sympleetic manifold {M,u)) is a differentiable 
map 

3> : (<7,P) € G x M -> e -M , (10.1) 

satisfying the following requirements: 

$(e,p)=p, ${f,$(g,p)) Vf,geG,VpeM. 

The action (10.1) is said to be sympleetic if the diffeomorphisms 

$ g : p € M -> $ ff (p) = $(0>P) € .A4 

are sympleetic; i.e. 

V 

For every £ E the map 

: (i t,p ) eSftxM-> &(t,p) = $(e*,p) G M (10.2) 
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is an action of the additive group (5ft, -f ) on the manifold M. Thus, with every 
element £ in Q we can associate a vector field on M defined by 



Mp) = 



( 10 . 3 ) 



Then, every one parameter subgroup of the group G operates as a locally 
Hamiltonian flow on M. In fact, since the action (10.1) is symplectic* 



£{m u, = 0 



and 



= dit M u> 4 - = di£ M uj , 



we have 



dh M v = 0, 

that is, the differential 1-form i^ M u is closed. 

Therefore, for every £ <E <?, a function can be locally found on M such 
that 



Hm w ~~ dJ$ • 



( 10 . 4 ) 



Furthermore, since 






we have 



dJ^+rf — dJ^ dJ-q , 



or 



Jt+v — + J v - 1 - Q , 

where Q is a constant. It is possible to choose this constant to be zero, so that 

^£+1) ~ + Jq • ( 10 . 5 ) 



*In this chapter the Lie derivative, with respect to a vector field X , has been denoted 
with the symbol Cx % instead of Lx, to avoid confusion with the left translation L g . 
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If, for every £ € Q, is a globally Hamiltonian vector field, then the s 
are globally defined on M and Eq. (10.5) allows us to define a map 

J : p € M. — > J(p) £ G* ? ( 10 . 6 ) 

where J(p) is the element of G* such that 

(S,J(p)) = Jdp), v ^6 5 . 

Following Souriau, 52 the map (10.6) is called a momentum map. 

For every £ 6 G and p £ M ) let 7 ^ p be the map 

7(,p ' 9 € G 7 t, P (g) = Jt($g(P)) - J Ad g .^{p ) , 

whose derivative at the identity (7 £ lP )* e , once evaluated on a vector 77 e G, 
gives 

(7«,p). e (»?) = i'H, P (e tv ) 

az t=0 

= P($( e t«,p)) - p Ade _ ltli (p) 

ai t~o ac t=0 

t=o 

If 7^ jP is constant on G, then (7e,p)*e( 7 7) = °> so that 

({J<,J n }- J Kif)] )(p)=0, 

Moreover, since 7^ lP (e) = 0, we have 

J^ g (p)) = J Adg __ H (p), VgeG, 

or equivalently, 

& j($ g (p))) = (£, ( j(p))> , V g e G . 

We can summarize by saying that, if 7^ p is constant on G for every £ € C7 
and for every p € Ad; that is, if 

J {$s(p)) = Ad* g - 1 J(p), VpeM, VgeG, 



(10.7) 
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or equivalently, if the diagram 



M 


$9 

-4 M 


Ji 


IJ 


Q* 


— ► a* 




Ad *g~' 



is commutative, then 

- %,^])(p) = °1 € g, \/p € M . 

Therefore, the condition (10.7) assures that the linear map 

£ I — * 

is a homomorphism of the Lie algebra of G in the Lie algebra of the Hamilton 
functions on M . In this case, the action (10.1) is called a Poissonian action . 
Of course, not ail the symplectic actions $ on symplectic manifolds M are 
Poissonian. 

If the symplectic form to defined on the manifold is also exact; i.e. 

u/ = -£», (10.8) 

and the action leaves 0 invariant, as to say 

= (io.9) 

then the map J : M — » Q* f defined as below 

(e,J(p)) = (t^d)(p) } VpeM, V* € 0, (10.10) 

is a momentum map and $ is a Poissonian action. 

Indeed, since leaves 6 invariant, then 

he. 



^ 2 Cai d& ~~ 0 . 

In addition, from Eq. (10.8), we have 
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as to say 

dJ$ = j 

that is, J is a momentum map. Now, because (see Appendix D) 

(Ad g -i£) M {p) = > 

we also have 

(i(Ad g -i£)M&)(p) = &p((Ad g -i£)M) 

= »* f( p)(eM(#.(p))), (lo-n) 

since $ leaves 0 invariant. Finally, the above equation is equivalent to the 
condition 

^(*p(p)) = ^i«(p). Vp€M V 5 €G, 

i.e. 

^(*»(p)) = A?-i(^(p))» VpeM, V 5 gG. 

If /i is an element of (J* , the set 

- {^ G G : Ad*-i /i = /i} 

is a subgroup of (?, acting on M. 

The group G usually permutes the sets of the type 

= {p€Mi j(p) = fi} . 

In fact, if p € then J(p) = p but $ s (p), with g € G, may not belong 

to 

Let p £ J _1 (/i) and <7 be an element of G M , then 
Adg-i(J(p)) = Ad*-iii = p, 
which, by using Eq. (10.7), can be written as 

^. l (J(p)) = J($ ff (p)), 
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so that 

j(<Mp)) = m, v ff GG„ Vper», 

that is, leaves J~ 1 (p) fixed. 

Then, by Eq. (10.1), we can define an action <& of G ^ on 

$ : (g,p) 6 G M x -> $($,p) G J-H/x) • (10.12) 

The orbit of the point p E J _l (/i) under the action of the group G M is given 
by 

G^ P ={$ 9 (p):geG> l }. (10.13) 

We can introduce an equivalence relation on J~ l (p) by defining two points 
of J~ l (p) to be equivalent if they belong to the same orbit (Eq. (10.13)). 

The set of equivalence classes, denoted as usual by J~ l (p)/Gp, is the set 
of the orbits of the points of J~ 1 (p) under the action of G 

The point p e G* is said to be a regular value of J if, for every p € J~ l (p), 
the derivative 



J*p ’ 7p*M TpQ* 

is a surjective map; in such case it can be proven 1 that the set J _1 (/z) is a 
differential manifold. 

The action (Eq. (10.12)), 

$ : ( g,p ) G x J~\p) -> $(g,p) G J _1 (p) , 

is called a proper action if it satisfies the following condition: 

If(p n )neK an d ($0n(Pn))n€N are sequences of points of J~ l (p), which con- 
verge in J~ 1 (/i), then (g n )nex admits a subsequence which converges in G^. 

The hypotheses that p e G* is a regular value of J and that the action 
(10.12) is a proper action are sufficient conditions to assure that J^ x {p)/G iX 
is a differential manifold and that the map 

7T m : -4 , 

which associates with every point of J~ l (p), the orbit to which it belongs, and 
its derivative 

(*>). P : T p J~ l (n) -> T G)i .p(J~ 1 {p)/G n ) , 

are surjective maps. 1 



(10.14) 
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The manifold J mml (fjt)/G li is called the reduced phase space and can be 
endowed with a natural symplectic structure. 

Indeed, let us consider two vectors V and W tangent to J“ 1 (/i)/G M at the 
point y , which is the orbit of a point under the action of Let us 

choose a point p in this orbit; the vectors V and W tangent to the orbit at y 
can be obtained from some vectors V and W , tangent to at the point 

p, by using the map (10,14). 

We can thus define on J~ l (ji)fGp a bilinear form expressible in terms 
of the symplectic form u> on M 



that is, 



~~ ^ > 



V'WeTpJ-'fr), 

M* P (W)) = u> p (v, w ) , 

a ti (v,w) = oj p (v,w). (io.i5) 



<0> The bilinear form does not depend by the choice of the point p in 
the orbit and of the vectors V and W of T p J~ 1 (n). 

Indeed, let 

<?.p={#( 5 ,p): 3 € G} 

be the orbit of p under the action of G. The tangent spaces T P {G • p) and 
T~p (G p • p) are 

T P (G-p) = {t M (p):t;€g} 

and 

where £m{p) is defined in Eq. (10.3) and Q p is the Lie algebra of G p . 

We can now prove that 

7p(G> ■ p) = T p (G ■ p) n T p J~ l {p) . 



(10.16) 
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As a matter of fact if £m(p) belongs to T P (G * p), then Eq. (10.16) can be 
seen to be equivalent to saying that £m(p) € 7^J _1 (/i) if and only if £ G 
Therefore, we may write 

^>(6*(P))= ^J(S(e* p))| = |j(*..«(p)) 

= jAdl^{J(p)) = . 

ai t=Q aZ t— 0 

since J satisfies Eq. (10.7), Because J(p) = p for every p € J ~ 1 (p), 

T P J ~ 1 {p) = ker J» p . 

Then, £m(p) 6 T p J~ l (p) = ker J rp if and only if 

£Adl- lt p = 0 , 

ai i=0 

that is, if £ € Gp. 

Let V be a vector in T P M\ for every £ € G, from Eq. (10.4), we have 
*>p(tM(p), V) = (k M u) P (V) = dk\ p {V) . 

If <j{t) is the integral curve of V, then 

»p((m<p),v) = pM*)) | = n*m 

so that, V G T p J~ 1 (p) = ker J» p if and only if 

£«,J(ff(t))> =o, V£ e g, 

or equivalently, if and only if 

MSm(j>),v) = o, v* € g. (io.i7) 

Therefore, the two tangent spaces 7^(J _l (p)) and T P {G « p) are one the 
orthogonal complement (with respect to u>) of the other. 

Now, because 

M*«(p)) = "/*(p)» VgeGp, 
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we have 



7^($(e* C ,p)) = (p)) = *n(p ) . V £ 6 Qy. 

and 



(%MOt(p))=0, V^€^. (10.18) 

In this way the vectors V and W ) which correspond to the vectors V and 
W in Eq. (10.15), are defined up to a vector of T P (G p * p); but the addition 
of a vector of this space to V and W does not modify the right-hand side of 
Eq. (10,15), because the spaces T p J~* l (fi) and T P G • p are “orthogonal”. 

Concerning the independence of Eq. (10.15) from the choice of the point p 
on the orbit, this depends on the fact that the action $ is symplectic and on 
the invariance of J -1 (/x). In fact, 

w') = v* a(p) (V, W ) , v\ W e n giP) j-Hp) , 

so that, by using the relations 

V'*(#,WV) ) w' = ($g)*p(W ) , V,W € T p J~ l (n) , 

we finally obtain 

W(^. W 7 ') = «*,(p)((*.Mn (**)n.(W9) 

= u p (v i w) = (ir;n fi ) p (v,w). 



0 27ie bilinear form is not degenerate. 

Indeed, if 

fi M (f , W) = Q 

for every W, the representative vector V should be orthogonal to all the vectors 
of T p J~ l (n), so that it should belong to T P (G ■ p ) and, by Eq. (10.16), to 
T P (G P • p). Therefore, by Eq. (10.18), we have 

v = (^U(V) = 0 . 



0 The differential 2 -form is closed . 
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In fact, because dw — 0, we have 

dir'% = 0 . 



Thus, from 






we also have 



= 0 , 

since (7r M )* is a surjective application. 

For more details on reduction processes, see Refs. 106, 41, 153, 128 and 
107; last reference also containing an example of noncommutative reduction in 
the context of noncommutive geometry. 12,33 



10.2 Orbits of a Lie Group in the Coadjoint Representation 

In the previous section we have seen how, given a symplectic manifold and a 
symplectic action of a Lie group on this manifold, which admits a momentum 
map, under appropriate conditions, we can define a symplectic structure on 
the reduced phase space. In this section we are going to see how, for the 
cotangent bundle T*G of a Lie group G, we can define a symplectic action and 
a momentum map, such that the reduced phase space coincides with the orbit 
of the group in the coadjoint representation. 27 

Let G be a Lie group and consider the action of G on itself given by the 
left translations L g 



$ • (ps h) € G x G — ^ h>) — gh E G , (10.19) 



that is, by setting 



= L g , V g € G . 

By using Eq. (10.19), we can introduce an action 0, of G on T*G 

: (, 9 , *h)eGx T*G a h ) = L^(a h ) € T*G , (10.20) 
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where an is an arbitrary point of T*G , that is a differential 1-form on the 
tangent space to G at the point h, and 

(L g -i)* gh :TZG->T g ' h G ( 10 . 21 ) 

is the transposed operator of the derivative of L g ~ 1 at the point gh, 

{Lg-x )» g h : TghG -¥ %G . 

Therefore, Eq. (10.20) gives 

ah) — T e (o;/t) — ah , 

i>(f,4>(g,ot h )) = ip(f, L* g -x(a h )) = (I/-i oL* g -x)(a h ) 

- = L (fg)-'<*h = VK/ffi a h) • 

By Eq. (10.21), we can see that ip maps the differential 1-form ah on %G 
to a differential 1-form on T g hG. The diffeomorphisms (10.21) preserve the 
canonical differential 1-form 9 on the cotangent bundle. 

Moreover, because 

L* g -xu> = -L*-id0 = -dL*-x9 = -d0 = u>, VgeG, 

where w is the canonical symplectic form, the action (10.20) on the cotangent 
bundle is a symplectic action. This allows us to define a map J for xp as in 
Eq. (10.10). 

Let £ be an element of Q and consider the action (10.19) of G into itself. 

The map 

* € : (t,g) e»xG-» &(t,g) = *(e* *) € G 

defines an action of 5ft on G. 

The vector field 

&(ff)-4*(e*.0) VjeG 

ai t = 0 

is a right invariant vector field, because 

$(e t t,g) = e«g = R g (e«), 
and 



ia{g) = (R g )*e{0- 
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Prom Eq. (10.10), we deduce that the momentum J is the map 

J:a g G T*G -v J(a g ) G G* , (10.22) 

defined by (Appendix E) 

«, J(«,)> = O, (Co(ff)) - <*,((*,)..(*)) = , V£ € <7 , 

that is 

J(a g ) = R m g a g . (10.23) 

Every point /i in Q* is a regular value for the momentum (10.23); that is, 
for every a g € the map 

J* ag ■ T ag {T*G) -» TpQ* 

is surjective. Indeed if Y € T fI Q r and is the integral curve of Y with 

MO) = m , 

by applying to fj,(t) the operator R*-i, we obtain a curve in T*G through a g 
at t — 0. This is so because 

j R*a g =n, V a fl € J _1 (/r) 

and 

p(R* g ^m = ±R;R;. lf ,(t) =±u(t) = Y, 

ai t=o ai t=o ai «=o 

which says that, for every Y e there exists a vector X € T ag (T*G) such 

that 

J* ag (X) = Y. 

If for every g e G, to the element // in £?* we apply the right translation 
/?’_!, we obtain a right invariant differential 1-form on G, 

a ll (g) = R* g - l (x. (10.24) 

By letting g vary in G, Eq. (10.24) defines all and only the points of J _1 (/x), 
because of Eq. (10.23). From Eq. (10.24), it is evident that the action of L* 
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on the cotangent bundle maps points of to points of for all g 

belonging to the subgroup G M defined by 



G M = {g € G : = fi} , (10,25) 

Prom the relation 

(flfc, M<^)) ^ (*« W). V <? € G p , (10,26) 

it follows that G M can be also expressed in the form 

G^ = {geG: V g ^ = a^} . (10.27) 

Prom Eq, (10.26), we can define an action of G ^ on J*“ 1 (/i) > which coincides 
with the action (10.20), when it is restricted to G M x This action is a 

proper action: in fact, if a^(/i n ) is a sequence of points in converging 

to a point of J~ l (n ), we have 

hm ^^(hft) * Ojx(h) . 

n— >-foo 

By the continuity of the map (10.24), we have 

lim aJh n ) = a„ ( lim h n ) , 

n—>+oo oo J 

so that 

lim h n = h 

n— >-foo 

with h € G M , since G M is closed. 

Let us suppose that the sequence a M (h n ) converges to a point of (/u) 
for n -4- -foo. We can thus write 

lim L*-ia^(h n ) = lim ot^{g n h n ) = a M ( lim ) , 

n~>+oo ^ n-*+oo ^ ^ yn~>+oo J 

where obviously, g n € G M , Vn S H. So the sequence (<?„h n ) n€ N converges to a 
point / of G^, because is closed. 

Therefore, 



lim h n = h, lim g n h n = / , 

n— v-f oo n — y-j-oo 
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and the sequence {g n )nm converges to a point of G ^ The orbit of the point 
a M (ft) of under the action of the group G M is the set 

G M * a M (h) = {L^a^h) :geG^} t ( 10 . 28 ) 

Thus, we have shown that 

(a) fi is a regular value of J; 

(b) G M acts properly on 

Prom what has been said in the previous section, conditions (a) and (b) 
are sufficient to affirm that the set J r “ 1 (M)/G>, that is the set of the orbits of 
the points of under the action of G M , is a symplectic manifold. This 

manifold is the reduced phase space and, of course, can be identified with the 
orbit of /x under the coadjoint action of the group G, that is 



G = {Ad* g ~ i/x : g € G} . 

Indeed, from Eq, ( 10 . 26 ), the action of G^ on the points of J~ l (/i) reduces 
to the left translation of the points on the base. Therefore, with every orbit 
G m • a^{h) of a point in J” l (/i) under the action of the group G M , we can 
associate the orbit G M * h of the point h in G under the action of G M , 



G m « — > G m ■ h . 



In this way the reduced phase space is diffeomorphic to G/G^, so that 



~ <V 



( 10 . 29 ) 



To every orbit G^-h of G/G ^ we can associate a point of the orbit of /i in 
Q* under the coadjoint representation 



Gfi • h — > Adfr-i /r , 



so that 




( 10 . 30 ) 






mG • fi. 



and then 
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Thus, by Eqs. (10.29) and (10.30), the reduced phases space J~ l (f*)/Gp 
can be identified with the orbit G * p under the coadjoint action. Hence, the 
orbit of p under the coadjoint representation is a symplectic manifold. 

Now let us find the expression of the symplectic form on the orbit G ■ /i; 
for this purpose let us introduce the map 

(*%= w. (10.31) 

Since 



otp : 9 € G a^g) = £ J l (fi ) , 

the tangent space to at the point a^(g) is 

= {K). 9 ((/i 9 ).e(0) -UG}- 

Indeed, 

( a n)*g((Rg)*e(£)) ~ ~j i 
al t = 0 

where a^e^g) is a curve in through a M (g), so that 

K). 9 ((n 9 ).e(0) e r a „ (9 ) j- V) , ve € e . 

Vice versa, if V € T a ^( g )J~ l {n), its integral curve is 

with <t(0) = g. 

Furthermore, 

cr(t) = <r(t)g~ l g = r(t)g = i? 9 r(t) , 





286 



The Orbits Method 



Let us evaluate cj and (*0^ on a couple of vectors tangent to J l {fj) 

{ a n)+g ((^)*c(0)» ( a ^)*g{( R g)^{^)) “ i R g)*e(w)) 

= K^)p((^)-(0,(^)-(r?)) 

= —dOLix((Rg)*e (£) J C^flf)*e( , 7)) • 

The last step is explicitly performed in the Appendix E. 

On the other hand, by Eq. (8.11), we have 

-da^{R 9 )* e (Q,{R 9 )+e(v)) = -£(R g )M0M( R s)*^))) 

+ ^(i? 9 )«(r;)( a M((^fl)*e(0)) 

— a^((i?p)* e (0> i R g)*e(v)) • 

Now, since 

C (R g )M0( a M R 9)*e(v))) = = °> 

we have 

U Ot ^(g)((oip)+g(( R g) + e(0)l( a V')*g(( R g)* e ( r l))} ” ([^l 7 ?]^) • 

For what concerns £*£1^ we have 

(fir) ((^A 4 ) ( C^<7) j *‘e (^)) > ( a ^)*g{{Rg)*e( r ]))) 

= Qp((Ad*_i fj>) +g((Rg)+e {€))•> (Ad g -i fl')*g((Rg)*e{v))) • 

Let us now evaluate (Ad* )*«?(£)): 

= ^Ad* e - l( Ad;- lf i = ^Ud*(e* Ad* (»,/*)) , 

dt t= =o ™ t=o 

where Ad* is the coadjoint action; i.e. Ad*(g,/z) = Ad*_i/x. 
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Thus, 

(Ad;^n). g ((R g ). e ( 0) = (e* (s, M )) 

az t=0 

= ^AcTie'tg^) = ^Adr g . x Ad* g Ad*{e^g^) 
ai t=o t=o 

= jAd'^Ad'^e^g^) 

ai t= 0 

= Ad^Ad^i)^)) 

^Ad^Ad^g.in)) =&.(»), 

where 

&*( m ) = ^-Ad*{e^,n) 

t = 0 

Finally, we can write 

(C ^)a M (s f )(( Q! M)*ff (t^)*e(f))> ( a A i ) % ff(( J ^fl r )*e( 7 /))) = (&)y V9* (aO) • 

In this way, we have obtained the formula which defines the symplectic 
form on the orbit 

(/*)» VQ* M) - (/*, ff, *?]> * (10.32) 

The above relation, of course, also holds for any other point F =• Ad^ l fi 
of the orbit. 

Now, since 

—Ad*. t( (/j,) — —adflfi) , 

ai t= o 

Eq. (10.32) can be written in the following definitive form: 



n M (od|(/i),od;(jLt)) = (m, [&»?]) • 



(10.33) 
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10.3 The Rigid Body 

In this section, we analyze the rigid body motion about a fixed point, in the ab- 
sence of external forces. The rigid body represents a simple example of Hamil- 
tonian system, whose configurations space is a Lie group. We shall see how, on 
every orbit of the coadjoint representation, the Euler equation is Hamiltonian, 
the Hamilton function being given by the kinetic energy. 

A rigid body is a system of particles subject to the holonomic constraint 
defined by the condition that the distance between any two points of the system 
is constant. The configuration space of a rigid body is the six-dimensional 
manifold !R 3 x £0( 3), where £0(3) is the group of the orthogonal matrixes 
3 x 3, if in the considered rigid body there are at least three not-aligned points. 
Let us consider the problem of determining the motion of a free rigid body. 
This system is invariant under translations and thus there exist three first 
integrals which are the three components of the total momentum. Therefore 
the motion of the centre of mass is a free motion and we can thus choose an 
inertial system in which the centre of mass is at rest. In this frame a free rigid 
body rotates about its inertial centre as if it were bound to a fixed point. Thus 
the problem of the free motion of a rigid body is equivalent to the problem 
of the rigid body motion about a fixed point with three degrees of freedom. 
The configurations space is simply SO(3) and the position and the velocity of 
the body are defined by a point of the tangent bundle T£0(3). The system 
is invariant under rotations about the fixed point and, by Noether's theorem, 
there exist three corresponding first integrals which are the three components 
J X} J y and J z of the angular momentum. Besides these three integrals there 
is the total energy of the system, £, which has only the kinetic part. The four 
first integrals, J X) J y , J z and E } are functions defined on the tangent bundle 
TSO( 3). 

We can define an action of £0(3) on itself with the left translations 
L g : he £0(3) -> L g {h) - gh e £0(3) , 

where gh denotes the matrix product. 

The tangent bundle T£0(3) is isomorphic to £0(3) x 7^£0(3), T e SO(3) 
denoting the tangent space to £0(3) at the identity e; i.e, the space of 3 x 3 
antisymmetric matrices. 
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There are two isomorphisms of TSO( 3) in 50(3) x T e SO(3): the first is 
defined by the derivative of L g - x as follows: 

A : g € TSO( 3) -4 A (g) = ( g , (L g ~i)* g g) € 50(3) x T e 50(3) , (10.34) 

where g is a tangent vector to the group at the point g\ the second, by the 
derivative of R g -i, the right translation: 

p : 9 £ TSO( 3) -4 p(g) = (<?, (R g -t). g g) e 50(3) x T e 50(3) . (10.35) 



The tangent space T e SO(3), on its turn, is isomorphic to the Euclidean 
space SR 3 , the isomorphism being given by 



1 : 



0 

—a 

\-b 



a b\ 

0 c € T e 50( 3) -4 (-c, b, -a) € SR 3 . 
-c 0/ 



The inner product 



(10.36) 



[,]:(*,»?)€ T e 50(3) x T e 50(3) -+ fc, >,] = - uf € T e 50(3) 

provides the space T e SO(3 ) of a Lie algebra structure; if the internal product 
in SR 3 is chosen to be the usual vector product, the map (10.36) is a homomor- 
phism of Lie algebras. 



10.3.1 The space and the body angular velocities 

The velocity of the rigid body g is a tangent vector to the group at the point 
g: then the vector 



=5 (1 0 ir 2 O p) (g) , (10.37) 

where 7r 2 : 50(3) x 7^50(3) -» 7^50(3) is the projection map, is the angular 
velocity with respect to the space , while the vector 

a; c = (I o 7T2 o A )(g) (10.38) 

is the angular velocity with respect to the body. 

In fact, the element g in 50(3) represents a position of the rigid body 
obtained by applying the motion g ; that is, the left translation L g , to an 
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arbitrarily chosen initial state (e.g., the unit of the group). The angular velocity 
vector, to Si of the rigid body with respect to a fixed system, is given by 

= 1(f)) , 7] G T e SO{$) 

and, for every t G SR, e nt is a rotation with angular velocity u 3 , Since, under 
an infinitesimal rotation e t?T (r < 1), 

= {Rg)*e{v) » (10.39) 

r=G 

we have 






T) = (Rg-l)*g(g) , 

from which Eq, (10.37) follows. To the motion e nT g in the fixed frame it corre- 
sponds the infinitesimal rotation e^ T in the body frame obtained by applying 
L g - 1 to e^g, 

e* T =g~ 1 e' T g. (10.40) 



Of course, 'I{C) = w c is the angular velocity with respect to the body. 
Therefore, we can write 

ge iT - e^g . 



Prom Eq. (10.39), we have 






T~0 



= Tr ge 






!r=0 



so that 



{I J g)*e{£) ) 



£ ~ ) + sG?) 

from which Eq. (10.38) follows. 

Equation (10.36) allows us to simplify the notation, since we can use, in- 
stead of the expressions (10.37) and (10.38) for uj c and w Si the simplified ones 

Wc = (VO**ffG0 (10.41) 

and 



— {Rg~ l )*g9 ^ Q ■ 



(10.42) 




Rigid Body Equations 



291 



10.3.2 The space and the body angular momenta 

The Lie algebra Q = %SO( 3) of the group 50(3) is the three-dimensional 
space of the angular velocities of all possible rotations and the Lie bracket of 
such algebra is given by the usual vector product. 

If the tangent bundle TS0(3) is the space of the rigid body velocities, 
the cotangent bundle T*SO(3) is the space of the angular momenta J. If the 
vector J lies in the cotangent space to the group at the point g , in analogy with 
Eqs. (10.41) and (10.42), it can be transported to the cotangent space G* to the 
group at the identity, either with left translations or with right translations. 
Thus, we obtain two vectors 



Jc = L;j € G* (10.43) 

and 

J 8 = R*J € G * . (10.44) 

The vector J c is the angular momentum with respect to the body and J s 
is the angular momentum with respect to the space. 

Actually, the algebras Q and Q* can be identified, since it can be easily 
proven that 

m-Hv) = -±Tr(to), (10.45) 

where £ and r\ are elements of Q, the dot ■ denotes the Euclidean scalar prod- 
uct and Tr the trace operator. The above equation defines an isomorphism 
between the spaces Q and Q*. We can thus consider the angular velocity and 
angular momenta vectors as lying in the same space. However, in what follows 
we shall not make this identification, and we will continue to consider the an- 
gular velocity vectors as belonging to Q and the momenta vectors as belonging 
to g\ 



10.4 Rigid Body Equations 



As we saw in the previous section, the total angular momentum J s of the rigid 
body is a constant of the motion, so that 




(10.46) 
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In Sec. 8.2.4, we introduced, for every £ € Q, the linear operator ad| whose 
action on an element a in Q* is defined as follows: 

(ad|a)(7?) = (ad^a, rj) = (a, ad^rj) = (a, [£, rj]} (10.47) 

for every rj g Q. The above equation can be written in the form 

<]£,<*[,*?) = {«>&*?])> Va€0*, 

where the bracket ]• , •( is defined by 

]£,<*[ =ad|a. (10.48) 

Once Q is identified with Q*, the bracket ]• , <[ reduces, up a sign, to the Lie 
bracket of the algebra Q. 

If g(t) is a curve in 50(3), the relation a(t) = Ad *, t ^ ,a defines, for every 
a € Q*, a curve in Q*. The following relation 

j t a{t) = -](L 9(t )-i)» 9 ( t )5, <*(*)[ (10.49) 

is proven in Appendix F. 

From Eqs. (10.43) and (10.44), we have 

J c (t) = Ad g ^J s (t ) , (10.50) 

so that, by means of Eq. (10.41), Eq. (10.49) gives 

~ = ]oj c ,J c \. (10.51) 

Equation (10.51) is called the Euler equation . An important consequence 

of Eq, (10.50) is that the flow defined by the Euler equation maps points of 
a given orbit of the coadjoint representation to points belonging to the same 
orbit. It follows that the orbits of the coadjoint representation in the dual 
space of the algebra are invariant manifolds for the flow defined by the Euler 
Eq, (10.51). 

It is well-known that the vectors u) c and J c are related by the following 
equation: 



J c — ) 



where 
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is the inertial operator. Since 3 is linear and symmetric operator, we can 
define a Riemannian metrics on SO(3). Indeed, by setting 

(£,*?) = (*?>$£} . Vf,77€£, 

we define, on every tangent space T g S0(3), the metric tensor 
(X,Y) g = (X,%Y), X,Y € T g SO(3) , 

where 

% = L*-i$SLg-t , , V<? € 50(3) , 

which defines a metric tensor field on 50(3). 

The kinetic energy T is 

T ~ 2 (9>9)g — = 2 ((Lg)»eVc, < Sg(Lg)*eU c ) 

= 2 ((Lg-i)*g{Lg)*e ii} c,Q{I'g-l) n ,g(Lg) me U) c ) = — (u> c , QiO c ) . 

Since u c = S -1 J c , the kinetic energy can be expressed as a function of the 
angular momentum 

T = i<u> c , 3w c ) = \{*c,Uc) = l^- 1 Jc, Jc) ■ (10.52) 

Thus, the kinetic energy can be considered to be a function defined on the 
dual space Q* of the algebra, 

Every tangent vector to the orbit V at the point J can be written as follows: 



K,J(. 



with £ € Q. On the other hand, since 



dT ~Uci 

the right hand side of the Euler equation can be written in the form 

]dT,J[, 

where the differential 1-form dT, being the exterior derivative of a function 
defined on Q* , belongs to the dual space of Q* , that is Q. 
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The symplectic structure on V is given by Eq. (10.33). In terms of the 
bracket ]■ , ♦[ here introduced, it can be written as 

^(adl{J),ad* dT {J)) = <MT], J) = <]€, J[,dT) = dff(od|(J)), 

where H denotes the restriction of T to an orbit of the coadjoint representation. 
From the above equation, it follows 

which says that the Euler equation is a Hamiltonian equation, H being the 
Hamilton function. 




Chapter 11 

Classical Electrodynamics 



Particles and fields are the fundamental concepts of classical physics. Particles 
are identified as point particles and fields are tensor- valued functions on space- 
time. Given sources and initial conditions, fields are ruled by the Maxwell* 
equations. 

11.1 Maxwell’s Equations 

The phenomenological equations of the electrodynamics are given by the 
following Maxwell equations: 



I § • nda = 0 
JdU 



n r 

C dt J s 

I 5- 



B * nda 



-L 



I D * nda = Q 
JdU 

i ±[B-M' + i S[. 

cat J s c J s 



magnetic poles do not exist 
Faraday* s law 



Gauss * law 




H ■ dl 



Ampere* s law , 
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where 

• c is the light velocity in vacuum, 

• S is a regular surface in 5R 3 , which may change in time, with a given 
orientation defining the exterior normal n, 

• dS is the boundary of S with the orientation induced by the one of S, 

• U is a regular submanifold (a volume) of SR 3 with a given orientation 
and dU is the boundary (a surface) of U with the orientation induced 
by the one of U . 

E and B are the electric vector field and the magnetic induction vector 
field that can also be defined by the Lorentz force F, which acts on a particle 
with electric charge e and velocity v: 

v A B 

Maxwell’s equations represent the synthesis of discoveries by Faraday, 
Gauss and Ampere.* 

* Michael Faraday was born at Newington, United Kingdom in 1791. In 1813 he was 
engaged as laboratory assistant by H. Davy. Against the current idea on the action of 
forces , he introduced the concept of force lines to explain the propagation of electric or 
magnetic effects. Today they are known as integral curves of electric or magnetic fields . 
In the year 1831, he discovered the electromagnetic induction phenomenon and constructed 
the first electric generator. He also discovered the effects of the magnetic field on the light 
plane polarization and, in chemistry, two fundamental laws on the propagation of the electric 
current in chemical solutions. In the first, he established the direct proportionality between 
the amount of transformed matter and the amount of electric charge passing trough the 
electrolyte; in the second, he established the proportionality between the amounts of different 
substances and their equivalent weights. In order to describe the experiments and to explain 
the results, Faraday invented the words ion , cathode , anode, electrolyte , He died at Hampton 
Court in 1867. 

Karl Frederick Gauss was born at Braunschweig in 1777 and died in Gottingen in 1855. 
FYom the year 1807 he has been professor at Gottingen University and Director of the 
Gottingen Astronomic Observatory. Founder of the differential geometry of surfaces, math- 
ematician, physicist and astronomer, he was called princeps mathematicorum . In his works, 
he adopted the motto pauca sed matura (little and deep). Indeed, his works are celebrated 
also for the excellence of the form. However, the pauca fill up eleven big volumes. 

Andr6 Marie Ampere was born at Lyons in 1775, and died at Marseilles on June 10, 1836. 
Mathematician, chemist, physicist, man fascinated by the mystery, Ampere attempted to find 
in nature an answer to his need of universality. FYom the year 1809 he has been professor 
of mathematics at the t>cole Polytechnique in Paris. His papers, concerning the connection 
between electricity and magnetism, were written in 1820. 




(ii.i) 
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When a charge density p can be introduced, such that 




pdv , 



the Maxwell equations take the form: 



/ . 

JQU 



B • nda ~ 0 



-i f B-nda = - f &-dl 
c dt J s Jqs 



f s 

I D * nda = / pdv 
Jdu Ju 

[ D • nda + — f f-nda= f S ■ dl , 
cat J s c Js Jqs 



( 11 . 2 ) 



where J = piT is the current density. 

When S' is a stationary surface and fields are sufficiently regular, we can 
use Stokes 1 theorem to get the Maxwell equations in the following differential 
form: 



div B = 0 




* i dS 
TOte = -cm 




div D = 47T p 




rotS=—J + 
c 


47r dD 
c dt 



(11.3) 



11.2 Geometrical Identification of Fields on 3f? 3 

Phenomenological Eqs. (11.2) are important to understand the geometrical 
meaning of fields Indeed, Eqs. (11.2) show that B , D and J 

have to define differential 2- forms on S? 3 , since they are integrated on a 2- 
dimensional manifold dU> while E and S have to define differential 1-forms 
on 5ft 3 , since they are integrated on a 1-dimensional manifold dS. Finally, p 
has to define a differentiable 3-form, since it is integrated on a volume U. 





298 



Classical Electrodynamics 



Actually, because of transformation properties of electromagnetic fields, 
determined on physical grounds, B and H have to define twisted 56,48 rather 
than even differential forms. 

Indeed, the transformation laws of the fields E and B , under space trans- 
formations 



t — y t f = t , 

X 1 x il = f(x ) , 



or time inversion 



t — y t f — — t , 
x x — > x /l = x l , 



may be obtained from the expression (11.1) of the Lorentz force. 

It is clear that, owing to the presence of a vector product in the expression 
of the Lorentz force, B must change sign under time inversion. Therefore, B 
will be effected, by such a transformation, even if it does not depend on time. 

Clearly, if we consider only coordinate transformations with positive Jaco- 
bian determinant, the identification of electromagnetic fields with even differ- 
ential forms would be possible. 

We can resume the above discussion saying that: 

Fields entering Ampere’s law must be identified with twisted differential 
forms while fields entering Faraday’s law will be identified with even differential 
forms. 

Prom Eqs. (11.2), we can try the following identification: 



E — E x dx Eydy -b E z dz 
B = B x dy A dz + B y dz A dx + B z dx A dy 

H— H x dx + H v dy + H z dz 

D~ D x dy Adz + D y dz A dx + D z dx A dy 

J = J x dy Adz + Jydz A dx + J z dx A dy 
R = gdx A dy Adz 



electric field differential l-/orm 

magnetic induction 
differential 2-form 

magnetic field 
differential l-/orm 

electric induction 
differential 2- form 

it current differential 2-form 

charge differential 3-form 
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which allows us to rewrite Maxwell’s equations in the following form: 




If S is stationary and fields are regular, we can apply Stokes’ theorem to get 
Maxwell’s equations in the following differential form: 



dB = 0 

dE = -B 
c 

dD — AttR — 0 

dH--(D + 4ttJ) = 0. 
c 

As a consequence of transformation properties, in particular of the behavior 
of B under time inversion, it seems more appropriate to consider electromag- 
netic fields directly on space-time. 



11.3 Geometrical Identification of Electromagnetic Field in 
Space- Time 

By introducing the following differential forms: 

F = dx° A E - B Faraday's 2- form 
G = dx° A H + D Ampere's 2-form 
I = dx° A J — R charge-current 2-form 
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with x° = at , Maxwell’s equations can be written simply as follows: 



= 0 , 
= J. 



(11.4) 



Prom the last equation, since d 2 = 0, we have the continuity equation 



dl = 0 . 



11.3.1 The vector potential and the gauge transformation 

The first equation in Eqs, (11.4) says that F is a closed differential 2-form and, 
then, that there exists, locally, a differential 1-form A such that 

F — dA. 

With the differential 1-form A we can associate, by using the metrics, a vector 
field, which is called the vector potential. 

The differential 1-form A is not uniquely defined, since we can add to A 
any exact differential 1-form df\ 

F = dA = d(A + df) . 



The map 

A *— f A* =■ A ~b df 

is called a gauge transformation . 

Under space inversion 

P : (a? 0 ,® 1 ,# 2 ,# 3 ) -4 (rr 0 , —a? 1 , -£ 2 , —a: 3 ) , 

we have 



P : (Ao, Ai, A2, A3) -4 (Ao, -Ai, -A2, -A 3 ) * 

Under time inversion 

P : (a; 0 , P, s 2 , £ 3 ) -4 (-a: 0 , a: 1 , a: 2 , a: 3 ) , 



we have 



P : (Ao, A 2 , A 3 ) -> (Ao, -ill, - A, - As) * 
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Thus, the potential A behaves like an ordinary differential Inform under 
parity transformation and like a twisted differential 1-form under time reversal. 

These properties are in agreement with CPT theorem according to which 
photons are charge-odd particles ; that is, the potential A is a twisted differential 
1-form under charge conjugation : 

C : Af)dx 0 + Aidx 1 -> A§dx t(i + A[dx n = ~(Aodx° 4- Aidx % ) , 

11.3.2 Constitutive equations 

Fields are not independent entities but are connected through 

phenomenological relations 



D = D[S,B], 

H = H[S,B ] , 

which depend on the specific media under consideration,* When conducting 
media are also considered, there is a generalized Ohm’s law 

J = J[E,B}. 

If we restrict ourselves to linear response media, the constitutive equations 
have the following form: 



D = s(S) } 
8 = 



(11.5) 



where € and pt are invertible linear maps called dielectric map and magnetic 
permeability map, respectively. 

In the case of specific isotropic media, as the vacuum, Eqs. (11.5) takes the 
very simple form: 



D — , 

B = PqXH , 



( 11 . 6 ) 



where 1 is the identity map. 

*The square bracket has been used to remind that the relations D = D[ B] and H = 
#[!?, B] may not be local (hysteresis) and may not be linear. 
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In order to put Eqs. (11.6) in a provisional geometrical form, we need a 
linear map between differential 1-forms and differential 2-forms, from E to D 
and from H to B. 

If we think to E, B,H,D as differential forms on the manifold M s Si 3 , 
the linear map, we are speaking about, can be given by the Hodge dual 
* ; A(9? 3 ) -* A 2 (9? 3 ). Thus, the experimental relations (11.6) determine the 
Euclidean metric in Si 3 and can be written in the following geometrical form: 

D = £q * E , 

B = /xo * H , 

where the Hodge dual * is constructed out from the volume form fl = dx A 
dy A dz and the Euclidean metric gij — Sij. 

However, special relativity forces to think F and G as differential 2-forms 
on the space-time manifold M = SR 4 . Thus, the linear map is still given 
by a Hodge dual but, this time, constructed out from the volume form — 
cdt A dx A dy Adz and the Minkowski metric = rjij. Therefore, we obtain 
the constitutive equations in the following form: 

G= X [^*F. 

V 1*0 

In four dimensions, the Hodge dual 

* : A 2 (SR 4 ) A 2 (3? 4 } 

determines the metrics up to a scalar function, so that the constitutive pro- 
perties of the vacuum fix up the conformal Lorentzian structure of space-time. 

Remark 22 It is advisable to observe that Maxwell’s equations , written in 
the form 



dF = 0, 



dG = J, 

are invariant for any transformation in space-time. If we require that such 
transformations preserve the constitutive equations 

V ^0 

then the symmetry transformation group reduces to the conformal group. 
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Finally, by using the codifferential operator S y which, in M = 3ft 4 , can be 
expressed as follows: 



<5 = — * d* , 



we have 

*I = *dG= ,[^*d*F = -.[^6F, 

y Ho y Ho 

so that Maxwell’s equations in the vacuum can be written in the following 
form: 



or 



dF = 0, 




* 1 , 



dF = 0, 




(11.7) 



11 . 3.3 The wave equation 



By replacing F = dA in the second Eq. (11.7), we have 



d * dA 




or 



SdA = 




We can also write 

□A = - - * I + dSA , 

V £ o 

where □ is the Laplace-Beltrami operator which in the Minkowski space-time 
is given by 



d 2 d 2 d 2 d 2 
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We, thus, find that the solutions of Maxwell’s equations are closely related 
with the study of the wave equation. 



11.3.4 Plane waves 

Let us look for a solution F of Maxwell’s equations in the empty-space 

dF ^ 0, 
d * F = 0 , 

of travelling wave type; that is, such that the fields E and B are functions of 
£ = x - ct: 

E = E(x - ct ) , B ~ B(x - ct) . 

We have 

dF — dx° A dE — dB , 



where 



E = E x dx 4- Eydy 4- E z dz , B — B x dy A dz 4- B y dz A dx + B z dx A dy . 
Thus, 

dE = ^dihdx + ^d£hdy + ^dt?\dz 

Qri on r\ 

= —c—^rdt Adx + -r/d(x — ct) A dy + —^-d(x - ct) A dz , 

3£ 3£ 



and 



35 35 

dB == ^-d£ A dy A dz + ~d£ A dz A dx + ^-d£ A dx A dy 

<?£ df d£ 

<95 35 35 

= — - ct) Ady Adz - c—rdt A dz A dx - c—^-dt A dx A dy . 

3 £ 



Therefore, 
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and 

dF = dx° A dE-dB 

dE dE 

= A dx A dy -f c—^dt Adx Adz 



dB dB dB 

— ^d(x — ct) A dy A dz — c-~-dt Adz Adx - c-^-dt Adx Ady 

at, 

= c(^-^)^Arfx A d3/ + c(^ + ^)dtAd a: A dz 

^r-dx A dy A dz + c—^dt Ady Adz. 

o*i 



In this way, 



dF = 0 => B x = 0 , B z = E y , B v = . 



Similarly, 



d * F = 0 => E x = 0 , B z ~ E y , By = —E z . 

It follows that a plane electromagnetic wave has transverse electric and mag- 
netic fields that are determined by two independent functions, corresponding 
to the two independent polarization states. 
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Part IV 

Integrable Field Theories 




The last few decades have shown the exciting prospects of tackling non- 
linear field theories (in two dimensions) nonperturbatively by exploiting their 
complete integrability properties, 92,93,89,116 

Let us recall that the concept of completely integrable Hamiltonian systems 
with finitely many degrees of freedom goes back to the last century. 135,164 
Some qualitative features of these systems remain true in some special classes 
of infinite-dimensional Hamiltonian systems expressed by nonlinear evolution 
equations; a short list of them being: 



U t + UU X + Uxxx = 0 


Korteweg-deVries equation 


u t + u 2 u x + u xxx = 0 


modified Korteweg-deVries equation 


iu t + 5 U 1 * + |u| 2 u = 0 


nonlinear Schrodinger equation 


u x t + e“ = 0 


Liouville equation 


u t -u A ( u xx + fu) = 0 


Landau-Liftchitz equation 


Utt (l2tlUx 4” C>xzx)x = 


Boussinesque equation 


u xt -f sin u = 0 


sine-Gordon equation 


u t - 2uu x - Hu xx = 0 


Benjamin-Oto equation 


(Uf 4“ UU x 4- U X xx}x d" 3 oP'tiy'y = 0 


Kodamtsev-Petviashivili equation 


<f> = f e 6 ** 4 ar (a 6 > 0 ) 


Toda potential 


iu t 4- u xx 4 * i(\ot\ 2 u) x = 0 


derivative-nonlinear Schrodinger 
equation 


Ut — (u 1//2 )xxx ~ 0 


Harry~Dym equation 



A further remarkable example of integrable evolution equation is given by the 
Burgers equation 



u t = 2 uu x + u xx , (11.8) 

which describes the heat diffusion and it is integrable by the Hopf-Cole trans- 
formation. 

It is worth observing that the evolution equation (11.8) does not correspond 
to a Hamiltonian dynamics but to a dissipative one. Nevertheless, also its 
integrability may be explained in terms of an invariant mixed tensor field. 79,80 
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Classical Electrodynamics 



A relevant progress in the study of these systems with an infinite- dimen- 
sional phase manifold AT was the introduction of the Lax representation , 131 
which played an important role in formulating the inverse scattering method , 
universally recognized as one of the most remarkable result of theoretical 
physics in the last decades, and of the “ AKNS scheme ” 59 This method al- 
lows the integration of nonlinear dynamics, both with a finitely or infinitely 
many degrees of freedom, for which a Lax representation can be given , 101 ’ 8 
this being both of physical and mathematical relevance , 156 

On the other hand, the natural arena, for the analysis of the integrability 
of dynamical systems, is represented by the phase space that is endowed with 
a natural symplectic structure. In terms of this structure, the scattering data 
are interpretable as action-angle type variables. 

We shall see how the integrability of nonlinear field theories can be naturally 
explained in terms of mixed tensor fields, rather than symplectic structures, 
and how such tensors are linked to the Lax operators. The approach leads to 
a theorem of integrability that does not assume a finite number of degrees of 
freedom and, for a dynamical system with finitely many degrees of freedom, is 
equivalent to the classical Liouville theorem. 

As a working example we will use the Korteweg~de Vries equation (KdV) f 
which is the most-known completely integrable nonlinear field theory. 




Chapter 12 

KdV Equation 



The equation 



u t 4- uu x + u xxx = 0 , (12.1) 

where u : (x, t) € 9ft 2 -> 5t is a numerical function depending on the variables 
x , t, and the indices denote partial derivatives, was derived by D. J. Korteweg 
and G. de Vries 120 in 1985 in order to describe shallow water waves moving in 
a channel without any change of shape, 170 and it is known as KdV equation , 
or simply, KdV. 



12.1 An Existence and Uniqueness Theorem 

A travelling wave type solution of KdV, of the form 

u(x,t) = s(x - ct ) , 

can be easily found in the hypothesis that s vanishes at the infinity together 
with its space derivatives. 

Indeed, setting £ = x - ct, KdV equation becomes 

—cs* + ss f + s m = 0 , 
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where the apex denotes the derivative with respect to £. Thus, integrating and 
using the boundary condition, we obtain 

— cs 4- + s" = 0. 

A first integral of the above equation can be found multiplying by s', so that 

—css 1 4- ~s 2 s f 4- s'V = 0 , 
and integrating once again 

- cs 2 + is 3 + s ' 2 = 0 , 



whose solution, given by 

(x - ct) ~ 



cosh 2 



3c 

^ (* - 



is called a solitary wave . 

Moreover, a uniqueness theorem can be easily proven 131 in the same hy- 
pothesis; that is, by assuming that u goes to zero at the infinity together with 
its space derivatives. 

Indeed, if u and v are two such solutions, 



u t 4- uu x 4- u xxx = 0 , 
v t 4- vv x + Vxxx — G > 



their difference w — u - v will satisfy the equation 

vo t 4- uw x -4 v x w w xxx = 0 . 
Thus, multiplying by w , we obtain 

wvDt 4- U)UW X 4- ru 2 v x 4- ww xxx = 0 , 



so that 



/ +oo 

< 

-CO 



(ww t + wuw x + w 2 v x + ww xxx )dx = 0 , 
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or 



r°° i dw 2 J r°° u dw z f r°° 2 , r°° 

/ r-ax + / r— ax + / w*v x dx -f / wui xxx dx — 0 . 

7-00 2 dt 7-oo 2 da: 7-oo 7-oo 

( 12 . 2 ) 



Integrating by parts, it is easily seen that the last integral vanishes 

f+OO 



/ 
*/— 0 



ww xxx dx = 0 , 



while 



/• + °° uduP_ dx = _ f +00 u, 
J-oo 2 da; X_ j_ 00 2 



—w 2 dx . 



“OO " '■*'**' J —OO 

Therefore, Eq. (12.2) becomes 

^ Z'+OO /*-f OO 

— I w 2 dx + J (2v x — u)w 2 dx = 0 . 
7-00 7-00 

Thus, setting 

(•+0O 



/ +0O 

iu 2 dx , M = max |2vj; — u| , 

-oo *€» 



Eq. (12.3) implies 



^)<MS(i). 



Therefore, 



with 



E(t) < E(0)e Mt , 

/ +oo /"foe 

io 2 (x,0)dx = / [u(x,0) - t;(x,0)j 2 dx. 

-00 J — oo 



(12.3) 



It follows that 

u(x, 0) = v(x , 0) => i3(G) = 0 =$► i5(t) = 0 => tx(x, t) = v(x i t ) . 

We can resume saying that 

For any given initial condition , mo(#), the class of C°° functions defined 
on the real line and vanishing at infinity together with all space derivatives , 
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there exists one and only one solution u(x,t) of KdV equation satisfying the 
initial condition , u(x, 0) — uo(a;). 

12.2 Symmetries 

12.2.1 Space-time symmetries 

It is easy to see that KdV equation is invariant under Galilei transformation 

{ x* = x + Xt , 
if = t. 

Indeed, we have 

du du* dx* du* dt l du f 

dx dx f dx dt ' dx dx' ’ 

du _ du* dx * du * dt' _ du f du* 

dt dx f dt dt f dt dx ' dt' ’ 

where u* denote the composite function 

u*(x* , t f ) ~ u(x* — A t* y t f ) . 

Therefore, KdV becomes 

du ( du* f du* d 3 u* 
dx' ^ dt' ^~ U dx' ^ dx ' 3 ’ 

or written in terms of the function u = u* -f A, 

Uff + uu x > 4- u x t x * x > = 0 . 

In conclusion, KdV equation is invariant under the transformation 



x — ^ x 4* A t , 
t — > t , 
u — > u — A , 



(12.4) 
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12.2.2 Backlund transformation 

Internal symmetries, as usual, also play a relevant role in the analysis of dy- 
namical systems, as the following example well shows. 

Example 36 Let us consider the Burger equation , given by 

ut = 2uu x + u xx . 



It is easy to verify that , under the map 



u = — , 



Burgers’ equation becomes the heat equation 



v t — u xx . 



(12.5) 



( 12 . 6 ) 



The map given by Eq. (12.5) is called the Hopf-Cole transformation , and can 
be used as follows. 

First , let us observe that from Eq. (12.5) we can obtain 



v x = uv , 



and then 



v xx = U x v + UV X = u x v + U 2 v = (u x + u 2 )v . 



(12.7) 



Second y if v is a solution of Eq. (12.6) y then also v x is a solution of the same 
equation . The same is, of course , true for all higher derivatives . 

Therefore , starting with a solution v of heat equation , we can construct , at 
least , two solutions , namely u andu , of Burgers’ equation : 



U = — > U = 

V Ur 



50 that 



uu = 



( 12 . 8 ) 



By comparing Eqs. (12.7) and (12.8), we may write 

u x + u 2 



u = 



u 
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which allows us to obtain a new solution from a given one , and constitutes an 
example of so-called Backlund transformations . It expresses the invariance of 
Burgers y equation under translations along the x axis . 

Similarly, Miura observed that, by performing the transformation 

1 2 

U = v x - -V* , 

KdV transforms in the so-called modified KdV equation (mKdV); 

1 2 

- -v A v x + v xxx = 0 , 

6 

which is manifestly invariant under the interchange 



v -v , 

so that, if v is a solution of mKdV, then —v is again a solution. 

As a consequence, given a solution v of mKdV, we obtain two solutions u 
and u of KdV: 

1 2 1 2 
u = v x - -v , u = v x -f -v . 

6 o 

From previous relations, we may write 



u — u = —v 



u + u = 2v x , 



so that 

(u - u) x = ^vv x = - u(u + u) . 

The above equation allows us to obtain a new solution from a given one, and 
constitutes another example of Backlund transformation. 

By performing a Hopf-Cole transformation 



v ~ —6 






on the modified KdV, we have 



tyt + tyxxx 3 ^ Ipx — 0 . 



(12.9) 
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Then, by composing Miura’s and Hopf-Cole’s transformation, we obtain 
the map 

U g — 

for which the KdV equation becomes the more unpleasant Eq. (12.9). 

However, the look of Eq. (12.9) can be deceiving. Indeed, we stated that 
KdV can be written in the following form: 



u = — 6- 



'fit 4 * 'fizxx 3 — 9 , 

w 



which can be written as follows: 



i>xx + = o , 



0* + ( 4d xxx 4 ud x 4- -ttaj 0 = 0, 



where the shorthand notation 



has been introduced. 

Moreover, a change for the better can be done by using the Galilei invari- 
ance of KdV expressed by Eq. (12.4): 

x — » x 4 6At , 

t — ^ t , 

IL — y XL — 6A , 

In fact, it is easy to see that this change allows us to write the above system 

in the following form: 



+ gU0 = A0 , 

i>t + (^dxxx + ud x + iu*) ip = 0 , 
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so that, by introducing the operators 

£ = &xx + -u , 

J5? SZ ^®XXX 7)^ x J 

<u 

KdV equation assumes the following remarkable form: 

f L^> = , 

1 == . 



( 12 . 10 ) 



12.3 Conservation Laws 



Prom KdV equation we have 

f+oo /*4-oo 



/*+ 00 r fo ° /*+<*> a /ti 2 \ 

J Utdx - - j (uu x + u xxx )dx s= - J — l— H~ dx = 0 , 



so that 



jd /* +0 ° 

J — oo 



ncte = 0 . 



Thus, the functional 



/ -too 

udx , 

-oo 

is a first integral of KdV. 

Another first integral is easily obtained by multiplying KdV by u and by 
applying the same procedure. After an integration by parts, we obtain 



/ +«> r-f oo 

uu t dx = ~ I ( u 2 u x + uu xxx )dx 

■oo J — oo 



/ 



oo 

-f-oo 

oo 



(U 2 U X - 
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Thus, we may write a second conservation law 

/*+ oo 

K'i [ m ] = - u 2 dx . 

* J — oo 

A third conservation law is given by 

(t -“O*- 

Let us observe that the gradients Gi(u) = SKi/Su of previous functionals 
are given by 



Gi(u) = 1, 

G 2 (u) = u, 

Gs(u) = ( 

and that the following Lenard’s recursive formula holds 131 

^G n+ i=E k G n , n = 1,2,3, (12.11) 

where the operator Ek> expressed by 

2 1 

Ek = d XX x + + jiix > (12.12) 

is antisymmetric with respect to the scalar product. 

Moreover, Eq. (12,10) suggests that the eigenvalues of the Schrodinger 
operator 

r _ d 2 l 1 , ^ 

L ~ dx 2 + 

corresponding to a “potential” given by a solution u(x,t) of KdV, do not 
depend on time, so that these eigenvalues, considered as functionals A[u] of the 
potential u, are first integrals of KdV. 

The direct proof was given by Gardner et al., 101 ’ 15S algebraically solving 
the eigenvalue equation 

lf>. XX + t)4> = A 



Y + Uxx ) > 
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with respect to u: 

u = 6A(<)-6^, 

and then by replacing the above expression in KdV equation. 
Thus, 



— (i pQx ““ ifrxQ)x — 0 > 



(12.13) 



where 



Q — iftt + + 3 



+ a) tp x . 



If t/> vanishes when |a?| -4- oo, Eq. (12.13), integrated with respect to x, gives 

f+°o 



/ i-OO 

^ 2 ate = 0 , 

>oo 



and then 



A = constant . 



12.3*1 £ax representation 

By taking the time derivative of the first equation of the system (12.10), we 
can write 

Lip *f Lip =* Xip , 

and by using the second equation, namely ip = we have 

Lip -f LBip = AB0 = , 

so that we obtain 

Lip = [£, L]^> , 

where the bracket [•,*] denotes the usual commutator between operators. 

The reader can easily check that KdV is just represented by the equation 

L=[B,L], (12.14) 

The above equation is called Lax representation of KdV and can be intro- 
duced for many other systems with an infinite-dimensional phase manifold M. 
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The introduction of Lax representation 131 has been a relevant progress in the 
study of integrable systems and has played an important role in formulating 
the inverse scattering method, universally recognized as one of the standard 
integration techniques. 101 ’ 8 

Shortly, it consists in the following. 

Let M be some space of functions, chosen so that, for each £> the solution 
u(t) of a generic evolution equation 

ti(f) = A(ti) # (12.15) 



lies in M. 

Suppose that, with each function u in we can associate a self-adjoint 
operator L(u -+ L) over some Hilbert space, in such a way that, if u changes 
with t according to Eq. (12.15), the operators L(t), which also change with t, 
remain unitary equivalent to themselves; 

L(t) = U(t)L(0)U{t )- 1 , (12.16) 

with U ( t ) denoting a 1-parameter family of unitary operators. 

By taking the “time derivative” of the above equation, we have 

L = [B,L], (12.17) 

where the skew-symmetric operator 



B = UU- 1 



is the generator of the family U ( i ). The above equation, is called Lax repre- 
sentation of the dynamics given by Eq. (12.15), and the pair ( B , L) is called a 
Lax pair. 

A consequence of Eq. (12.16) is that the eigenvalues of the operators L(t) 
do not depend on t. 

Indeed, let us consider the eigenvalue equation for the Lax operator at time 

t = 0: 



L(O)tKO) = A(0)V>(0), 

By using Eq. (12.15) and U = BU, we obtain 






(12.18) 
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or equivalently 

L(t)ip(t) = , 

where 

a(<)=a(o), 

Therefore, 

A = 0 , ip(t) = Bip{t ) . 

For this reason, Eq. (12.16) is called an isospectral flow. 



(12.19) 



12 . 3.2 The inverse scattering method 

Let us show how, by taking advantage of the GePfand-Levitan-Marchenko 
formula 102,143,118,14 Lax representation allows us to solve the given evolution 
equation (12.15). 

Let Uq(x) be the initial condition; i.e. u 0 — u(x,0), and L 0 be the associated 
Lax operator. Suppose that we are able to solve the corresponding eigenvalue 
problem 



L Q 4fl = *V° , 



that is to find 

• the free states (continuous spectrum); i.e. the states, corresponding to 
h 2 > 0, represented by waves &), whose asymptotic behavior is 
given by 



ip°(x,k) x-^oo C°{k) exp[—ifex] , 

®—>*f oo C°_ (ft) exp[— ifex] + (fc)exp[ifcx| , 



where 



T°(k) = 



C°(ft) 

C°_{k) 



and R°(k) = 



cM 

C°_{k ) ’ 



Vfc 



are called the transmission coefficient and the reflection coefficient, 
respectively; 
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• the bound states (point spectrum); i.e. the states, corresponding to 
k 2 < 0, represented by eigenfunctions ip°(x,k n ), with k 2 = -\n (or 
better, k n = ix n , Xn > 0), whose asymptotic behavior is given by 

V’nOMXn) x — ► — oo exp[xnx] , 

'4>n{ x i'i'Xn) x-?oo c n(Xn) ex P[ — Xn x ] j 

where the coefficients c^(Xn) are called the normalization constants. 

The set 

S°^{Xn,c*( Xn ) y R^k)VkeVt} 
is called the set of scattering data , 

Of course, before solving the evolution equation, only the form of the oper- 
ator B generating the isospectral flow is known, but not its explicit dependence 
on (x, t ). However, as it will be explicitly shown in the case of KdV, the simple 
knowledge of the asymptotic behavior of the operator B is enough to determine 
the scattering data, namely 

S = {xn, c n (xn,0> #(M) V* € 5R} 

of the Lax operator L, associated with the solution u(x,i) of Eq. (12.15), 
corresponding to the given initial value uq. 

The knowledge of scattering data of the operator L allows us, by means 
of the GeLfand-Levitan-Marchenko formula (GLM), to explicitly write L and 
then u(x,t). 

We can synthesize the described procedure with the following picture: 



Uq(x) Lq 


Loip 0 =k? tp 0 j | gO | 




i- 


u(x,t) <— L 


[|] 



The KdV case 

For KdV, the Lax pair is given by 
L = d xx + 
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B = -4d x 



: — u(x y i)d x ^u x (x,t ) . 



Let us consider the eigenvalue problem 



Lip = k 2 ip , 



which will have as solutions 

• free states , corresponding to k 2 > 0, represented by waves ip Q ($,k,t), 
whose asymptotic behavior is given by 

V>(x,fc,t) *4^00 C(fc,t)exp[~ifca:], 

ip(x,k,t) x 4+oo C-(fe,t)exp[— ife®] 4-C + (fe,t)exp[ifcx] , 



where 

= vfceB 

are the unknown transmission coefficient and the reflection coefficient , 
respectively; 

• bound states , corresponding to fc 2 < 0, represented by eigenfunctions 
V>n (®,fcn). with (or better, fc n = Xn > 0), whose 

asymptotic behavior is given by 

1pn(x,iXn,t) x-±*~oo exp[x n z] , 

V»»(*. *Xn, 0 z^oo C„(Xn, *) exp[— Xn®] , 

where the coefficients c°(x n ,0 are the unknown normalization con- 
stants ; 

The set 



5 = {Xn,Cn(*n,*)|.R(M)i VfcS3?} 

is the set of scattering data which can be determined by the asymptotic be- 
havior 



B 



Boo = -4d x 



of the operator B. 




Conservation Laws 



325 



Indeed, the equation 

fp = Bip , 

given in Eq. (12,19), will be true also asymptotically 

*000 = 00 000 j 

so that we can write 

• for bound states 

Cn0cn,*)exp[-Xna:] = 4x^C n (Xn, t) exp[-Xn®] , 
which is trivially integrated to 

Cn(Xn ,*) = C°(Xn)exp[4Xnt] J 

• for free states 

C(k,t)e~ ikx = -4 ik 3 C(k,t)e~ ikx , 

C-(k,t)e~ ikx + C + (k,t)e ikx =-4ik 3 [C.(k,t)e- ikx -C + (k,t)e +ikx ] , 
which gives 

C(k,t) = -4ik 3 C(k,t) , 

<X.(M) = - 4ik 3 C.(k,t), 

C+(k,t) = 4ik 3 C+(k,t) , 

and then, 

T(k,t) = T°(k), 

R(k,t) = il 0 (fc)exp[8ifc 3 t] . 

At this point, we know the time evolution of scattering data when the 
“potential” changes according to the KdV equation. We also know that the 
number of bound states does not change in time and is determined by 
the initial condition tio(x). 

In our time-dependent case, the GLM formula (see Appendix G) must be 
written in the form 

/ oo 

A(x, z, t)F(z + y, t)dz = 0 , 
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i r + oo 

F(x,t) = - / R(k,t)e ikx dk + , 

J ~°° 3 

and the solution of KdV will be given by 

d 

u(x ) t) = -2— j4(x, £) . 

ax 

The one-soliton solution . Let us consider a transparent potential ; i.e. an 
initial condition wq(x), such that the direct scattering problem gives i?°(fe) = 0. 
Suppose, moreover, that there exists only one bound state, with eigenvalue 
and normalization constant cq. 

The kernel F of GLM will be given by 

F(x,t) = cy* 3 *-** , 



so that GLM gives 

poo 

A(x, y, t) + c 2 0 e 4x *-*(*+») + / A(x, z, = 0 , 

J X 

or 

poo 

A(x, y, t) + c 2 e 4x *-*(■+»> + c 2 e 4x *-*» / i4(ar, z, = 0 . 

J X 

Since this kernel is separable, we can try to find a solution of the following 
form: 



A(x, y, t ) = h(x, t ) exp[~xy] , 
so that the equation simplifies to 

h(x, t) + c 2 0 e ix3t ~ xx + c 2 0 e 4x3t h(x , t)^-e~ 2xx = 0 , 
and algebraically, we obtain 

c 2 e 4x 3 t- x * 

1 + f! e 4x 3 t-2x* 

2x 



/i(x, t) = — 
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Thus, we can write 



A{x,y,t) = - 



c 2 g 4 X 3 t~x( x +V) 

1 4 . C 0 Q 4x 3 t-2xx 

2X 



and since A(x,y,t) is continuous and differentiable at y = x y 

2 4 X 3 t-2 X x 

A(x, X , f) = =51 



l _|_ £2_ e 4 X 3 *-2x® 

2X 



Finally, after simple calculations, we can write 

„(*,<) = = - c rf Ml 2 ! 4x ^)-il ' 

The N-8oliton8 solution. Let us again consider a transparent potential , but 
this time, with N eigenvalues —xj an ^ normalization constant cj. 

Then, the kernel of GLM equation is given by 

F{x,t) = '52c](xj,t)e ~ Xi * , 

3 

and we can try to find a solution of the following form: 

A(x,y,t) = ^2,hj{x,t)e~ XiV . 



By replacing the above formula in the GLM equation, we obtain 



sr e - xiv 



poo 

hj (x, t) + e~ x * x + hj(x } t)cj / e~( XjJtXi ^ z dz 

J X 



= 0. 



The vanishing of the above sum implies the vanishing of the factor in the square 
brackets, so that performing the integral where contained, we obtain 

E ne -(Xj+Xi)* 

hi(x,t)cj =0, Vj = l,...,N. 

t Xj+Xi 

The above equation can be rewritten as follows: 

E / „ e -(xj+Xi)*\ 

( % + cf—— hi{x, t) = —e~ XjX , Vj = 1, . . . , N , 

{ V Xj+Xi J 




328 



KdV Equation 



or by introducing the matrices 

M = K = {e~* x ), H = (hi(x,t)), 

with 

rriij = Sij + cf 

in the following compact form: 



„ P -(xj+x 0* 
„2 e 



Xj + Xi 
MH = -K . 



Since det M/0, we have 

H = M~ l K . 

The reader can perforin remaining calculations to have the following simple 
final solution: 

u(x, t) = —2d xx In | det M\ . 



12.4 KdV as a Hamiltonian Dynamics 



It was observed by Gardner that KdV is a Hamiltonian dynamics with infinitely 
many degrees of freedom. Indeed, Eq. (12.1) can be written in the following 
form: 



u t = - 9 : 



SK 3 

6u 



where the functional f^u] is given by 



* 3|u|a UT(T-"-) ,fa ' 

Thus, the “time derivative” of any Frechet differentiable functional F[u] is 
given by 




/ +oo 

-OO 



5F_ 

Su 



u t dx ■ 



L 



+ °° = (G F ,d x G 3 ) , 

_ oc ou ou 



where G F = SF/Su and G 3 = 6K 3 /5u are the gradients of F and K 3 , respec- 
tively, and (■, •) is the L 2 scalar product. 
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It is easy to check that, for any two Frechet differentiable functional F and 
F*> the bracket 

{F,F'} = (G F> d x G F ,), 

on the chosen class of functions, is antisymmetric. Moreover, it satisfies the 
Jacobi identity and is a derivation on the associative product of functionals. 
Thus, we can conclude that KdV is a Poisson dynamics whose Poisson bivector 
field A has components, in the formal basis e(x) = 5/6u(x), given by the 
operator d x • 

The operator d x has a kernel given by constants c 6 3?, so that it does not 
have an inverse, and KdV is not strictly a Hamiltonian dynamics. 

However, on the quotient manifold, namely A4, KdV is a Hamiltonian 
dynamics; indeed, the manifold M can be endowed the symplectic structure 

/ +oo pX 

dx / dy[6u(x) A <5u(y)] , 

'OO J — oo 

which having constant coefficients, is trivially closed. 

Moreover, it is easy to show that functionals K n , whose gradients are con- 
structed by means of Lenard’s sequence (12,11), 

= ^kGn , n = 1,2,3, 
are pairwise in involution. Indeed, 

{K ni K m } = (G ni d x G m ) = (GntEkGn-x) = -(EkGntGn-i) 

= {pxGn+\ > Gm— i) — (^n+1 ) ^xGm—1 ) = {An+1, Km— 1 } • 
Thus, if n < m, an index k can be found such that 

{K n ,K m } = (G k ,AG k ) t 

with A } one of the two antisymmetric operators d x or E k , so that 
{KnyK m } = 0 , Vn,m > 1 . 

A further important step on the study of KdV, is represented by the fol- 
lowing result by Faddeev and Zakharov. 92 
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The symplectie form u) and the Hamiltonian if 3j once expressed in terms 
of the scattering data S = {3R(&), Xn> c n(k n )} via the GLM transformation, 

u -~> S', 



become 



and 



/ +oo 

SJ(k) A 8${k)dk + <5 Ji A Sifli 

-oo 



/ -foo oo 5 

k 3 j(k)dk~ , 

-oo 5 j 



respectively, where 



J(*) = ln(l - |i?(fc)| 2 )$(/fc) = argC+(M) , 

7 r 

Ji=xh <Pi = 2lnbi, 



with 



, da(k) 
bj ~ lCj ~dk~ 






— ICj 



d§~(k) 

" dk 



k^iXj 



Thus, (J(Aj), $(fc), are Darboux 5 coordinates for the symplectie form u. 

The expression of the Hamiltonian K$ suggests that they play the same role 
of usual action- angle coordinates for Hamiltonian systems with finitely many 
degrees of freedom. 



12.5 KdV as a Completely Integrable Hamiltonian Dynamics 

A crucial step in the study of KdV was finally performed by F. Magri 137,138 
who observed that KdV is a Poisson dynamics also with respect to the Poisson 
bivector field A k whose components are given, in the formal basis e(x) = 
8/8u(x), by Lenard’s operator Ek . Indeed, KdV can be written in the form 
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and the bracket 



{F,F'} = (G F ,E k G F ,) 

satisfies the Jacobi identity, so that the above bracket, being E k an antisym- 
metric operator, is a Poisson bracket. 

The Jacobi identity can be verified directly or, indirectly, by inverting the 
operator E k on the phase manifold quotiented by its null space. 

Thus, on the quotient manifold A/”, we can define a nondegenerate functional 
2-form by 

w( uJ (X[u],F[u]) = (X(u),E^Y(u )) , (12.20) 

where X(u) and Y(u), shortly denoted by X and Y, are C°° numerical func- 
tions defined on N and representing the components of vector fields X[u], 
Y[u ] 6 T U N in the basis e(x) = S/8u{x)\ i.e. 



0 


r+oo $ 

L 




r+oo c 


Y[u) = „ 


/ Y(u)j-r-rdx. 

l-oo M*) 



The exterior derivative 8u* of the functional 2-form u f is given by 

3 

X 2 [u], * 3 [«]) = Y1 e ijk (Xi, X k )) , 

where 

(E^UXuXj) = ±{E^( u + XX^Xj^o. ( 12 . 21 ) 

Since E k E^ x X = X, we have 

(EkMXuE^Xi) + EkiE^UXuXj) = 0 , 

so that 

(E k 1 )u(Xi,X j ) = -E^iEkUXuE^Xj ) . 

By using the expression of E k , given by Eq. (12.12), we obtain 



2 



1 
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and then 



£ eMEZ'XuXi&E^Xk)) + (E^X it (d m X J )(E; l X k ))] , 






so that 



<Mu) = 0 . 



Thus, the u> | u j is a symplectic structure on M and the interior product i& a/ 
is given by 

/ +OO fL 

dx-^8u~{5K 2 ) u , VueM, 

■oo 6u 

that is 



i A u) f = , 



so that KdV is, on Af, a Hamiltonian dynamics also with respect to a/. 
We can define an operator T such that 

Ek=d x f, 



which allows us to write the Lenard recursion of gradients of conserved func- 
tionals Ki[u ] in the following form: 

TG n = G n +i , (C?i = 3) , Vn > 1 , (12.22) 

On the quotient manifold M, the operator d x can be inverted to give 

D~ l ip{x) = ~ (f tp(x)dx — j <p(x)dx\ , V^€A4, 



and we have 

f ip(x) = D' l E k <p(x) = d xx <p(x) + ^mp(x) - ^D~ l (u x tp(x )) , Vv? € X . 

(12,23) 
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Between the operator ft and the Lax operator L = d xx + (l/6)u, there 
exists the following remarkable relation: 

3 = \i) f = 4Ai/> 2 , (12.24) 

that is, if ip is an eigenstate of the Schrodinger operator belonging to the 
eigenvalue A, then ip 2 is an eigenstate of f belonging to the eigenvalue 4A. 
Indeed, if Lip = A tp } we have 

4>xx + = A rp 

o 

and 

f'lp 2 = d xx \ p 2 + ~i tip 2 ~\j u y tp 2 dy 

2 1 2 f x 

= d x (2 ipip x ) + -uip 2 - -uip 2 + -J mpiftydy 

= 2 ip 2 x + 2ipip xx + ^uip 2 + 4 j (^wpj ip y dy 

= 2 ipl + 2A ip 2 - \uip 2 + ~wtp 2 + 4A f ipipydy -if \p v ip yy dy 
** « J — OO J ~~oo 

= 2ip 2 + 4AV> 2 - 2V» 2 = 4A-0 2 . 



Let us observe that the relation, expressed by Eq. (12.24), does not depend 
on the fact that u satisfies the KdV equation. Moreover, by supposing that 
the ip’s are normalized, we have 

A = A (iff, if)) = (ip, A ip) = (ip, Lip } , 

so that 

<JA = (iP,6LiP) = (tfi, , 



and this implies that 
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We can conchide that the eigenvalues of L are eigenvalues of T and that 
the associated eigenstates of T are the gradients of the eigenvalues 

t 5 1-ax 5 1 

T Su 4X 6 u ‘ 

Let us now consider the Poisson bracket of two functionals K and 



{k ? k f } = (G,d x G f ), (12.25) 

and suppose that the functionals are in involution; that is, their Poisson bracket 
is vanishing: 

(G,d x G f ) = 0. 

If G* u and G* u denote the derivatives at the point u of G and G\ the derivative, 
with respect to u, of the above equation gives 



d x G f ) + (G, d x G^ u (Su)) = 0 , Su € %M . 



The operator G* : TM TM is symmetric with respect to the L<i scalar 
product, so that 

(Su, G*d x G f ) - (G^G, Su) - (««, G* u d x G f - G* 0U d x G) = 0 , 



or equivalently 

G*udxG' = G'+ u d x G . (12.26) 

If G f is the gradient of K 3, the left-hand side of Eq, (12.26) is -G, where 
the dot denotes the derivatives of G along integral curves given by the solutions 
of KdV, while the right hand side is given by FG, where F = d xxx -|- ud x . 
Thus, we may write 

G = —A^G, (12.27) 

where A = -d xxx - ud x — u x , the adjoint of the operator F, is the derivative 
of dynamics. 

The “time derivative” of the sequence expressed by Eq. (12.22) gives 
Gn+i = TG n -f TG n , 
so that, by using Eq. (12.27), we have 



TG n = [T,A')G n , 
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where the bracket [ * , * ] denotes the usual commutator. The reader can easily 
check that 

T = {~A*,f]. (12.28) 

The analogy between L and T can be resumed as follows: 

L'lp = Xip , f£-4A« 

L = [B,L), f = \-A\f], 

i> = Bip, G = -A'G. 

Equation (12.28) can also be written in the following form: 

f = [A,f], (12.29) 

where the operator T is the adjoint, with respect to the scalar product Lz, of 

T = D~ 1 Ek'- 

f- = d xx ■ +ju ■ +\u x D~ l • . (12.30) 




Chapter 13 

General Structures 



In spite of its success as an integration algorithm, a compact a priori criterion 
of integrability in terms of Lax pairs is, to date, lacking. 

On the other hand, the inverse scattering method being a transforma- 
tion from generic coordinates (potentials) to action-angle variables, 92 makes 
it only natural for us to state an integrability criterion, for soliton equa- 
tions, by looking at them as dynamical system on an infinite-dimensional 

phase Jnanifold. 137 ’ 138 ’ 103 ’ 179 ’ 1 ^, 81,82, 144, 78, 80, 147, 73,100,166 rpkig p 0 i n fc of yj[ ew is 

also suggested by the occurrence in these remarkable systems of a peculiar 
operator 174 ’ 175,137,132, 138,103,179,1 ° 4 ' 81 ’ 82 ’ 144 ’ 78,80,147, 73,100,20,162,98,99,117,67 rele- 
vant for the effectiveness of the methods, which naturally fits in this 
geometrical setting as a mixed tensor field on the phase manifold A4. 



13.1 Notation and Generalities 

Many geometrical concepts, introduced in Part II, can be extended to infinite 
dimensional manifolds, whose local model is an infinite-dimensional topolog- 
ical vector space, if the necessary care, connected to the passage from finite- 
dimensional case to the infinite-dimensional one, is taken. 

Many properties of the finite-dimensional case, still hold, in the infinite 
dimension, only if the considered manifold is a Banach manifold; that is, a 
manifold locally homeomorphic to a Banach space. The reason is that the 
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implicit functions theorem does not hold in an arbitrary topological vector 
space. 

Given a nonlinear operator A; i.e. a function of u and its space derivatives, 
the generic evolution equation 

*(«) ( 131 ) 

will be considered as a dynamical equation on the functional space M. of field 
functions u(x, t ) regarded as functions of the space coordinates only, defined 
on the whole real axis, and satisfying suitable boundary conditions. 

The rate of change, along the solutions of Eq. (13.1), of any functional F[u] 
will be given by 



d . f +00 SF d Uj [ + °° , .. , 



SF 

6u(x) ’ 



(13.2) 



and then, by the action of the operator 

r+oo 



/ +oo 

dxA(u) 

-oo 



Su(x) ’ 



which will be called the dynamical vector field. 

In the functional space .M, first order differential operators 5/5u(x) consti- 
tute a basis for vector fields. The dual basis is given by the variations Su(x) 
and, as it is usual 



Su(y) 

Su(x) 



= 6(y-x ), 



where 8 is the Dirac delta function. 

Then, any vector field X[u] can be written in the following form: 



/ +oo 

- 

-CO 



dxX(u) 



Su(x) ’ 



and dual vectors or covectors a[u } as follows: 

/ oo 

dya(u)8u(y) . 

-oo 



The contraction (a, X) between vectors and covectors will be given by 

/ oo 

X (u)a(u)dx . 

-oo 
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The rate of change, along the solutions of Eq. (13.1), of a vector field X[u] 
is given by 

= /> ■ *<«> - ■ (i3 - 3) 
where the operators X u and A u , defined by 



d d 

X u (p := — X(u 4- e<p)\ £ ^ 0 , A u <p := — A(u + £<p) U=o , 



are the week derivatives , or Gateaux derivatives of X(u) and A(u), respectively. 

Let us observe that Eqs. (13.2) and (13.3) correspond to the usual Lie 
derivatives , with respect to A[u], of F[u] and X[u], respectively. 

So such time derivatives will be denoted* by C&F and C&X] just being 
the Lie derivative operator with respect to A. 

We notice that Eq. (13.3) can be written in the form 



UX := j t X{u] = [A,X], 

where the bracket [•, •] denotes the usual commutator between differential op- 
erators. 

The tangent space and the cotangent space of M in u, will be denoted by 
T U M and T*M , respectively. 

In the continuous (formal) frame 8/Su(x) and coframe Su(x), the evolution 
equation can be regarded as an ordinary differential equation, 



dVL ATI 

dt ~ ■ 

In order to simplify notations and formulae, in the following a vector field 
X[u\ will be identified with its components X(u) and a mixed tensor field T 
with its associated endomorphisms T, or T defined by 



T(a,X) = (a,TX) = (fa,X). 

These endomorphisms will be, in general, represented as operators acting 
on vector fields or their dual. 

* Henceforth, to avoid confusion with the Lax operator L, the Lie derivative with respect 
to a vector field X will be denoted by C \ . 




340 



General Structures 



Thus, with abuse of saying, the Lie derivative C&X of a vector field X with 
respect to A will be identified with X u * A(u) - A u • X(u), and the symmetries 
X of a given dynamics A* will be given by the solutions of the following linear 
differential equation: 

X u -A(u)-A u -X(u) = 0. 

The Lie derivative, with respect to A, of an operator T; that is, of an 
endomorphism on vector fields associated with a mixed tensor field, will be 
given by the operator or endomorphism C&T given by 

Tcp = T U (A, <p) - [A u ,T]y , 

where 

r„(A, ip) := 1 T(u + eAJfpU.o • (13-4) 

Therefore, the invariance with respect to the dynamics of such a tensor 
field will be expressed as* 

7u(A,<£>) = [A u ,T](p. 



13 . 1.1 Backward to KdV 



In the case of the KdV equation, M is the manifold of C°° field functions u, 
considered as functions only of x, and vanishing at the infinity together with 
its space derivatives. 

The dynamics is given by the vector field 



/ CO 

(uu x 

-oo 



“f* 'U/xxx') 



8 

8u{x) 



dx , 



so that the solutions of KdV correspond to the integral curves of A. 

Let us observe that Eq. (12.29) is simply the expression, in local coordi- 
nates, of the invariance, under the KdV flow , of the mixed tensor field T, 
defined by 



very general and fundamental approach to the analysis of symmetries of nonlinear 
partial differential equations, is described in Refs. 182 and 30. 

t Equation (13.4), in spite of its form, does not correspond, generally, to the Lax represen- 
tation. A possible tensorial version of this has been given by several authors, some of them 
in the context of alternative Lagrangians 147,73 or in reading it has the vanishing, along the 
dynamics, of the covariant derivative of a section of an .M-based bundle. 81 
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T(a,X) = (TX,a) = (X,Ta ) , a e T*M , X £ TM . (13.5) 

Indeed* Eq, (12.29) can be written, in geometrical terms, as follows: 

£ a T = Q , (13.6) 

where is the Lie derivative with respect to A. 

The tensor T, which in local coordinates can be written in the form 

f+°° A S 

T[u] = / darT’(u) — (13.7) 

J-oo ^ 

satisfies the condition 

fu(fX,Y) - T U (TX, Y) = T[T U (X,Y) - f u (X, Y) ] , (13.8) 

which is the analogue, in this infinite-dimensional setting, of Eq. (6.48). The 
above condition can also be written as follows: 

(£ fx T) A Y - f(C x T) A Y , X, Y E T U M . (13.9) 

We recall that Eq. (13.9), or Eq. (13.8), is called the Nijenhuis condition 
or the Nijenhuis bracket , and that the tensor field 

M-[«](a, X, Y) = (a, ( £ tx T) A Y - T(C X T) A Y) , (13.10) 

with a E T*M , X,T E is called the Nijenhuis torsion of T. Thus, 

Nijenhuis’ condition (13.9) is expressed by 

A/r = 0. (13.11) 

A consequence of Eq. (13.11) is that the vector fields of the sequence 

An+i = TA n , (Ai = — u x ) , Vn > 1 



close on an Abelian Lie algebra of symmetries for KdV, and KdV being a 
Hamiltonian dynamics, the sequence 



5K n +i __ rp SKn 
Su Su ’ 




Vn > 1 



is a sequence of gradients of conserved functionals. In other words, Eq. (13.11) 
ensures that the endomorphism T generates a sequence of closed 1-forms, in 
the sense that 



(<5a = 0 , 5fa = 0) ==> 5{T n a) « 0 , aeT*M, Vn > 1. 
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In our case, the functional 1-forms are exacts; that is, they are exterior deriva- 
tives of functionals which, since T is A-invariant, are first integrals of KdV. 



13.2 Strongly and Weakly Symplectic Forms 

At this point, it is advisable to spend some words about the definition of 
symplectic form on an infinite-dimensional manifold, since in this case, a dis- 
tinction between strongly symplectic forms and weakly symplectic forms must 
be introduced. 

We say that a differential 2-form a;, on an infinite-dimensional manifold M, 
is a strongly symplectic structure , if 

(a) oj is closed, that is duj = 0; 

(b) Vp € M,uj v : T P M x T P M R is a nondegenerate bilinear form; 
i.e. the map 



I:T p M~+T;M, (13.12) 

which with every vector X € T P M associates the differential 1-form 
X(X) on T P M } defined as below 

(i(X))(y)-o; p (x,y), wy€T p m , 

is injective and surjective . In other words, X is an isomorphism between 
the spaces T P M and T*M. 

If the map (13.12) is only injective, then the differential 2-form u> is said to 
be a weakly symplectic structure. 

Such a distinction has not been done in finite dimensions, since an injective 
map between two finite dimensional vector space, with the same dimension, is 
also surjective. 

In infinite dimensions, the distinction is instead important. Indeed, let us 
consider a locally Hamiltonian vector field X and a strongly symplectic form 
(jj\ then 



Cx& = 6ix& = 0 * 



If ix& is also an exact differential form; i.e. 

ix^ = —6H 



(13.13) 
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the vector field X is a globally Hamiltonian vector field and H is the Hamilton 
function. 

Vice versa, if if is a differentiable function on M 

there exists a vector field X on M such that Eq. (13.13) holds, since the map 
(13.12) is an isomorphism; but, if u is only weakly symplectic, the vector field 
X cannot exist. 



13.3 Invariant Endomorphism 



All the evolution equations, introduced at the beginning (p. 267), apart from 
the Burgers* equation, are Hamiltonian systems with respect to a symplectic 
structure. Actually, many of them are Hamiltonian dynamics with respect to 
two symplectic structures, 137 * 138,103 namely u\ and lj 2 . 

For instance, 

• in the case of KdV equation, we have 



wi(X, Y) = (*(«), D~ l Y(u )) , cj 2 (X, Y) = (X(u), E^Y(u)) 

with 

D _1 -\(^J dx - J dx ^ > E k = d xxx + \ud x + i u x , 



where the bracket (•, •) denotes the h 2 scalar product. The Lenard 
sequence of gradients of conserved functionals is established, in terms 
of the operators D = d/dx and £*, as follows: 



DG n + 1 = EkG n ; 



• in the case of the sine-Gordon equation^ 



v xt + sinu = 0, 



we have 

vi(X,Y) = (X(v),DY(v)), u 2 (X,Y) = (X^E^Yiv)) , 



§Here x, t denote light-cone coordinates. 
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where 

E s = D ^ D v x D * 

Indeed, 

E s sin v — sinu , 

so that the sine-Gordon equation can also be written in the following 
form; 138 



v t -h E s sin v = 0 . 

Thus, a Lenard’s type recursion of gradients of conserved functionals 
can be written as follows: 

Gn+i = (D 2 + v%+ v xx D~ 1 v x )G n , Gx = . 

Many of the previous systems, including the Burgers’ equation, admit, 
in conclusion, an operator; i.e. an endomorphism on the module of vector 
fields, namely T, which is invariant under the dynamics and responsible for 
the construction of (infinitely many) Abelian symmetries (vector fields) or, for 
the Hamiltonian ones, of infinitely many conservation laws. 

Thus, the endomorphism T, or its associated tensor field 

T(a,X) = (a 1 TX) 

appears to be the most interesting object in the analysis of integrability of field 
theories. In fact, as it has been shown in Part III, it is possible to characterize 
the complete integrability of systems with finitely many degrees of freedom 
(Liouville integrability) in terms of mixed tensor field T satisfying suitable 
conditions. 

Example 37 The sine-Gordon equation 

v xt 4-sinn = 0, 

admits the invariant endomorphism 

T s = D 2 + 4- v xx D 1 v x , 

which is related to the one T k of KdV by the similarity transformation 

T s = VT k V , 
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with 



V = 3(v/— l-D 2 - v xx - 3 v x D) 
and where the tilde indicates that the transformation 

u = ^( v x + '/-4 v xx) (13.14) 

has been performed. 

Then , T s and Tk are the same tensor field referred to two different 
coordinate systems and KdV equation corresponds , in the same reading , to 
the Hamiltonian dynamics generated by the second conserved functional of 
sine-Gordon equation. 179 It follows that the conserved functionals of the sine - 
Gordon equation can be obtained from the ones of KdV equation simply by 
using the transformation (13.14). For instance , 

J udx — > ^ j v 2 x dx, 

\ J u 2 dx -> | J(yt - 4 v 2 xx )dx, 

and so on. 

Example 38 The Liouville equation 

<J xt + exp a = 0 

admits the invariant endomorphism 

Tl = D 2 - D<r x D-lcr x + a 2 , a = lim a* , 

x— 

which is related to the one Tk of KdV equation by the similarity transformation 

T l = JT k J - 1 

with 

J = 3(—Z3 2 + o'xx + ) 

and where the tilde indicates that the following transformation 

3 

u = +2<Jxx ~ a2 ) 

has been performed. 
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Then T& and Tk are the same tensor field referred to two different co- 
ordinate systems and KdV equation corresponds , in the same reading , to the 
Hamiltonian dynamics generated by the second conserved functional of Lion- 
ville’s equation . 18 ° 

Example 39 The Burgers 1 equation 

u t = 2 uu x 4* u XX 

admits the invariant endomorphism 

T b = D + DuD 1 , 

which generates an Abelian sequence of symmetries of the dynamics. 

The next sections will be devoted to analyze the properties of our phe- 
nomenological tensor fields. 

13.3,1 Dynamical invariance 

Because of the Lenard’s sequence and of the bi-Hamiltonian structure of (some) 
evolution equations, the first relevant property of the tensor field T is given by 



£ A r-o. 

This characterization of the dynamics is very suggestive because of the simili- 
tude 



Dynamics 




Invariant structure 


Symplectic 


0) 


a not degenerate , skewsymmetric , closed (^) 
tensor field 


Geodesical 


r 


a connection 2- form 


Killing 


9 


a symmetric , not degenerate (q) tensor field 


Hamiltonian 


A 


a skewsymmetric (q) tensor field , 
fulfilling Jacobi identity 


Liouville 


n 


a volume form 


Lax 


T 


a (|) tensor field with vanishing torsion 
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13.3.2 Nijenhuis torsion 

The second relevant property, coming by the Lenard sequence, is S(T n a) = 0 
if a is <5-closed and Jr-closed; that is, if 5a = 0 and S(Ta) — 0. 

We know that such a property is ensured by 

M T {a,X,Y)= 0, 

where 150,110 ’ 96 ’ 97,160 

M T (a,X,Y) = (a,HT(X,Y)) 

and 

«r(*. Y) = [(. Cf X T) A - T (£*T) A ]y . 

13.3.3 Bidimensionality of eigenspaces of T (KdV and sG) 

Since T is a (1, l)-tensor field, we can put a corresponding eigenvalue problem 
for the associated endomorphism T on A (M): 

TG\ = AG a . 

It is not difficult to see that for each A there exist two (generalized) eigenvec- 
tors, namely G];, G\ such that 

TG\=XG\, fG\ = XG\ + G 1 ; 

this corresponds to Jordan’s normal form for a finite matrix. 

Explicitly, we have 

= e 2ti [f 2 (ikj,x)] 2 , G\ = -^-\{ 2 {ik h x)} 2 , 

where f{k,x) are the Jost solutions of the Lax operator L 

L 2 f = -k 2 f , k 2 = —A . 

13.4 Invariant Endomorphisms and Liouville’s Integrability 

It has been shown that the properties 

• C a T = 0 

• Mt = o, With M-(a, X,Y,) = (a, \{C fx T ) A - T(CxT) A }Y) 
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• d = dim (eigenspaces of T) = 2 

seem to be verified by all evolution equations integrable by the Inverse Scat- 
tering Method. 

We recall that in Part III, by using the first two properties but assuming 
diagonalizability instead of the third property, 78 ’ 80 a geometrical integrability 
scheme was constructed according to which it was stated that: 

A dynamical vector field A which admits an invariant (C&T = 0) mixed , 
diagonalizable tensor field T, with vanishing Nijenhuis tensor field (Mr = 0) 
and doubly degenerate eigenvalues A without stationary points (SX ^ 0), is 
separable , integrable and Hamiltonian ; ie. a separable completely integrable 
Hamiltonian system. 80 

The proof was performed by showing that 

• Mr = 0 implies the Frobenius integrability of the eigenspaces of T . 

• C'MT = 0 implies the separability of A along the eigenmanifolds in 
dynamics with 1 degree of freedom, each of them with a first integral. 

The construction of a symplectic form (actually infinitely many), with re- 
spect to which A is a Hamiltonian vector field, was then easily accomplished. 

In spite of the relevance of the diagonalizable case, the third property is 
a characteristic feature of soliton theories. We want to state here an a priori 
separability criterion, based on this new spectral hypothesis and worth using 
for soliton equations. As far as soli tonic dynamics is concerned, integrability is 
proven without further hypotheses, while for background-radiation dynamics, 
a compact a priori integrability criterion is, to date, lacking. 

The present results should naturally lead to the corresponding ones in terms 
of Lax pairs (these are considered in the context of bundles just based on phase 
manifold), 81 once the relationship between them and the above operator, now 
only analytically understood, will be translated into clear geometrical terms. 

We can prove the following integrability criterion 83 : 

A dynamical vector field A which admits an invariant mixed tensor field T , 
with vanishing Nijenhuis tensor Mr and bidimensional eigenspaces , completely 
separates in 1 degree of freedom dynamics. The ones associated to those degrees 
of freedom , whose corresponding eigenvalues A are not stationary , are integrable 
and Hamiltonian. 

Indeed, denote by A* the generic discrete eigenvalue of T and assume that 
the continuous spectrum of T consists of the real semiaxis Then the 
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vanishing of the Nijenhuis torsion A fir, associated to T, means that for ail 
a € A V)(M) and X, Y € TM, 

Af T (a, Y, X) = (a, \(C T xT) - T(C X T)]Y) = 0 . (13.15) 

According to our assumptions, a basis 

(®i> £%•> /i,(fc)i /2,(fc)) > i = 1, 2, . . . , n , k € 3?"*" 

of TM exists, such that 

Tei = A’ej , 

Te i = \ i e i + ei, i = l,2,...,n, 

Tfi,(k) = ^/(.(fe) > l = 1,2, k € 9t + . 

Now introduce the corresponding dual basis 

i = l,2,...,n, k€% + }. 

of A 1 (Ad) that is a basis, for which 

(i?\ej) = (tV;) = 8) , 

(7 = (1316) 

= (t 4 , ej) = (i? i , /(,(*.)) = 0 , 

<T* f /(,(*)) = {'r l ' {k) ,e i ) = (7 1,(fc) ,£i) =0, 

where i,j = l,...,n, = S l p S(k - h). 

The relations corresponding to Eqs. (13.16) in terms of differential 1-forms 
read 

= A Vi, i = Z, 2, . . M n , 

f 7 «*) = fey»w, 1 = 1,2, 

where f denotes the transposed of T. As it will be shown, no more ingredients 
are needed to prove the separability in 1 degree of freedom dynamics, and 
(except for nowhere stationarity of the A*’s) integrability of the discrete part of 
it. The analysis starts by observing that an explicit transcription of condition 
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(13.15) is the following: 

L ei \i=0, L fl ' (k) X* = 0, (A* - \i)L e( X j = 0 , 

(T- X i )(T-X i ){e i ,e j }=0, 

(T-\ i )(T-\i) 2 {e u e j } = 0, 

(T - A *)*(T - \ j ) 2 [Ei,Ej} = 0 , (13.17) 

(T - k)(T - h)[f im , f p<(h} ] = 0 , 

(r- A 1 ) (T-fc) [«<,/!.(*)] =0, 

(r- A*)(r- fc)[ e< , /,,(*)] = 0. 

As a matter of fact, it is easily seen that Eq. (13.17) are equivalent to* 

r* A 5r i = r* A # A M* = 7 1} < fc > A 7 2 ’^ A <5 7 f * (fe) = 0 , (13.18) 

this implying, by the Probenius theorem, that without loss of generality, the 
t’s, and 7 ’s can be considered to be closed differential forms, or equivalently, 
the basis 

{ei,£ufi i (k)J2 i (k ) , i - A: € 

can be chosen to be a holonomic frame. 

On the other hand, the first line of Eq. (13.17) is equivalent to 8X 1 = 
(L^.A^r 1 , this implying that 

fSX i — AM A" . (13.19) 

It particularly means that the t’s can be chosen as equal to the <5A t? s if, as 
will be assumed, the X u s are nowhere stationary. Furthermore, holonomicity 
implies that the set of functions A^A 2 , ..*,A n can be completed to form a 
coordinate system^ 

(A 1 , A 2 ,..., A”, cp 1 ,? 2 ,..., <p n , ip 1 *, iP 2 * , k € 5? + ) 

in such a way that 

_jL - 5 f - 5 

Ci ~ V ’ ” <5A* ’ Jl ' (k) ~ fyUW ' 

*Here and in the following, S denotes the exterior derivative and A the usual wedge 
product. 

II Some of them may not be global but only periodic ones. 
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Just to fix our ideas, the tensor operator T acquires the following canonical 
form: 



T = E A * ( **? ® 5X * + -£? ® v) + ^? ® + E l dkk ift® 5 ^ k ) • 



It is now easily proved that for such a T, the A invariance, namely L&T = 0, 
gives 



(a) 


(JA*, A) = 0, 


(b) 


^ <V ' A >= 


(c) 




(d) 




(e) 




(f) 


~(S^ k \A} 

C 


(g) 





(6iP p >( k \A) = 0 , 



(13.20) 



from which separability and integrability follow. More specifically, 
Eq. (13.20(a)) means the vanishing of “A components” of A; Eq. (13.20(b)) 
the independence of the <p components on the y? s; Eq. (13.20(c)) the indepen- 
dence of the continuous coordinates; and Eq. (13.20(d)) just means that each 
<P component can only depend on the corresponding A, On the other hand, 
Eq. (13.20(e)) shows that the continuous components cannot depend on dis- 
crete variables; and Eq. (13.20(f)) that each continuous component can only 
be a function of the continuous variables with the same continuous index. The 
most general form of A is then 



n X 2 f c 



i~ 1 



dkA t (k)(ip 1 (k),tp 2 (k)) 
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The dynamical equation then decouples in the following second-order systems 
for the continuous degrees of freedom ( background radiation dynamics): 

jp2,{h) _ A 2>fe (^l’( fc ), y 

and the following trivially integrable ones: 

¥ = A<(A*) , 

A i = 0, 

for the discrete part (soliton dynamics). Incidentally, the discrete part of the 
dynamics is Hamiltonian with respect to all symplectic forms 

Wo = ^/i(^A¥ 

i 

for the discrete part of the spectrum, /’ s being arbitrary nonvanishing func- 
tions. 

Remark 23 The vector field A is not supposed to define a Hamiltonian 
dynamics. Its Hamiltonian structure arises from the supposed bidimensionality 
of eigenspaces of T and the requirement 5 A ^ 0. 



13.5 Recursion Operators in Dissipative Dynamics 

We have seen that a nonlinear evolution equation u t = A[u]; i.e. the equation 
defining integral curves of the vector field A, is integrable once that a mixed 
tensor field T on M exists satisfying the following conditions: 

• T is A invariant; i.e. C&T = 0, 

• T satisfies Nijenhuis condition; i.e. [CtxT -TCxT)Y = 0, for any two 
vector fields X and T, 

• T is diagonalizable with doubly degenerate eigenvalues A without sta- 
tionary points. 

These assumptions on T not only ensure generic integrability, but also the 
existence of symplectic forms with respect to which dynamics is Hamiltonian 
and integrability is the usual one in terms of action-angle variables. On the 
other hand, there are many physically relevant cases in which the dynamics 
is not Hamiltonian, and nevertheless a suitable generalization of the above 
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geometrical scheme could still be useful. The aim of the present example 
is to explore the possibility of using invariant mixed tensor fields to analyze 
dissipative dynamics. In order to do that, it is natural to begin by removing 
only the last condition on T, as it is the one leading to the existence of constants 
of motion. An instance of a dynamics which admits an invariant mixed tensor 
field T which satisfies Nijenhuis condition, but which is not diagonalizable 
without complexification and whose eigenvalues are trivially constant, is given 
by Burgers 5 equation. 

This equation is just the simplest one combining both nonlinear propaga- 
tion and diffusive effects, and it can be used as the working example for our 
analysis. 



13.5*1 The Burgers’ hierarchy 

It is well-known 114,72 that the Burgers 5 equation can be linearized through the 
transformation 



(13.21) 



where v satisfies the heat equation 



v t = v xx . 



It can easily be shown 70 that the Burgers 5 equation is a member of a whole 
hierarchy of nonlinear evolution equations which linearize, by using the same 
transformation (13.21), to equations of the type 

v t ^D n v, n — 1,2, , (13.22) 



with D denoting x derivative. The even elements of Eq. (13.22) obviously 
define dissipative dynamics, while the odd ones are integrable Hamiltonian 
evolution equations with respect to the following symplectic form: 



U) 



/ +oo 

5 1 v(x)(D- 1 6 2 v)(x)dx, 

-OO 



(13.23) 



where 



(fl’VH*) 




f(y)dy , 
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with Hamiltonian functionals given by 

i 

H p = - ( D p v) 2 dx . (13.24) 

" J — DO 

In order that Eqs. (13.23) and (13.24) make sense, some assumptions on the 
functional space M must be made, for example to assume that M consists of 
fast decreasing infinitely differentiable functions. Then clearly 

T[v] = D 

is a Nijenhuis A-invariant tensor operator for the heat equation hierarchy. 
In the present geometrical approach, Eq, (13.21) plays the role of a coordi- 
nate transformation, and thus a Nijenhuis A-invariant tensor operator for the 
Burgers 5 hierarchy is readily obtained from T[v\ by 94 

which easily yields 

T[u]^D + DuD" 1 . (13.25) 

The Burgers 5 hierarchy is then obtained by repeated applications, on the 
translation group generator Ao = u x% of the tensor operator expressed by 
Eq. (13.25), 

A k = T k A 0 . (13.26) 

The first fields of the hierarchy are 

Aq ^ %i x , 

Ai == 2tiUx *4“ ? 

A 2 = (3 u 3 + 3 uu x 4- u xx ) x . 

This hierarchy is just the transcription in the new coordinate frame of the 
linear one and, apart from some technical points on the phase manifold M, 
one can translate what has been said for Eq. (13.22) to the Burgers 5 hierarchy. 
More precisely, Eq. (13.26) splits into the following two sub hierarchies: 

• Dissipative hierarchy 



TAo,T 3 Ao,...,T 2 n+ 1 A 0) ... , 
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• Hamiltonian hierarchy 

A 0t T 2 Ao, . , . , T 2n A 0) . . , , 

which are, respectively, a sequence of dissipative and Hamiltonian vector fields. 
The foregoing statement can be understood by examining the spectral proper- 
ties of T, whose block diagonal form 79 is 

T = fdk(e {k) ® ti ,k -e' k ®d k )k, 

where the vector fields 



«(*)[«] = 

J 


poo 

1 dx(-u cos kx — k sin kx ) exp 
1-00 


[-/l 0 * 


5 

6u{x) ’ 




poo 


r r x 


s 


e (*)M = 

J 


1 dx(—u sin kx ~j-k cos kx) exp 

f— oo 


YL 


V 

6u(x) ’ 



are a basis of a generic invariant subspace 
Te( k ) = ~ke[ k) , 

Te[ k) = ke( k ) , 

^ ,{k \e{ k) ) = (^ k \e {k) ) = 6(h~k), 

{i?' (fc) , e ( /j)) = {d (k \e\ h) ) = 0. 

The conditions 



[«(*:)> e (/i)] = [ e <fc) > - f e (fc)> e (h)] — 0 
imply the holonomicity of the frame; i.e, the existence of coordinates 



(q (k \p {k) ), 



such that 

6 , 6 
e W ~ Sq(k) ’ e W “ SpW ' 



In the bidimensional integral manifold of {e(k)> e [ k )}’ *ke operator T can be 
projected to 



S 

JW) 



<5JW 



S 

${p(k) 



J 






no sum over k 
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where 

1 (k) 

j{k) _ I + p (fc) 2 ) > ^(*) = arctan 

are action-angle type variables. Then, T transforms a dissipative integrable 
field of the type 

4 ‘> = 

into a Hamiltonian one 

4‘> = a<^’)4W 

and vice versa. 

This alternating character of T is responsible for the splitting of hierarchy 
(13.26) into two subhierarchies. Furthermore, we observe that 

• T has a bidimensional invariant spaces, but is not diagonalizable with- 
out complexification. 

• T 2 , which characterizes the Hamiltonian subhierarchy, is diagonaliz- 
able with doubly degenerate constant eigenvalues. 

Thus, for none of the subhierarchies one can use the integrability criterion 
to establish their integrability. 

However, we observe that the projections of dissipative dynamics on the 
bidimensional invariant spaces simply are 1 degree of freedom dynamics, while 
for the Hamiltonian ones, the existence of a functional jW[u], which is not 
trivially conserved on each bidimensional space, ensures its integrability. It is 
worthwhile remarking that this same functional jW [u] obviously plays the role 
of a Ljapunov** functional for the projection of the dissipative dynamics on the 
bidimensional invariant submanifold, thus ensuring the asymptotic stability of 
the solution J^[u] = 0. 



The Hamiltonian subhierarchy 

We discuss in more details the Hamiltonian character of subhierarchy (13,22). 
In order to do that, some care is needed for the appropriate choice of the 

** Alexander Ljapunov was born in Jaroslav (central Russia) in 1857 and died in S. 
Petersburg in 1918. He has been professor of mathematics at Kharkov University and after, 
member of the S. Petersburg Academy of Science. 
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functional space M on which dynamics is defined. The most natural one would 
be to take M as the functional space whose elements u go to a constant as 
x ±oo, as it is the space on which there lies the typical solitary wave of 
Burgers’ hierarchy. However, with such a choice it would not be possible to 
introduce a Hamiltonian structure on M. 

This can be understood easily by going back to the linear hierarchy for 
which M becomes, via the transformation (13.21), the space of functions which 
as x ±oo behave like exp[fcrj, and the Hamiltonian becomes meaningless. 
One is then tempted to restrict M in such a way, that both symplectic struc- 
tures and the Hamiltonian one be well-defined. This can be accomplished by 
considering only function v(x) tending to some nonvanishing fixed constants 
as x — ► ±oo or, equivalently, functions u(x) vanishing as x — ¥ ±oo, whose in- 
tegral has fixed value. More precisely, as for what refers to tangent spaces, the 
derivative of the Hopf-Cole map is a bijection Sv -4 Su between <S(5t); i.e. the 
space of all fast decreasing test functions, and the space of functions which 
are derivatives of elements of this ensuring the existence of a symplectic 
structure with respect to which the subhierarchy is Hamiltonian, 

The previous analysis shows the role played by the spectral hypothesis on 
the invariant mixed tensor field T in characterizing dynamical systems. The 
violation of the diagonalizability hypothesis allowed the inclusion of dissipative 
dynamics into the geometrical scheme. Moreover, the example shows that even 
if the eigenvalues of T 2 are trivially constant, sequences of constants of motion 
can be constructed by it. 




Chapter 14 



Meaning and Existence of 
Recursion Operators 



Some confusion exists in the literature about recursion operators. This chapter 
will be addressed to clarify the meaning and the existence of recursion operators 
for completely integrable Hamiltonian systems. 

In previous chapters it has been shown that completely integrable Hamil- 
tonian dynamical systems may admit more than one Hamiltonian description. 
It has been also shown that, usually, with these alternative descriptions, one 
associates a (l,l)-tensor field which can be used under suitable conditions, as 
a recursion operator, namely as an operator which generates enough constants 
of the motion in involution. It seems to be an open question whether it is 
possible to find a recursion operator for any completely integrable system. 

In the hypothesis of nonresonance, it has been shown that a recursion oper- 
ator can always be constructed, even for some infinite dimensional systems . 80 
Some authors claimed however that this is not always the case. 

So it seems to us that it is of some interest to further comment on possible 
meanings of recursion operators and to show that, in condition of nonresonance, 
any integrable system can be reduced to a linear normal form via a nonlinear 
noncanonical transformation, For these normal forms, it is straightforward to 
construct recursion operators . 130 
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14.1 Integrable Systems 



Let At be a smooth 2n-dimensional manifold. Let us suppose we can find n 
vector fields Xu • « . ,I n € X{M) and n functions F \, . . . , F n € F(M) with 
the following properties: 



[^,^'1 = 0, 


(14.1) 


CxiF j =0, i,j € 


(14.2) 


Let us suppose also that, on an open dense submanifold of A4, we have 


X\ A ■ * • A X n 0 , 


(14.3) 


dF 1 A ♦ * • A dF n 0 » 


(14.4) 


We shall show that any dynamical system A on At, which 


is of the form 


n 

A = X>^< ^ = 


(14.5) 






is explicitly integrable on the submanifold on which Eqs. (14,3) and (14.4) are 
satisfied. 

We assume finally, that the level sets of the submersion 

F : M -> , F = (F 1 ,...,F n ) (14.6) 

are compact. Then the vector fields Xi are complete on each leaf F"‘ 1 (a), 
a € and they integrate to a locally free action of the Abelian group K n . 
Moreover, each leaf is parallelizable and we can find closed differential 1-forms 
a 1 , . . . , a n , da 1 = 0, such that 

tj €{!,..■,«}. (14.7) 

With all previous construction, the vector field A in Eq. (14.5) can be 
explicitly integrated in a neighborhood of each leaf F"‘ 1 (a), where we take as 
coordinates the functions {jP, } with dyP = aK The equations of motion of 
A are given by 

¥ = j/'CF 1 ,. . .,F n ) , 



F l = 0. 



(14.8) 
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Therefore, the corresponding solutions are 

¥>i(t) = t^(F(p 0 )) + v>*( po ) , 

F i (t) = F i ( Po ), (14.9) 

with po € M the initial point. We see that the functions v x play the role of 
frequencies. 

We stress the fact that up to now we have not used any Hamiltonian struc- 
ture. For an algebraic characterization of complete integrability, see Refs. 77 
and 126. 

14.1.1 Alternative Hamiltonian descriptions for 
integrable systems 

We shall now investigate under which conditions a dynamical system, which 
is integrable in the sense stated before, admits infinitely many alternative 
Hamiltonian descriptions. 

With the n-functions F l ,...,F n obeying the condition expressed by 
Eq. (14.4), we can define a closed differential 2- form by 

w/ = E^( Fi ) Aa< ’ ( 14 - 10 ) 

i 

which is nondegenerate as long as dfiA- * -Adf n ^ 0. Any one of these symplectic 
forms makes the action of a Hamiltonian one. Indeed, by construction of 

w /» 

- ~dfj , j € {1, . . . , n} . (14.11) 

As for the vector field A in Eq. (14.5), we shall have that 

i&Uf = - i Sdfi . (14.12) 

i 

A necessary condition for i^F to be exact is that it is closed, namely that 

J^du* Adfi = 0. (14.13) 

i 

All sets of solutions of this equation for / x , . . . , f n satisfying df\ A • • • A df n ^0 
will give alternative Hamiltonian descriptions for the dynamical systems A 
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in Eq. (14.4). Moreover, any such A will be completely integrable in the 
Liouville- Arnold sense, the functions /i, . . . , / n being constants of the motion 
(by assumption of Eq. (14.2)) in involution, 

{/„ fiU = u>f(Xi , Xj) = C Xi /; = o . (14.14) 

There are two limiting case where it is easy to exhibit solutions of 
Eq. (14.13). 

The constant case 

All the frequencies v i are constant numbers so that dv % = 0 and Eq. (14.13) is 
automatically satisfied. 

Any differential 2-form in Eq. (14.10) is an admissible symplectic structure, 
and the corresponding Hamiltonian function is given by 

u> f = Y^ ul fi- (14.15) 

i 

An example of system for which this happens is given by the n-dimensional 
harmonic oscillator written as 

A 

i 

. 1 d r—r d 

A i = -===p i— - sjmikiqi— , no sum over i , 

\J ruiki dq l dp 1 

(14.16) 

Here mi and ki are the mass and the elastic constant of the ith oscillator. Now 
the functions F l are just given by the partial Hamiltonians 




The nonresonant case 

None of the frequencies v % is constant and we have that du l A • ♦ • A dv n ^ 0. 
In this case we may think of the v l as “coordinates” and of the /*? as functions 
of the i/ 1 . 
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In this second case, very simple solutions of Eq. (14.13) are given by linear 
functions fi = , i G {1, ... n}, Ay € 9?. The corresponding Hamilto- 

nian description for A can given with quadratic Hamiltonian functions by 



oja = Aijdu 1 A oP , 

ij 


(14.18) 


Ha = \ £^V. 

ij 


(14.19) 


Moreover, any other symplectic structure of the form 




W / = ]C d /i(^) AQj > 

i 


(14.20) 


in which any fi depends only on the corresponding frequency z/\ will be admis- 
sible as long as a;/ is nondegenerate; that is, as long as df\ A • • * A df n ^ 0. The 
associated Hamiltonian functions depend on the explicit form of the functions 
fi. For instance, if fi = (dG i /du i )(i> i ), the corresponding Hamiltonian can be 
written as 




(14.21) 


A simple example for these case is given again by the n- 
monic oscillator written as 


-dimensional har- 


A = ^F i A i , 


(14.22) 



i 



where F { and A i are given by Eqs. (14.17) and (14.16), respectively. Now the 
partial Hamiltonians F % play the role of frequencies. 

The intermediate cases are more involved. For further comments on them 
we refer to Ref. 80. 

It is worth stressing that there may be admissible Hamiltonian structures 
for A that cannot be derived by using the previous construction. 

14.1.2 Recursion operators for integrable systems 

We shall now show how to construct recursion operators for the integrable 
systems that we have considered in the previous sections. As we have seen, 
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given the dynamical system expressed by Eq. (14.5), we can construct infinitely 
many Hamiltonian structures given for instance by Eq. (14.10) or Eq. (14.20). 

The constant case: dv l = 0, Vi £ {1, . . . ,n}. 

Two possible alternative symplectic structures are obtained from Eq. (14.10) 
as 

A a> = ^ u k , (14.23) 

ij k 

Uf = S i jf i (F i )dF i A o' = £ f k ( pk )^ - ( 14 - 24 ) 

ij k 

with the condition dfi A * * • A df n ^ 0. Given them, we can construct a (1,1)“ 
tensor field T on M by 



r = w / owf 1 = J2f k (F k )h, (14.25) 

k 

where I* is the identity operator on the Arth bidimensional “plane” of T*M 
with “coordinates” ( dF k ,a k ). 

The nonresonant case: dv 1 A * A dv n ^ 0. 

In this case two possible alternative symplectic descriptions are obtained from 
Eq. (14.20) as 

u;\ = '^Sijdv 1 /\a j = (14.26) 

ij k 

Uf = A a> = £/V)"fc , (14.27) 

ij k 

with the condition dfi A • • • A df n ^ 0. Given these structures we can construct 
a (l,l)-tensor field T on M by 

T = w / oa,f 1 =^/ fc (^)I fc) (14.28) 

k 

where I* is the identity operator on the kth bidimensional “plane” of T*M 
with “coordinates” (dv k ,a k ). 

From the way they are constructed, one sees that T in Eqs. (14.25) and 
(14.28) are invariant under A, have double degenerate spectrum with 
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eigenvalues without critical points, and vanishing Nijenhuis torsion A/r- There- 
fore they are recursion operators for the dynamical system A. 



14 . 1.3 Liouville- Arnold integrable systems 

Assume the dynamical vector field A on the symplectic manifold (M,u> o) 
has n constants of the motion H 1 ) . . . , i/ n , which are in involution (with re- 
spect to the Poisson structure associated with (Jo)> functionally independent, 
dH l A • • • AdH n ^ 0, and generate complete vector fields Xi, . . . , X n . We have 
then an action of on M that is locally free and fibrating. 

In this situation, angle differential 1-forms a 1 , . . . , a n can be found, such 
that 



a i (X j ) = (5}, dot 1 = 0 . 

Given any function F of the if 7 , (or dF A dH l A • • ■ A dH n = 0) satisfying 
the condition 




the differential 2-form 

“ F = d (§m a ‘) 

is an admissible symplectic structure for the 5R n action. In particular, if 




we just get back the { if *} as Hamiltonian functions. 

With a set of action-angles variables ( Jk we have that 



A V dcp k ’ 
uj 0 = dJfc A dip k , 

i a aJ is dJ fc = ~ _ dJ k — dH , 

dJk 
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where u k = dH/dJk , k € {1,. . . ,n} are the frequencies. In the nonresonant 
case when dv l A * • * A dv n ^ 0, or equivalently, det (du h /dJk) 0, * we can 
use the v k as variables and write the admissible sympleetic structure 

w„ = ^ dv k A , 
fc 

with Hamiltonian a quadratic function 




By using the analysis of the previous section, we obtain that a not resonant 
complete integrable system has infinitely many admissible sympleetic struc- 
tures, some of them having the form 

w / = ^2 d M^) Kdip*, 

i 

with the condition df 1 A ■ * • Ad/ n ^ 0. However, in general, we may not obtain 
wo in this way. Moreover, such systems do admit recursion operators given by 
Eq. (1428). 



Example 40 Let us consider the following 2-degrees of freedom^ completely 
integrable system. Take M = x T 2 = {(#, y, if)} with sympleetic structure 
Wq = dx A dd 4 dy A dr}. The dynamical system is described by the Hamiltonian 
H = x 3 + ?/ 3 4 xy. The corresponding dynamical vector field is given by 



d 



d 






v# = 3a: 2 + y , 



v n =3y 2 + x. 



(14.29) 



Prom what we have said before , this system admits infinitely many alternative 
Hamiltonian descriptions in the dense open submanifold characterized by dug A 
du n ^ 0, namely by 36xy—l ^ 0, which coincides with the submanifold on which 
H is nondegenerate. Two such structures are given by 



Wi = dug Add + du v A dr ] , 



(14.30) 



This is also equivalent to the nondegeneracy of the Hamiltonian function. 
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o >2 = f{v$)dv '# A di? + giv^dUr) A dr] , (14.31) 

where f and g are any two functions such that df A dg ^ 0. The corresponding 
recursion operators , T = u> 2 o wjf 1 , are given by 

T = /(«,) (to, ® ^ " ® gj) + 9W + *» ® • 

(14.32) 

We stress the fact that uo is not among the symplectic structures constructed 
in Eq. (14-31) and that our recursion operators (14.32) cannot be “factorized” 
through cjo- 

We shall make some more comment on the meaning of recursion operators 
and on their use in the analysis of complete integrability. 78,80,185 ’ 145 

Let us suppose we have a dynamical vector field A 6 A'(Af) and a compat- 
ible (l,l)-tensor T field, namely C&T = 0, so that the functions trT fc , k > 1 
are constants of the motion. By applying powers of T, we obtain vector fields 
A* = T k ( A), which are symmetries of A. The Lie algebra {Afc,fc > 0} is 
Abelian if Afr — 0. 

If F € F(M) is a constant of the motion for A, we say .that T is an F-weak 
recursion operator if Afr = 0 and d(T(dF)) =0. If T is an F-weak recursion 
operator, one can prove that d(T k (dF)) = 0, Vfc > 1. Locally, one finds 
functions F*. € T{M) by dFk = T fc (dF), which are constants of the motion 
for A. 

It is worth stressing that a given operator T may be a recursion operator for 
the constant of the motion F and not a recursion for another constant of the 
motion G . Moreover, it may also happen that the tensor T is an F-recursion 
operator but T k (dF) AdF = 0,Vfc>l, so that one cannot use T and F to 
generate new constants of the motion. This is what happens for instance with 
the Kepler problem if one starts with the standard Hamiltonian function. 150 
However, it is always true that T[d(l/fc)tr T k ) = d(l/(k + l)trT fc+1 ). 

If lj is an admissible symplectic structure for A, namely L&uj — 0, we 
say that T is a (j-weak recursion operator if* Mr = 0 and d(T(uj)) = 0. If 
T is a u>-weak recursion operator, one proves that d(T k (w)) = 0, Vfc > 1. 
All differential 2-forms Wk = T k (w) are then admissible symplectic structures 
for A. 



t Again, we use the same symbol for the extension of T to differential forms. 




368 



Meaning and Existence of Recursion Operators 



It is worth stressing that given any two admissible symplectic structures 
u}\ and cl> 2 for A, it need not be true that they are connected by a recursion 
operator. Moreover, it may happen that T k (oj) A lj = 0, V/c > 1, so that one 
does not generate new symplectic structures. 

If A is Hamiltonian with respect to the couple (w, H) ) namely i&co = —dH, 
we say that T is a strong recursion operator if it is both a H-recursion operator 
and an a>-reeursion operator. If this is the case, any vector field A*, is a 
Hamiltonian one with respect to u with Hamiltonian function Hk as well as 
with respect to cu*. with Hamiltonian function H. Moreover, the constants of 
the motion Hk are pairwise in involution with respect to the Poisson structure 
constructed by inverting anyone of the symplectic structures u>k , k> 0. 
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15.1 A Tensorial Version of the Lax Representation 

In this section it is shown that the Lax representation (LR) can be regarded 
as the vanishing, along the dynamics, of the covariant derivative of a section 
of an Ad-based bundle. 81 

Although the Hamiltonian structure of nonlinear field theories leads to 
an extremely simple method for the construction of sequences of conserved 
functionals and to a geometrical interpretation of scattering data, it has not 
played a fundamental role in the construction of the LR. On the other hand, 
although a deep and effective interpretation is to consider the LR as a linear 
problem whose integrability condition coincides with the original nonlinear 
evolution equation, it is not clear how the existence of an LR, in this sense, 
qualifies the vector field and the manifold. In spite of its connection with the 
powerful method of the inverse spectral transform , 8 the Lax formulation is then 
lacking of a clear-cut geometrical interpretation; that is, the Lax dynamics 
is not defined in terms of a geometrical structure it preserves. Preliminary 
interesting answers to the problem are given by the loop groups approach (see, 
for instance, Ref. 163). 

The present geometrical approach is motivated, first of all by the interest 
per se of the possible geometrical structures underlying the Lax representation 
for a dynamical vector field on a manifold, on the other hand, by our belief 
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that a geometrical understanding can be of help in the extension to more space 
dimensions. 

Once given a vector field A on a manifold M, 

A tm o A = 1 M , 

where tm is the natural projection of tangent bundle TM, our aim is to 
translate in geometrical terms the problem of looking for a Lax pair L , B] that 
is, for a pair of operator fields on M such that 

L=[B,L]. 

The structure of the Lax equation naturally suggests two simple and ap- 
pealing geometrical readings. First of all, one can think of it as the explicit 
form of the equation 



£&L = 0, (15.1) 

once L has been interpreted as a section of the linear frame bundle. In fact, 
once fixed a frame, L and A can be written as 

L = L fa ® i? A , A = A% , 

and an equation of the form L = [B,L] is obtained by imposing Eq. (15.1) 
with 



B) = iejdA* - A k i lek , ej] ^ . 

(To be specific in notation here and in the following, except for an infinite 
dimensional example, M is supposed to be a finite- dimensional differential 
manifold with 3? n as a local model.) On the other hand the Lax equation can 
be read as the explicit form of an equation of the type 

D a L = 0, (15.2) 

where the covariant derivative is taken with respect to a prescribed connection 
on a fiber bundle based on M, not necessarily the linear frame bundle. To 
illustrate this possibility, consider the case in which the mentioned fiber bundle 
coincides with the principal fiber bundle of the structural group GL(n, 3ft); 
i.e. the linear frame bundle. In such a case the connection form cj can be 
written as 



W = p,A = l,...,n, 
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where the u>£’s are real- valued i- for ms, and 

DL = (dL$ + - u %L£)e M <S> . 



By contracting with A and imposing Eq. (15.2), we obtain 
where the dot denotes the i&d operator. In more compact notation 
where 

B = (15.3) 

i.e. J3j = — A a r«j, rs being the connection coefficients. 

As it has been shown in the previous chapter, equations of the first type 
C&T = 0 are satisfied by (1, 1)- tensor fields associated with completely inte- 
grable nonlinear field theories and play, in connection with symplectic struc- 
ture and, under some special assumptions, a relevant role in their integrability 
properties. 

The “phenomenology” of integrable nonlinear field theory shows that two 
distinct operator fields play two different roles in them. One, let us call it 
T, which generates a sequence of conserved functionals, by its construction is 
surely an endomorphism of the module X(M) of vector fields on M (or by 
duality of X(M)*} and satisfies the equation C&T = 0. The other one, let us 
call it L t is the linear operator that is used in the inverse scattering method; 
it is not a priori an endomorphism of X(M), and once we assume it to be 
an object of this type, it does not satisfy the equation C&L = 0, It is then 
natural to assume that the Lax equation must be read as an equation of the 
type D&L = 0. This assumption is confirmed by specific examples showing 
that, while the equation C&T = 0 is typically a feature that the dynamical 
vector field shares with a large class of fields, on the contrary the equation 
D&L = 0, once chosen a suitable connection, is able to fix without ambiguity 
the direction field associated with A. 
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The following example, though elementary, exhibits all the essential fea- 
tures of the exposed idea. 



15 . 1.1 The LR of the harmonic oscillator as a parallel 
transport condition 

In a natural chart the dynamical vector field is 



a = pi- 

dq 




Once given the connection form* 



U) = 



qdp — pdq > 



4# l pdq ~~ qdp 0 



(15.4) 



where H is the Hamiltonian H = (1/2 )(p 2 + q 2 ), Eq. (15.3) implies 





It is then straightforward to see that Eq. (15.2) is satisfied; that is, in a 
chosen frame 



L = [B,L], 

where L is the tensor field 

Equation (15.2) can also be read, once given L and u as an equation for 
A, and in this sense, not only is a property of A, but also defines as already 
mentioned, without ambiguity, the direction field associated with A, this being 
in contrast to the characterization induced by an equation of the type C&T = 0. 
In order to elucidate this point let us consider the following examples. 

*The column vector (“) represents the vector field a(d/dq) + b{d/dp). 
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15.1.2 The A-invariant tensor field for the 
harmonic oscillator 

The general solution in A of the equation £&T = 0, given 
can be written in the following form: 

A(P,9) = fM (py q - + 9(H) +pi) , 

with / and g being arbitrary functions. 

In coordinate notation, the equation C&T = 0 reads 

T = [A,T\ % (15.6) 

where 



0 1 

-1 0 



On the other hand, and this is a general feature of Lax type equations 
derived by invariance of tensor fields, connections exist such that Eq. (15.6) 
becomes the coordinate transcription of equation D&T = 0. As matter of fact, 
the connection form 

1 ( qdq 4- pdp qdppdq 

uj = I 

ypdq — qdp 0 

satisfies the relation A = —i&u. The general solution of equation D&T = 0, 
devised as an equation for A, is 

(/ being an arbitrary function), i.e. the harmonic oscillator up to parameter- 
ization. To avoid misunderstanding, we remark that the Lie derivative along 




dA* 


dA q \ 


dq 


dp 


dA p 


d A p 


dq 


dp i 
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A of tensor fields satisfying Eq. (15.2) is generally a different zero. This is, for 
instance, the case for the tensor field given by Eq. (15.5). 

15.1.3 The A -invariant tensor field for KdV 
We recall that the evolution equation is 

ii 4" uu x 4~ u xxx = 0 , 

and that a tensor field satisfying the equation 

£&T = 0 (15.T) 



is given by the operator field 

u x r 

T* = d X x * 4- 3w * 4- — / * dy , 

6 J- oo 

whose adjoint is used for construction of the sequences of conserved function- 
als and is related by a Miura-like transformation, of tensorial nature, to the 
analogous operator for the sine-Gordon equation. Equation (15.7), explicitly 
written acquires the form T = [A, T] with A — d xxx - ud x ~~ u x , 

Remark 24 The existence of A -invariant T is so peculiar, in Lagrangian 
dynamics , q-equivalent Lagrangians u% always lead to a A -invariant T. 



15.1.4 The A-covariant tensor field for KdV 

In order to consider the usual L for KdV we will again adopt the coordinate 
notation in terms of “local coordinates’’ u(x): differentials Su(x) and functional 
derivatives 5/(Su(x)), as formal elements of the “continuous natural basis” of 
cotangent and tangent spaces, respectively. The vector field is then written as 

A “ Lj xMu) sir) ’ A(u) “ " a - (l“ 2 + u “) • 

It is easy to verify that the Lie derivative of the Lax tensor field, 



-u: 



dxdy 



5"(x ~y) + -u(x)S(x - y) ® Su(y ) , 



corresponding to the Lax operator L = d xx 4- (l/6)w, does not vanish. 
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If, on the other hand, we consider the connection form 

/ oo 

r(», y)Su(z)dz , 

-a© 



with 

c = S(x — z) 



4S tff (x — y)-h u(x)S f (x - 



y) - j «**(» - y) 






we obtain 

ker{5) = y] = 4£' // (:r - y) + ufaJJ'ta; - y) - ^<$0 - y) , 

and hence 

B = 4<9 X ££ ~ — 2^® * 

Therefore, the Lax representation for KdV equation can be written in the 
form = 0, 

In order to illustrate the utility of the geometrical reading of the LR as a 
condition of parallel transport, consider the transformations of the Lax pair 
induced by transformations of field variables. This matter is relevant accord- 
ing to the general feeling 138 ’ 17 M80,i05,ii9 severa ] integrable nonlinear field 

theories are equivalent between them, up to inversion problems of transforma- 
tions. This point of view has, for instance, led to connect the T operators for 
sine-Gordon and KdV and the T operators for Liouville’ equation and KdV. 
To give a simple example of the transformation method, consider once again 
the harmonic oscillator. To transform, for instance, the Lax pair 



L = 







to action-angle variables ( J, <£>), L must be transformed as (1, l)-tensor field and 
B as the contraction of the connection form (15.4) with the dynamical vector 
field. The transformation law for u from the natural basis in x coordinates to 
that in x ' is 
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Then, in the new frame 






— y/2J cos<p —2 sirup \ 
— y/(2J) 3 sirup y/2J cos <p ) 



B = 



° 4 J 

-J 0 



which are, of course, a Lax pair for the dynamics J = 0, (p = 1. 



15.2 Liouville Integrability of Schrodinger Equation 

Some years ago it was suggested 176 the use of complex canonical coordinates 
in the formulation of a generalized dynamics including classical and quantum 
mechanics as special cases. In the same spirit, a somehow dual viewpoint 
can be proposed 151 : rather than to complexify classical mechanics it may be 
useful to give a formulatioii of quantum mechanics in terms of realified vector 
spaces. 

By using the Stone-von Neumann theorem, a quantum mechanical system 
is associated with a vector field on some Hilbert space ( Schrodinger picture) 
or a vector field; i.e. a derivation, on the algebra of observables ( Heisenberg 
picture). 

In classical mechanics the analog infinitesimal generator of canonical trans- 
formations is a vector field on a symplectic manifold (the phase space). 

Therefore, if we want to use similar procedures, we need to real-off L 2 (Q, C), 
the Hilbert space of square integrable complex functions defined on the con- 
figuration space Q, as a symplectic manifold or, more specifically, as a co- 
tangent bundle. We shall see that it can be considered as T*(L2(<3> 3ft)); 
L 2 (Q, 5£) denoting the Hilbert space of square integrable real functions defined 
on Q. 

The approach is different from previous ones 124,66,71,69 also dealing with the 
integrability of quantum mechanical system in the Heisenberg and Schrodinger 
picture. 

In order to make more transparent the geometrical and the physical con- 
tent of the subject, difficult technical aspects (which are however important in 
the context of infinite dimensional manifold, 10 as for instance, the distinction 
between weakly and strongly not degenerate bilinear forms, or the inverse of 
a Schrodinger operator and so on) will not be addressed. We shall limit our- 
selves to again observe that no serious difficulties arise working on an infinite 
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dimensional manifold whose local model is a Banach space, as in that case, the 
implicit function theorem still holds true. 

Although in an infinite dimensional symplectic manifold, a Darboux’s chart 
a priori does not exist, for the Schrodinger equation 

natural canonical coordinates p and q can be introduced. 

We introduce the real and the imaginary part of the wave function ip: 

j p(r,t) = , 

t?(M) = Reip(r,t), 

and in this way Lz(Q,C) is considered as the cotangent bundle of L^iQ, 5R). 

In these new coordinates, the Schrodinger equation takes the form 




where jHi.is defined by 

Hi[q>p] f ^|^1(Vp) 3 + (^9) 2 ] +^M(P 2 + 9 2 )} , 

and SH/Sp, 611/ 6q denote the components of the gradient of H[q,p] with 
respect to the real L 2 scalar product. 

Our system is then a Hamiltonian dynamical system with respect to the 
Poisson bracket defined for any two functionals JF[g,p] and G[q,p) by 

Ai (6F,SG) {F,G}i :- % j dr ^ ^ ^ ^ ■ 8q ) ■ ( 15 - 8 ) 

What is less known is that the previous one is not the only possible Hamil- 
tonian structure. Indeed, the Schrodinger equation can also be written as 





378 



Miscellanea 



where Ho is defined by 

Ho[q,p\ := ^ J dr(p 2 +q 2 ), 

and H is the Schrodinger operator 

It is then again a Hamiltonian dynamical systems with respect to a new 
Poisson bracket which, for any two functionals F[q,p] and G[q,p), is defined 

MJF,*?) := {F, G} „ - / * (£ ■ ■ ' - % ■ ) ■ 

Thus, with the same vector field, we have the two following choices: 

• A phase manifold with a universal symplectic structure 

cui := hj dr(Sp A 5q) 

and a Hamiltonian functional depending on the classical potential 

• A phase manifold with a symplectic structure determined by the clas- 
sical potential 

uq := h J dr('H~ 1 6p A Sq ) 

and the universal Hamiltonian functional representing the quantum 
probability. 



The two brackets satisfy the Jacobi identity, as the associated differential 
2-forms are closed for they do not depend on the point ip = (p, q) of the phase 
space , 

We have then the relation 



where 



Su Su * 



t : 





(15.9) 
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and 




Since the tensor field T does not depend on the point ip = (p, q ) of the phase 
space, its torsion is identically zero, so that the relation (15.9) can be iterated 
to 

SHn =fn SHo 

Su Su 

It turns out that the Schrodinger equation admits infinitely many conserved 
functionals defined by 

Hn[q t p] -=\j dr(pH n p + qH n q) = j dr^H^) . 

They are all in involution with respect to the previous Poisson brackets: 

{tf n , H m } 0 = { H n , H m }i = 0 . 

It is worth stressing that for smooth potentials U (sc) in one space dimension, 
the eigenvalues of the Schrodinger operator H are not degenerate, so that the 
eigenvalues of T are double degenerate. 

The eikonal transformation 
The map 

p(r, t) = yl(r, t) sin — , 

< h 

q( r, t) = A( r, t) cos S ^ T ’^ , 

\ fi 

is a canonical transformation between the (p, q) and (n = S(2h)~ l E, \ ~ ^ 2 ) 
coordinates, since 



Sp A Sq = (5 (~ 



A SA 2 . 
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The Hamiltonian H\ becomes 

te *]-/*{£ (£*£ +4x(V») 2 ) +U X } , 
so that Hamilton’s equations 



' dn _ 1 6K X 

dt~ h S\ ’ 

dx 1 SKi 
^ dt h Sir ’ 



give 



dn 

~dt 

dx 

< dt 



n A(yx) 

2m y/x 



m 



___divbV,r), 



where P = x and J = fixC^S/m) represent the probability density and the 
current density, respectively. 

This transformation being nonlinear will transform previous bi-Hamiltonian 
descriptions into a mutually compatible pair of nonlinear type. 

Finally, it is worth to stress that the Schrodinger equation, in spite of its 
linearity, shows that the class of completely integrable field theories in higher 
dimensional spaces is not empty. Moreover, previous analysis appears to be 
interesting also in the formulation of variational principles 109 for stochastic 
mechanics. 



15 . 2.1 Comparison with the nonlinear Schrodinger equation 
The two-dimensional nonlinear Schrodinger equation 



ft 2 , , l2 # 

ih— = + b\ip \‘ , 



(15.10) 



has been analyzed by several authors . 186 ’ 122 ’ 188 ’ 95 
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In the canonical coordinates 



p(x , £) = Im t ) , 



it takes the form 



d fp\ 1 /0 



*\1 Oj\Mi 

\ 5q 



where K\ is defined by 



Ki\q,p] :=^Jdx + 6 (^*?) 2 ] + (P 2 + 9 2 ) 2 | • 

It is then a Hamiltonian dynamical system with respect to the canonical 
Poisson bracket Ai defined by Eq. (15.8): 



Ai (SF,SG) := {F,G}i := i J dx 



SG\ 

Sq Sp Sp Sq J 



The previous one is not the only possible Hamiltonian structure. As matter 
of fact the nonlinear Schrodinger equation can also be written as 122 ' 138 



d(q 

dt l n 



where Hn is the Poisson operator 



or equivalently, 






n N = -i{p x o +v>d~ 1 [v>( o) + v>(°)]) i 



■. ( ~-f L d x + 2 apD l p -2 apD l q 

I I 2m 



-2 aqD l p 



-d x + 2 aqD 1 q 
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with a — b\/2 mfh, and 

D ~ 1 :== ^ (^j dx - J dx) , K 0 [q,p} := j dx(qp x ) . 

It is then again a Hamiltonian dynamical systems with respect to a new 
Poisson bracket* given, for any two functionals F[q,p\ and G[q,p ], by 

:= { F.G h := jta (f f ) . 

Once again, with the same vector field, we have two following choices; 

• A phase manifold with the canonical symplectic structure 

uji s Af 1 := h j dx(5p A Sq) 

and a Hamiltonian functional accounting for the interaction. 

• A phase manifold with a symplectic structure determined by the in- 
teraction 

c^2 == A 2* 1 h J dx(%^ l 5p/\ Sq) 

and a free Hamiltonian functional given by the mean value of the 
momentum p = ~ihd x . 



We have then the relation 



where 



SK 1 __ ^ 

N Su 1 



(15.11) 



/ 

f := Aj" 1 0 A 2 - 

\ 







+ 2api9 



-~—d x + 2aqD l q^ 
2m 

—2 apD~ l q 



It can be shown that the sum A 2 + Ai is again a Poisson bracket. This is 
equivalent to the vanishing of the torsion of the tensor field T/v, so that the 



*For simplicity the proof of Jacobi identity for A 2 is omitted. 
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relation (15.11) can be iterated to 

= (f„ r £|» . (15.12) 

Therefore, the nonlinear Schrodinger equation admits infinitely many con- 
served functionals. The first three functionals are 

K-i[q,p) = \ J dx(p 2 +q 2 ) = J dx(ipip) , 

K 0 {q,p) - J dx(qp x ) = 2 i J dx(4>x/; x ) , 

Ki[q,p] = | J dx j|^[( 9 xP) 2 + ( d x q ) 2 ] + (p 2 + « 2 ) 2 ) . 

They are all in involution with respect to the previous Poisson brackets, i.e. 

{K ny K m } o — {K n , K m }i = 0 . 

By observing that 

6K 0 _ * 6K - 1 

Su N Su 

the recursion relation (15.12) can be completed to 

In terms of the operators T, To, Tk, Tn defined by 

To := -Ao -f Uo = 'Ho , 

T G o := d xx o °, 

T K o := 9 XI o +^o+ , 

TW® := +-0£>~ 1 [V’(°) + $(<>)]} , 



we have the general scheme on the next page. 
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Remark 25 It is interesting to observe that K_\ is a conserved functional 
both for the Schrodinger and the nonlinear Schrodinger equations. The same is 
not true for Kq. This is due the fact that Schrodinger equation is not invariant 
under space translations and Kq corresponds to the mean value (p) of the linear 
momentum p = ~ihd x . In other words the vector field associated to Kq via the 
canonical Poisson bracket Ai is invariant for translation. 

It is worth finally to compare the recursion operators of the Schrodinger, 
with vanishing potential f7(x), and nonlinear Schrodinger, with a = 0, hierar- 
chies. It is easy to see that, in this case, T = Tjy. 



15.3 Integrable Systems on Lie Group Coadjoint Orbits 

Integrability is also analyzed, by several authors, using the Eulerian approach 
of coadjoint orbits of Lie groups. 

Let {ei} be a basis of a Lie algebra Q with [ei,ef\ = c^e/. and {i? 1 } be the 
dual basis, in Q* the dual of Q. 

Moreover, let x be coordinates in Q* with respect to and T be the set 

T = {/ e C°°, 

Let us define the bracket 

{/,$}(*) = = <*, [V/, v fl ]> , 

where V/ G T and Vx,y € £*, and the gradient V/ of / is the element of Q 
defined by 

(y, V/) = j t f{x + ty)\ t =o- 

The existence on Q of a not degenerate scalar product (■ , •), which is in- 
variant for the adjoint representation, allows the identification of Q with Q* 
according to 



(y, X) = (y, X ) . 

On the other hand, the property ([c, 6], a) + (6, [c,a]) = 0 implies that the 
previous bracket can be also written as 



{/,<?}(*) = (Vs, [x,v/]). 
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So for a dynamics generated in Q by a function H € T, 
f t ={HJ} = (Vf,{x,VH\), 



we have 



dx 

dt 



= {x,VH). 



This corresponds to the Euler approach for the rigid body dynamics, and 
to the Lax representation of KdV too, in reading the phase manifold of KdV as 
the coadjoint orbit of the oo- dimensional Lie group of integral operator Fourier 
integrable on the circle S 1 . 61 ’ 60 * 49 



15.4 Deformation of a Lie Algebra 
15.4.1 Deformation 

Let Q be a Lie algebra and X, Y any two elements in Q, 
A family of brackets 



[X,Y] x = [X,Y} + \ u^X t Y) f 

satisfying the Jacobi identity V A € 3?, is called a deformation 87 of the Lie 
algebra Q . 

Therefore, u) has to satisfy the following conditions: 

f [X, u ;(Y, Z)} + a>(X, [Y, Z\) 4* cyclic permutation of X, Y } Z = 0 , 

\ u;(X, u;(Y, Z)) + cyclic permutation of X, Y, Z = 0 . 

Such a deformation is a 2-cocycle u on Q % with coefficients in the adjoint 
representation, that defines a new Lie algebra structure, 

A deformation is called trivial if there exists an endomorphism T : Q Q y 
such that the operator 1 + XT is a morphism from the new Lie bracket [• , *}\ 
to the old Lie bracket [-,•]. 

Thus, for a trivial deformation, we have 

(1 + AT)[X, Y\ x = ((1 + A T)X, {1 + A T)Y ] , 
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The above equality implies that, for arbitrary A, the following condition must 
be satisfied: 

(1 + A T)([X, Y ] + \u>(X, Y )) = [X, Y] + A T[X, 7] + X[X, TY } + A 2 [TX, TY } , 
i.e. 

U(X, Y) = [TX, Y] + [X, TY] - T[X, Y ] , 

Tu>{X, Y) = [TX, TY] . 

Therefore, a; is a coboundary of the cochain T with the property 
H t (X,Y) = 0 with H T (X,Y) = {(C fx T) A -f(£ x T) A ]Y. 
Moreover, 

T[X,Y] t = [TX,TY], 

with 

[X,Y] t = cj(X,Y). 

15 . 4.2 LiG-Nijenhuis arid exterior- Nijenhuis derivatives 
The Lie~Nijenhuis derivative is defined on vector fields by 

£ t x Y = [X, Y] t = u>(X, Y) = [TX, Y] + [X, TY] - T[X, Y] , 

and on differential forms, by defining the following exterior- Nijenhuis deriva- 
tive: 

0 d T f)(X)= df(TX ), feA(M), 

0 d T a)(X , Y) = da(TX, Y) + da(X, TY) - (dTa)(X, Y) , a€ A 1 (M) . 
Indeed, the exterior-Nijenhuis derivative has the property 
[d T (d T ,f)](X,Y) = df(H T (X,Y)), 

so that 

djy = 0 <=> Ht — 0 • 

Moreover, if T is invertible, the Poincare lemma holds; that is, if droc = 0 , 
then locally a differential form ft exists, such that a = dr/3. 
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We also notice that 



d'j'd = — ddr . 

Tedious calculations show that 

(d T a)(X,Y) = (£ T x a,Y) - ( C T x a,X ) + (a,C T x Y) . 

The vanishing of the Nijenhuis bracket 

[TX, TY] - T[X % TY ] - T[TX , Y] + T 2 [X , Y] = 0 , 

for a tensor field f? satisfying the condition R 2 = 1, gives the modified classical 
Yang-Baxter equation 171 ’ 1 23 

[JLX, i2Y] - R{RX, Y] - R[X y RY] + [X, Y] = 0 . 

In this case, the condition on a; can be rewritten in the following form: 

w(x,y) - [Jix,y] + [x,ry] - r[x, yj , 

w(x f y) = fl[AY,/iy]- 

Finally, we observe 63 that also the bracket defined by 

[X, Y\ r = w{X, Y) + R[X, Y ] s [RX, Y ] + [X t RY ] , 

satisfies the Jacobi identity. 

It follows that, if R solves the modified classical Yang-Baxter equation, all 
the brackets 



w(x, y) = [rx, Y) + (x, /?F] - i?[x, y] , 

[x, yj* = [izx, yj + [x, ry] t 

[Xj Y}\ — [X, Y]jr -f* Xu(X, Y ) , 
satisfy the Jacobi identity. 

Remark 26 Different approaches to complete integrability of systems with 
infinitely many degrees of freedom exist, but a clear connection between them 
is , up to now , lacking. Perhaps a deeper understanding may provide new tools 
to tackle the relevant problems of nonlinear quantum theory. 112 ' 91 




Chapter 16 



Integrability of Fermionic Dynamics 



There have been several attempts to analyze integrability of fermionic dy- 
namical systems (see for instance, Refs. 31, 142 and 74) and to extend to 
such systems, 75 in algorithmic sense at least, results and techniques used for 
Bosonic dynamics and based on the role of recursion operators. In particular, 
one would like to define a graded Nijenhuis torsion. 

In this chapter, we address this issues. We show that a mixed (l,l)-graded 
tensor field T can act as a recursion operator if and only if T is an even map. 129 

There are dynamical systems, like supersymmetric Witten’s dynamics 184 
that allow a bi-Hamiltonian description with an even and odd Hamiltonian 
function and in term of an even and an odd Poisson structure, respectively, so 
that the dynamical vector field is always even. 183,172 This allows to construct 
an odd tensor field which could be a good candidate as a recursion operator. 
We explicitly show that this is not possible. 



16.1 Recursion Operators in the Bosonic Case 

Here we briefly recall an alternative characterization in term of an invariant 
(under the dynamical evolution) (1,1)- tensor field T. 

We shall deal only with smooth; i.e. C°° objects, and notations will follow 
as close as possible those of Refs. 1 and 41. In particular if M is an ordi- 
nary manifold (finite-dimensional), we denote by F(M) the ring of real-valued 
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functions on M, by X{M) the Lie algebra of vector fields, by X(M)* its dual 
of forms and by Ti(M) the mixed (l,l)-tensor fields. 

It has been shown that the main property of the tensor field T, in the 
analysis of complete integrability of its infinitesimal automorphisms, is the 
vanishing of its Nijenhuis tensor Afr = 0. It is then plausible that a suitable 
generalization of such a condition could play an important role in analyzing the 
integrability of dynamical systems with fermionic degrees of freedom. More- 
over, it seems natural to think that such a generalization could come from a 
graded generalization of some of the following relations which are available in 
the Bosonic case: 

(a) A fa = 0 ImT is a Lie algebra. 

(b) N r = 0, d(TdH) = 0 d(T k dH) = 0. 

(c) ATt = 0 <*=> dT°dr = 0, where dr is the exterior-Nijenhuis derivative. 

(d) T — : Aj" 1 o A 2 , Nt — 0 <=> -f A 2 satisfies the Jacobi identity. Here 
Ai and A 2 are two Poisson structures. 

(e) u>(X, Y) =: [TX, Y] + [X, TY) - T[X , 7] , Tu>(X, Y) = [TX, TY ]. 

One could expect that some, if not all, of the previous relations do not hold 
true in the graded situation. 

Before we proceed with the analysis of the graded Nijenhuis condition we 
shall give a brief review of the graded differential calculus on supermanifolds 
that will be followed by the study of some simple examples. 



16.2 Graded Differential Calculus 

We review some fundamentals of supermanifold theory 15 ’ 167 while referring to 
the literature for a mathematically coherent definition. 169 ’ 64 In the following, 
by graded we shall always mean Z 2 -graded. 

The basic algebraic object is a real exterior algebra B j, — (Bl ) 0 0 (Bl) 1 
with L generators. An (?n, n)-dimensional supermanifold is a topological man- 
ifold S modeled over the vector superspace 

i?r = (Bl)Z x (B l )? ( 16 . 1 ) 



by means of an atlas whose transition functions fulfill a suitable supersmooth- 
ness condition. A supersmooth function f : U C B™' n — > B& has the usual 
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superfield expansion 

n 

/(** ... X m , # ... IP) = fo(x) + £ f a (x) !?“ + ••• + /!...„(*) T? 1 . , ■ l?” , (16.2) 



where the x’s are the even (Grassmann) coordinates, the d ’ s are the odd ones, 
and the dependence of the coefficient functions f ...( x ) on the even variables is 
fixed by their values for real arguments. 

We shall denote by Q(S) and G(U) the graded ring of supersmooth Bi- 
valued functions on S and U C 5, respectively. 

The class of supermanifolds which, up to now, turns out to be relevant 
for applications in physics is given by the De Witt supermanifolds. They are 
defined in terms of a coarse topology on called the De Witt topology, 

whose open sets are the counterimages of open sets in R™ through the body 
map cr m,n : B™' n -4 3i m . An (m,n) supermanifold is De Witt if it has an 
atlas such that the images of the coordinate maps are open in the De Witt 
topology. A De Witt (m,n)- supermanifold is a locally trivial fiber bundle 
over an ordinary m- manifold 5 0 (called the body of S) with a vector fiber. 167 
This is not a surprise the fact that, modulo some technicalities, a De Witt 
supermanifold can be identified with a Berezin-Konstant supermanifold. 121 ' 5 

The graded tangent space TS is constructed in the following manner. For 
each x € 5, let Q(x) be the germs of functions at x and denote by T X S the 
space of graded Bilinear maps X : Q(x) -4 Bj, that satisfy Leibnitz rule. 
Then, T X S is a free graded module of dimension (ro,n), and the disjoint 
union U x€ sT x S can be given the structure of a rank (m, n) super vector bundle 
over 5, denoted by TS. The sections <¥(S) of TS are a graded t?(S)-module 
and are identified with the graded Lie algebra DerQ(S) of derivations of Q(S). 
Derivations (or vector fields) are said to be even (or odd) if they are even (or 
odd) as maps (satisfying in addition a graded Leibnitz rule) from Q(S) G(S). 
A local basis is given by 



d , d d d 
dx 1 '"'' dx m ' ‘ 



(16.3) 



Remark 27 Unless explicitly stated , by using a partial derivative we shall 
always mean a left derivative , namely a derivative acting from left . In general , 
if z % = (x* ,#), when acting on any homogeneous function f G 5(5), left and 
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right derivatives are related by 

Jji f = (-l) p ^‘ )lp{/)+1 )/ ~ , i + (16,4) 



In a similar way, one defines the cotangent space and bundle. T*S is the 
space of graded Bi-linear maps from T X (S) Bi and T*S = U xe sT*S, T*S 
is a free graded Bi-rnodule of dimension (m,n), while T*S is a rank (m,n) 
super vector bundle over S> 

The sections X(S)* of T*S are a graded £(5) module and are identified 
with the graded £(S)-linear maps from DerQ(S) -> Q{S). They are the dif- 
ferential 1-forms on S and are said to be even (respectively odd), if they are 
even (respectively odd) as maps X(M) Q(S ). 

In general, a p covariant and q contravariant graded tensor is any graded 
0(5)-multilinear map* a : X{S) x ■ * * x X(5) x <T(5)* x * * • x X(S)* — * G(S). 
The collection of all rank (p, q) tensors is a graded G(S) module. 

A graded p~form is a skew-symmetric covariant graded tensors of rank p. 

We denote by Q P (S) the collection of all differential p forms. The exterior 
differential on S is defined by letting X JL df = X(f ), V/ G £(S)> X € A'(S) 
and is extended to maps fF(S) fi p+1 (5),p > 0, in the usual way, so that 
d 2 = 0. 

If X* e X{S) are homogeneous elements, 



X\ A * * * A X p+ i ± dq> 

P*M i 

= Et- 1 ) 1 ^ a *p+i 1 ?) 

i=»l 

+ E Xj] A XiA ..k — AX p+1 _L , (16.5) 

where 



i— 1 

o(i) = 1 + * + p(Xj) E p(*a) > 

h=l 



•With p-X(£) factors and ^-^(5)* factors. 
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t-1 j - 1 

Hhj) = i+j + ?(*») Ylp( Xh ) +p( x i) ^p( x h) ■ ( 16 - 6 ) 

h=1 & 

Prom definition, one has that p(d) = 0. 

The Lie derivative L(.) of forms is defined by 

L ( .) : X{S) x -)• ftP(S) , 

L x =X lod + doX ±, VXeX(S). (16.7) 

Clearly, p(L x ) = p(X). 

The Lie derivative of any tensor product can be defined in an obvious 
manner by requiring the Leibnitz rule and can be extended to any tensor by 
using linearity. 

Suppose now that we have a tensor T € Tx(S) } which is homogeneous of 
degree p{T). Again we can define two graded endomorphisms of X(S) and 
X(S)* by the formulae (in the following two formulae, X,Y are homogeneous 
elements in X(S), while a is any element in X(S)*) 

T : X(S) — ► X(S ) , f : X(S)* — > X(S)* , 

T(X, a) =: TX J_ a =: ± fa . (16.8) 

We could be tempted to define a graded Nijenhuis torsion of T by a relation 
analogous to usual one of the Bosonic case 

a U T (X,Y-,a) =: G n T (X,Y)la, 

g Ht{X,Y) =: f 2 [X,Y] + (-1 )p( t )p(*)[TX,TY] - t[tX,Y) 

- (_l )P(T)vWf[X, fyj . ( 16 .9) 

It is easy to see, just by computation, that 

The map g Ht • X{S) x X(S) -4 X(S) defined in Eq. (16.9) is Q(S)-linear 
and graded antisymmetric if and only if p(T) = 0. 

Remark 28 When p(T) = 1 } the map defined in Eq. (16.9) is not anti- 
symmetric nor linear also over even function , also when it is restrict to even 
vector fields. Therefore Eqs. (16.8) and (16.9) define a graded tensor {which is 
in addition graded antisymmetric) if and only if p(T) = 0. 
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16.3 Poisson Supermanifold 

We briefly describe how to introduce super Poisson structures on an (m,n)- 
dimensional supermanifold S: 5,133 For additional results, see also Ref. 68. As 
before, we shall denote by z l = (x- 7 ,'#*),! € {1, . . . ,m + n} the local coordi- 
nates on S. By direct calculations it can be proven 5 that 

If (a; 1 - 7 ) is an (m + n) x (m + n) matrix , depending upon the point z € S, 
with the following properties : 

• the elements are homogeneous with parity p{u ) 1 = p(z l ) + p(z3) ■+■ 
p((j) and p{u)) not depending on the indices i and j\ 

• u) ji = -(-1 )[p( 2< )+p( w )]W 23 ’)+p( w )] w i i ) (16.10) 

— ► 

—V 

+ (- 1) [p(* j )+p( w )]|p( zi )+p(w)) tt ,j« JL = 0 ; (16.11) 

then , the following bracket 



{F, G} =: F C (16.12) 

makes Q(S) a Lie superalgebra ( Poisson superstructure). 

We have two different kind of structures according to the fact that p(w) = 0 
(even Poisson structure), or p{oj) — 1 (odd Poisson structure). Indeed, one can 
check that the bracket (16.12) has properties: 









{F,G} = (16.13) 

(_l)b(i r )+pH][p(i/)+p(w)]||^ q ^ JJ} 






+ (-IJIpW+p^IKp^+p^)!^^ i?} } G} = 0 . (16.14) 
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We infer from Eqs. (16.13) and (16.14) that, when thought of as elements of 
the Poisson superalgebra, homogeneous elements of Q(S) preserve their parity 
if p(u>) = 0, while they change it if p(cj) = 1. 

If the matrix (u;^) is regular, then its inverse ((J^),^^* = <5*, gives the 
components of a symplectic structure u = | dz l A dz^u)j^ namely, u) is closed 
and nondegenerate with the properties 

p(u)ij) = p(z i ) + p(z j ) + p(w) , 

Uji = -(-1 )P^% ij , (16.15) 

and u) is homogeneous with parity just equal to p( a>). 

There is also a Darboux theorem , 133 

Theorem 41 Let (S,u>) be an ( m,n)-dimensional symplectic manifold with 
uj homogeneous . Then , 

Proposition 42 

• Ifp( u) == 0, then dim S = (2r,n) and there exist local coordinates such 
that 

/ 0 l r 0 \ 

u) = dq l A dp 1 + A d^ , Uij = I -l r 0 0 I . (16,16) 

\ 0 0 l n J 

• If P{w) = 1, then dim 5 = (m, m) and there exist local coordinates 
such that 

By having a Poisson structure, we can deal with Hamilton equations. Prom 
Eq. (16,12), if H is the Hamiltonian, the corresponding equations are 

= (16.17) 

Now we would like to maintain the possibility of explicitly constructing 
the flow of Eq. (16.17). This requires that the dynamical evolution be an 
even vector field. In turn this implies that the Poisson structure and the 
Hamiltonian function should have the same parity so that in particular, with 
an odd Poisson structure, we need an odd Hamiltonian function. 

Before we analyze the graded Nijenhuis condition, we will study a few 
examples. 
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Example 43 (Bosonic -Fermionic oscillator) The mixed bosonic-fermionic 
harmonic oscillator in (2,2) dimensions is described with coordinates (q,p, 7?,£) 
and has the following equations of motion : 



p = 

i = - v- 



(16.18) 



Equations (16.18) can be given two Hamiltonian descriptions , The Hamiltoni- 
ans are the usual even one 



H= -(p 2 + q 2 ) + iin , 

and an odd one 

K = pt + qT}, 

while the two Poisson structures are respectively 



Ah = 



0 


1 


0 


°1 




0 


-1 


0 


0 \ 


-1 


0 


0 


0 


» = 


1 


0 


0 


0 


0 


0 


i 


0 


0 


0 


— i 


0 


0 


0 


0 


i 




u 


0 


0 





(16.19) 



(16.20) 



(16.21) 



A k — 



0 0-10 

0 1 0 0 



0 0 0 -1 

0 0 10 

0-10 0 
10 0 0 



\-i o o oy \i o 

We can construct a mixed invariant tensor field T by 

fO 0 1 0 

0 0 0 1 

T =: uifj o A k — 

0 -i 0 0 

v i 0 0 0 



(16.22) 



(16.23) 
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However , this odd tensor field ( p(T ) = 1) is not a recursion operator. Indeed , 
it is easy to check that 

TdH = — i(dq)£ + i(dp)r] — i{drf)p + i(d£)g , 



50 that 



TdK = dH , d(TdJJ) ^ 0 . (16.24) 

7f we evaluate the Poisson brackets of the coordinate variables , 5?/ using the 
two symplectic structure given by Eqs. (16.21) and (16.22), we find that 

{q,p}h = i, {p,q}H = - 1, {*?,»?}// = *, {£>£}# = *> (16.25) 

and 

{<l€}k = 1, = = -1 J {*7»p}jc = 1> (16.26) 

tfie remaining ones being identically zero. We see that the sum {-,♦}+ of the 
two structures is itself a Poisson structure with the property 

{F, G}+ = -(-1 )p(FMG){ G} F}+ } (16.27) 



but it has not definite parity. Moreover the bracket {•, *}+ is degenerate. 



Example 44 (Witten dynamics) Interesting examples come from super- 
symmetric dynamics. It has been shown 183 ' 172 that the dynamics of Witten's 
Hamilton systems 184 can be given a bi- Hamiltonian description with an even 
Poisson bracket and Grassmann even Hamiltonian , or with an odd bracket and 
Grassmann odd Hamiltonians. Instead of considering the general case we shall 
study a supersymmetric Toda chain with coordinates (<7,p,77,£)* 

The even Hamiltonian is given by 



H=\ip 2 + eq ) + \i^ . 

With the even Poisson structure 



0 


1 


0 


0 \ 




f° 


-1 


0 


° \ 


-1 


0 


0 


0 


, uh = 


1 


0 


0 


0 


0 


0 


i 


0 


0 


0 


—i 


0 


0 


0 


0 


*/ 




U 


0 


0 


-i) 



(16.28) 



(16.29) 




398 



/ntegmfeiiity of Fermionic Dynamics 



the equations of motion read 

r Q=P , 

p = -^e q - . 

< i 4 (16-30) 

V = ^ , 

Then the following functions are constants of the motion 

K = p£ + e%ri, 

L = pr)-eU, (16.31) 

F = i£ p. 



We can use K(or L) in Eq. (16.31) as an alternative Hamiltonian function. 
The corresponding symplectic structure is given by 

u )k = dq A d£ + dp A dq(e~ $ 77 ) + dp A dr\(-~2e~i ) 4. df AdH , (16.32) 

where /(<?,£,??,£) is a function explicitly given by 

f = A£ + Bp 



with 



A(q,p) = 



B(q,p) = 



: In 



2e* 

H r — — 2 1, 



p 2 + e q \ yV + e q \p + \Jp 2 + e« y i/p 2 + e« 



2e? 



:ln 



4 



- a_ - 2pe -i 



P 1 + eq V xfp 1 + " e9 \p -I- y/p 2 + e q ) y/p 2 + e « 



(16.33) 



The symplectic structure luk can also be written in the following form: 
u) K = d{dg(-£) + dp(2e~%r}) + /d/J} . 



//r 25 dynamical vector field of the Toda system , as #«;en £< 7 . (16.30) } 

then, the function f will satisfy the relation irdf = e~ q / 2 r] and this, in turn, 
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ensures that = dK . It take some algebra to check that the (1, l)-tensor 

field 

T = w k oA H} (16.34) 

is such that 



TdH =s dK , 

d(T 2 dtf) ^0. (16.35) 

f/ie tensor field T in Eq. (16.34) is not a recursion operator. 



16.3.1 Super Nijenhuis torsion 

Let us recall that one of the most relevant consequences deriving from a (not 
graded) (1 — l)-tensor field T, with a vanishing Nijenhuis torsion, is the pos- 
sibility to generate sequences of exact differential 1-forms according to 

Mt = 0 , d(TdF) - 0 =» d(T k dF) = 0 . (16.36) 

The above relation is a consequence of the identity 
X AY 1 d(T 2 a) = {X A 7T + TX A y } 1 d(Ta) - {TX A TY} JL da 

-«r(X,y)la, (16.37) 

in which a is any differential 1-form. 

Indeed, by assuming that both a and Ta are closed, Eq. (16.37) implies 
that T 2 a is closed if and only if Mt = 0? namely if and only if the Nijenhuis 
torsion of T vanishes. 

Let us analyze now the graded situation. Suppose T is a graded (1,1)- 
tensor field that is homogeneous of parity p(T). Then, if a is any differential 
1-form, by using the definition Eq. (16.5), after some (graded) algebra, the 
analogue of Eq. (16.37) reads 

X A Y 1 d{T 2 a) = {(-l)P(T)p(y) x A TY + (-l^CHbW+pOOlrx A y} 

1 d(Ta) - (-1 )P(r)[p(X)+p(T)] rx A TY Ida 
_(_1 y( T )°n T (X,Y) la 

+ (-1)p( t )p( X) [1 - (-1 )pW}L tx (TY ± a), (16.38) 

where g Ht is defined in Eq. (16.9). 
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It is clear then, that for a (1, 1) odd tensor field a (1, 2)-tensor field 
corresponding to its super Nijenhuis torsion can be defined only when p(T) = 0. 
The same result is attained with the use of the general approach dp 0 dr = 0. 

Summing up ? we have shown that there are examples of dynamical systems 
whose dynamical vector field T admits two Hamiltonian descriptions, odd and 
even, respectively, and that the tensor field T, constructed out of the corre- 
sponding Poisson structures is not a recursion operator since it cannot generate 
new integrals of motion after the first two ones. 

We have also shown that this fact is general and that for a generic-graded 
(1, l)-tensor field T, a graded Nijenhuis torsion cannot be defined unless T is 
even. 

From the nature of the proof it seems plausible that a similar theorem 
should hold true also in infinite dimensions. 

The no go theorem we have proved in our paper does not exhausts, obvi- 
ously, the analysis of complete integrability for graded Hamiltonian systems. 
Much more attention must be paid, however, in generalizing to the graded case 
geometrical structures that play a relevant and natural role in the nongraded 
situation. 
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Appendix A 



Lagrange: A Short Biography 



Lagrange is considered one of the greatest mathematicians of the modern age 
and it is impossible, in a few pages, to quote his enormous contribution to 
mathematics and physics. Thus, we shall limit ourselves to a short biographic 
note, 

Giuseppe Luigi Lagrangia was born in Torino on January 25, 1736, and 
died in Paris on April 10, 1813, At the age of 19 he already was Professor of 
Mathematics at Artillery’s School in Torino and soon after associate founder 
of the Academy of Sciences of Torino, The first fruit of Lagrange’s works here 
was his letter, written when he was still only 19, to Euler, in which he solved 
the isoperimetrical problem, which for more than half a century, had been a 
subject of discussion. “To effect the solution he enunciated the principles of the 
calculus of variations, Euler recognized the generality of the method adopted, 
and its superiority to that used by himself; and with rare courtesy he withheld 
a paper he had previously written, which covered some of the same ground, 
in order that the young Italian might have time to complete his work, and 
claimed the undisputed invention of the new calculus”. 46 

Most of Lagrange’s early writings are to be found in the five volumes of 
Transactions of Turin Academy, usually known as the Miscellanea Taurinensia . 

The first volume contains a memoir on the theory of sound propagation. 
In this he indicates a mistake made by Newton, obtains the general differen- 
tial equation for the motion and integrates it for motion in a straight line. In 
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this volume is to be found a complete solutions of the problem of a string 
vibrating transversely. In particular, the article points out a lack of gen- 
erality in the solutions previously given by Taylor, D’Alembert, and Euler; 
arrives at the conclusion that the form of the curve at any time t is given by 
y = asinmxsinnt, and concludes with a masterly discussion of echoes , beats , 
and compound sounds . In this volume, other articles concern recurring series , 
probabilities , and calculus of variations. 

The second volume includes remarks on the theory and notation of the 
calculus of variations, already discussed in the first volume, the derivation of 
Least Action Principle as an illustration of the method, and solutions of various 
dynamical problems. 

The third volume, besides the solutions of additional dynamical problems 
by means of the calculus of variations, and some articles on the integral cal- 
culus, includes the general differential equations of motion for three bodies 
moving under their mutual attractions. 

In a word, in 1761 Lagrange stood without a rival as the foremost mathe- 
matician living. In his paper in 1764, on the libration of the moon, he explains, 
with the aid of the Principle of the Virtual Work , why the moon always turns 
to the earth the same face. Here there was already, in germ, the future gener- 
alized equations of the motion. 

“In 1766 Euler left Berlin, and Frederick the Great immediately wrote 
expressing the wish that ‘the greatest King in Europe’ to have ‘the greatest 
mathematician in Europe’ resident at his court. Lagrange accepted the offer 
and spent the next twenty years in Prussia, where he produces, not only the 
long series of memoirs published in the Berlin and Torino transactions, but his 
monumental work, the Mecanique Analytique” . 46 

Indeed, during these 20 years, Lagrange contributed one memoir per month, 
on the average, to the Academies of Berlin, Torino, and Paris. All his memoirs 
are of high scientific level. Moreover, some of them are actually treatises. 
Among the ones sent to Paris it is worth to mention the memoir on the Jovian 
system (1766), the essay on the three body problem (1772), the article on the 
secular equation of the moon (1773), and the treatise on cometary perturbation 
(1778). For all these memoirs, the Academie the Prance , who had proposed 
the subjects, awarded a prize to Lagrange. 

In 1787, after the death of Frederick, Lagrange “who had found the cli- 
mate of Berlin trying, gladly accepted the offer of Louis XVI to migrate to 
Paris. He received similar invitations from Spain and Naples”. 46 The decree 
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of October 1793, which ordered all foreigners to leave France, specially ex- 
empted him by name. He was offered the presidency of the commission for the 
reform of weights and measures and the different revolutionary governments 
loaded him with honors and distinctions. In 1795, Lagrange was appointed to a 
mathematical chair at the newly-established Ecole Normale , which enjoyed 
only a brief existence of four months, and in 1797, he was made professor at 
the $cole Polytechnique . 

In appearance Lagrange was of medium height, and slightly formed, with 
pale blue eyes and a colorless complexion. In character, he was nervous and 
timid, he detested controversy, and to avoid it willingly allowed others to take 
the credit for what he had himself done. Indeed, no inconsiderable part of the 
discoveries of his great contemporary, Laplace, consists of the application of 
the Lagrangian formulae to the facts of nature. Even the introduction of the 
momenta and of the Poisson bracket occur in the writings of Lagrange as well 
as the theory of reduction of the problem of n bodies. 




Appendix B 

Concerning the Lie Derivative 



Let us observe that from 

y- &Pq dx k __ k 

" a* 4 a*# ~ * ’ 

it follows that 

d y> dx$ dx k _ 
dt ^ cfo* 

or equivalently, 




Then, we may write 

y^ / d dxfr \ dx * __ y^ / d dx k \ 
dx { ) dx% “ dx { \<it dx% ) 
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A dxg dX k 
" dx i dxft 

_ A d4 dx k 

3x’ <9 iq 
3x* 

In this way, multiplying by dx J 0 /dx k and summing over k, we obtain 

^ dx 3 0 A / d Dxq \ dx k _ ^ dx J Q dX k 

A A l eft <9x* / dxn " dx k dx { ’ 

/ d &£§ \ / dx 3 0 dx k \ ^ dx 3 Q dX k 

\d£ cte* / 5 xq J “ cte* 5 Sx* 

and then 

tf ftcg _ A #4 

d£ ^x i " #x fc 
A:=l 

Therefore, 

y^(±d4\ JL _ _ - - V— — 
y dt dx l J Qxq j~ dx l Lt dx k dx ] 0 j“ dx l 9x fc 




Appendix C 

Concerning the Kepler Action Variables 



The two closed curves of integration in the integrals 



< 



= 



2n 





Jr 



-rJ- 



dr\ 2mE + 



2m k 



are fixed by requiring the vanishing of the corresponding velocities or, better, 
of the corresponding momenta p # and p r expressed, of course, in terms of 
variables 7 v# and In this way, the integration limits are fixed by 



( 



< 



o 9 

Pd = K 



sin 2 



- 0 , 



s 2m£ + _ 4 = o. 

r H 



Therefore, the integration must be performed between the limits $1 
and $2 given by the solutions of 



si n 2 ?? 



7r; 



2 ~ cos a , 



where Eq. (4.25) has been used. Since J itself always lies between 0 and 7 r, 
where sin?? > 0, we have sin??x = sin ??2 = cos a. Thus, the integration goes 
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from $1 = 7r/2 — a to rc/2 to $ 2 = ^r/2 -fa and again back to $ 1 ; the sin$ goes 
from cos a to 1, then to cos a. In this way, we obtain 



j 4 tc<, [ ' 1 r~ 2 — 

J# = — V sin 2 a - 

2tT Jn/2-a s ™ti 
2 tTi? . 2 /” f//2 cos 2 r 

= sin a / o 2 — » 

7r Jo 1 — sin a sin r 



cos 2 



with r defined by 



cos d = sin a sin r . 



Therefore, with # = tan r, we have 

r+oo 



a* 



dx o 

— cos^ a 

-f 



da; 



1 +r 2 cos 2 a 



-“Hi 

2 7T# /7T 7 T \ 

= ( - - - c° s a ) 

7T \ 2 2 / 

= 7r,?(l — cos a) , 

and then, by using again Eq. (4,25), 

J $ 7Tt 9 7Tyj> , 

The “r” integration requires the application of the method of residues. 
The roots r\ and r 2 of the equation 

_ 2 mk 7r? 

2 mE H f=0 

r 

are positive if E < 0 and correspond to the radii of turning points. 

In the complex z plane, the function 



./ , L ~ 2 mk 7rT 

f(z) = ^2mE+ — -^§ 



has two branch points at 



Z± 2 E 






l±\l + 



2t tJE 
m k 2 
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and a simple pole at z = 0, so that 

J r = i(R(z = 0) + ll(z = -poo)) . 

Since Tl(z = 0} = and '^ z ~ + 00 ) " rnk/y/2mE, we finally obtain 

mk 




Appendix D 



Concerning the Reduced 
Phase Space 



In order to prove the relation 

(Adg£)M (p) = (p)(£m i^g - 1 (p))) > 

we start by observing that 

{AdgOMiv) = -^$(e tAd ’’*,p)\t=o 

= ^{9^ ■ 9~\p)\t=o 

= j t $( 9 e«,* g - t (p))\t= 0 . 

Therefore, since $ is an action 

(Ad g Z) M (j>) = j^ige'^Qg-iip) | t=0 

= |^o$(e‘«,V(P))lt=o 

= (p) (£m (^g~ l (p))) 1 

so that we have 

( Ad g -i£) M (p ) — ($*- 0 **,( p )(£. m ($ p ( p ))) • 
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Appendix E 

On the Canonical Differential 1-Form 



Let M. be a differentiable manifold and T*M its cotangent bundle. The map 

r : T*M -> M , 

which associates with every differential 1-form on T q M the point q € Ad, is a 
surjective differentiable map. 

Let V aq £ T aq (T*M) be a tangent vector on the cotangent bundle at the 
point a q € T*M; the derivative 

r* : T(T*M) -4 TM 

of the natural projection r maps the vector V aq to the vector r* aq (V aq ), which 
is tangent to M at the point q. 

The map 



0 : a q £ T*M -4 6{a q ) - 0 aq £ T* q (T*M ) , 



defined by 



&a q {Va q ) — > 



(E.1) 



is called the canonical l-/orm on the cotangent bundle T*JA . 
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If the manifold M is supposed to be a Lie group G, the diagram 



T*G — >T*G 

r j | r 

G » G 

$ 

is a commutative diagram (here = L g and, for every g € G, $*_! is the 
symplectic diffeomorphism of the induced action of G on the cotangent bundle 

T*G). 

Indeed, 

T{*l- x {a h ))=T{a gh ) = gh, Va h eT*G 

and 



*g(T(a H )) = * g (h)=gh t Va h €T*G. 

The diagram 



T*G 
£t*g 



€g 



T(T*G) — * TG 

T* 



where £g and £t*g are given by 



fo : 9 e G -> fcfo) - € T„G 



and 

fr-G : a, € T'G -4 fr-aK) = ^:_ t£ (a s )| t=0 € T Qj) (T*G) , 

is a commutative diagram too. 

Of course, by using the commutative diagram (E.2), we have 



T.a„($r*G (<*/»)) = ^ r ($e-‘«( a h))|t=0 



= fa$e‘t(T(aih))\t=0 
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= ia{h) 

= iair{a h i)) ■ 

From Eq. (10.24), we have 

hi^g) = (k T -o0)( a g) - (&•*©(«*)) = <Xg(T*a 9 ($T*G(otg))) = O^gO?)) • 

Let us go back to the general case. 

It is not difficult to prove that 

f3*6 = e 

for every differential 1-form on T*M, 

0:qGM^0(q)=0 q eT g *M. (E.3) 

We start by observing that the derivative of Eq. (E.3) defines a map 

/?* : TM -> T(T*M ) , 

so that, if 

= I— 

Le, V q € T q M with an integral curve q(t) y where q(0) = q , then 

(/™)« W = ^,(/3, 9 (F 9 )) = Pq(T*f} q (P*g(V q ))) . 

On the other hand, 

r.* GMV,)) = ^0W)))lt-o = |?Wlt=o = ^ , 

so that 

(0'9) q (Vq)=0q(V q ), VVqZTqM. 

If uj — - d9 is the canonical symplectic form on T*M , we have 

= -/3*d<9 = -d/3*0 = -d/3 
for every differential 1-form /3 on T*M , 
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Concerning Rigid Body Equations 



Let us observe that given the map 

Adla :geG-> (Ad*,a)(g) = Ad* g a G Q* , a € Q* , 
its derivative, at identity, gives the map 

{AdlaUiO = j t AdUa\u * o = G £ . 

Similarly, the derivative of the map 

Adi Ad* a ■ h G G -4 Ad* h Ad* g a G a* 

is given by 

- adl(Ad* g a) . 

On the other hand, we also have 

(AdlAd* g aU(0 = = j t Ad* geH a\ t ^ 

= |Ad^ e<< a| t=0 - (Ad:a)» s ((L s ), e (0) , 

so that 

(ACa)„((L # MO)-odJ(Ai;a). 

If g = p(t) is a curve in G and a(t) — Ad a is a curve in Q* , the above 
relation is equivalent to Eq. (10.49). 
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Appendix G 

The Gelfand— Levitan— Marchenko 
Equation 



Let us consider the stationary Schrodinger equation (with h = 1, m = 1/2), on 
the real line 5ft, 

+ {k 2 - U (x))<p = 0 , (G.l) 

where the potential U ( x ) is assumed to be a fast- decreasing function at ±oo: 

lim U(x) = 0 . 

If 4>{x , k) is a solution of Eq. (G.l) with the following asymptotic behavior: 

<5 i>(x , fc) exp[z/uj:] (G.2) 

then, by parity, </>(#, — A:) is a solution of Eq. (G.l) whose asymptotic behavior 
is given by 

4>{x , - k ) x S?oo exp [~ikx ] . 

Moreover, it is not difficult to prove 14,16 that the solution 4>(x,k) can be 
expressed in the following form: 

rOO 

4>(x, k) = exp [ikx] + / A(x , y) exp [iky\dy . (G.3) 

J X 

To this end let us observe that 
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o the following theorem holds: 

Theorem 45 (Titchmarch) A necessary and sufficient condition 
for a real function F(q) E +oo) be the real limit 

F(q) = lim F(q + ib) , vqE$t 

of a function F(z) holomorphic in the upper complex plane (b > 0) 
and satisfying the condition 

/ +oo 

|r(9 +ify\dq = 0(exp[-2a£>]) , 

-OO 

is that 

i r +o ° 

<p(t) = — / F(q) exp [-iqt]dq = 0 , V t < a ; 

27T J 

• for b > 0, k ^ 0 and M(x) = srwmdy < oo, a constant C exists 
such that 



| 5 (x,fc)_l| 2 <C, (G.4) 



where 



g(x i k) =4>(x,k)exp\—ikx] . 

Indeed, by multiplying Eq. (G.l), written for ip = f{y^k)^ by sinfc(y - 
x) y we obtain 



-x) 



_d 

dy 



.~~4>(y,k) sm k(y - x) - k<f>(y,k) cosk(y - x) 

[ d v 



which, integrated between x and oo with the boundary condition ex- 
pressed by Eq. (G.l), gives 

f U {y)<fi{y, k) sin k{y - x)dy = A:) - e %kx ] , 

Jx 



or 



0(x, k) = e ik * - SinH * — U(y)<j>(y, k)dy . 
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The above equation, expressed in terms of g(x , k ) = $(ar, k) exp[— i&a;], 
reads 

A solution of the above equation is expressed by the expansion 

= ^29n(x,k), 



with 

*«<*, it) = /“ *><% , *>(*, *) - 1 . 

whose uniform convergence can be easily checked. Indeed, since y > x 
and k ~ q + ib with 6 > 0, we have 



exp(-2ifc(x - y)] - 1 


< 


i 


i 


exp[26(x - y)] 


2 ik 




2ik 


r 


2 ik 



so that, with M(a:} = f^° \U(y)\dy , 

Moreover, 

| 5n+1 (x,fc)| < — j \U(y)\\g n {y,k)\dy, 
so that from the induction hypothesis 



1 9n(%t &)| 



M n (x) 
1 * 1 " ’ 



we have 



Ifln+lC 2 -) fc)l < 




M n+1 (x) 

|fe| n+1 



Thus, 



|p(a:, fe) - 1| < exp 



M( x) 

.~w. 



- 1. 
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It follows that, for b > 0, the function 

h(x, k) = 4>{x } k) - exp[ifcz] = exp[ikx]{g(x, k) - 1] , k = q -f , 
is square integrable with respect g € since 

\h(x,k)\ = | exp[ifcx][g(®, k) - 1]| 

= exp [-6x] \g (x, fc) — 1| , 



so that 



| h(x, fc)| 2 = exp{-26a;]|^(a;, k) - 1| 2 < Cexp[-2bx] oc 0( ex P[-2ta]) * 



Therefore, 

/ +oo 

\h(x, k)\ 2 dq = 0(exp[-26x]) , 

-OO 

and we can apply Titchmarch’ theorem, to write 
1 f + °° 

A(x, y) = — h(x, k) exp [~iqy]dq = 0 , Wy<x, 

2^ J — OO 

whose inversion, for y > x, gives 

r+oo 

h(x, fc) = / A(x, y ) exp [iky]dy , y > x . 

Jx 

Prom the expression of h(x , k) and the above equation, we have Eq, (G.3), 
Thus, it has been shown that the solution 

/’OO 

<j>(x,k) = exp[ikx] + / A(x, y)exp[iky]dy (G.5) 

J X 

is analytic in the complex open upper plane defined by Qmfc > 0. Moreover, 
every solution of (G.l) can be expressed as a linear combination of 0(x, k) and 
0(x, -fc), the last being linearly independent. 

Therefore, two solutions ip(x, k) and ip(x , — k) of (G.l), having the following 
asymptotic behavior: 



k) x -^loo exp [~ikx ] , 
^(®, - k ) exp[ffca?] , 
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can be expressed as 

il>(x, k) = f3(k)(j)(x, k) + a(k)<j>(x , —k ) , 

^(rc, —A:) = f3(—k)(f)(x, —k) 4- a(— Aj)</>(x, A:) . 

The inverse relations are given by 

(f>(x, k) = k) 4- ct(k)ip(x , — fe) , 

</>(x, — A:) = /5(— A;)^^, — fc) 4- a(— A:) , 

with 

/3(A;)/?(A0 4- a(k)a(— k) = 1 ^(fc)a(fc) + a(A:)/3(— fc) = 0 , 

a(k)/3(k) + /?(— A:)a(/c) = 0 /3(k)j3(k) 4- a(— A:)a(A:) = 1 . 



(G.6) 



(G.7) 



The coefficients a(A;), /3(A;), a(/c) and f3(k) can be easily expressed in terms of 
the functions <j)(x, k) and ij)(x,k). 

Indeed, by using Eq. (G.6), the Wronskian W of 4>(x, k) and ip(x, k), 

W[<f>(x, A;), ^(x, A:)] = cf>(x , A:)-^-'0(a;, k) — i>(x, k)-^-(}){x, k ) , 

ax ax 

is related to the Wronskian W oi <f)(x,k) and <f>{x,—k) by 



W\4>(x, k),rl>(x } k)} = a{k)W[4>(x, A;), </>(z, —A:)] . 

Since the Wronskian of two solutions of the Schrodinger equation does not 
depend onx, we have 



W[<f>(x,k),<f>(x,-k)]= lim W[4>(x f k),4>(x,-k)\ 

x — >oo 

= W[e ikx ,e~ ikx ] 

= — 2 ik , 



so that 

a(/;) _ 

2 x k 

Alternatively, by using Eqs. (G.7) instead of Eq. (G.6), we obtain 

W[#r, AO, #c, A;)] = fc), ^(« f — fc)] , 



(G.8) 
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so that 



Similarly, from 



a (fc) = a(k) = - 



W\<t>{x, fc),V>( x, fc)] 
2 ik 



W{(t>{x,-k),ip(x,k)} 

= -fc), fa, fc)] = 0(-k)W[<Kx, -fc), <Hx, fc)] , 



we also obtain 

n-k) = -m = - , 

so that 



|a(fc)| 2 = l + |/?(fc)| 2 . (G.9) 

Prom the first of Eq. (G.6), we can introduce the scattering function defined 

by 

+ (G.10) 

which well describes the following physical process: 

A wave </>(x , -fc) ~ exp[-zfcx], coming from +oo on the obstacle represented 
by the potential U(x ), is partially reflected at +oo as ((3(k)/a{k))<j)(x, k) ~ 
(/?(fc)/a(fc))exp[-zfcx], and partially transmitted at — oo as (^(a, fc)/a(fc)) ~ 
(l/a(fc))exp[— ikx\. 

The ratios 

r w=W>’ m= w> 

are called the reflection coefficient and the transmission coefficient , respec- 
tively. They, owing to Eq. (G.9), satisfy the relation 

|i?(fc)| 2 + |T(fc)| 2 = l. 

Moreover, R(k), a(fc) and (3(h) are analytic in the complex open upper 
plane > 0. 
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By multiplying both sides of Eq. (G.1G) by exp[i&y] and integrating over k 
from — oo to -foe, we write 

f + "T ^- e iky dk = / + °° <f>(x, —k)e iky dk + f + °° R(k)<f>(x, k)e iky dk . 

J —oo Oi\k) J— oo J -oo 

( 0 . 11 ) 

Let us evaluate the two sides, henceforth denoted by D and B , separately. 

By using Eq. (G.5), that is 



A OO 

±k) = exp[dbi^a?] -f J A(x> y) exp [±iky)dy , 
Jx 



we 



have* 



/ -f-OO A-t-OO 

</>{x,-k)e iky dk = / e ik ^~ x Uk 
-OO J —oo 

AOO / A+OO \ 

+ J dz(A(x,z)J e^v-^dk) 

fO° / A + OO \ 

= J dz^A(x,z) j e^-^dkj 



2nA(x,y) , 



Therefore, 



where 



/ T-OO 

R(k)e ik ^ y ^dk 

-OO 

AOO / A + OO \ 

+ J dz^A{x,z)J R(k)e ikl - z+y Uk\ 

= 27r|yl(a;,y) + F c (2; + i/)4- J A(x,z)F c (z + y)dz^ , 

1 /+oo 

Fc(x) = - J R(k)e ikx dk 



is the Fourier transform of the reflection coefficient. 



t We observe that A(x, y) is defined only for y > x and that in this case we have S(x±y) • 
(l/2?r) dfc exp[ifc(x ± y)] = 0. 
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In order for evaluate the integral on the left-hand side of Eq. (G.ll), 



>-l 

let us observe that a(k) is an analytic function in the complex open upper 
plane Smfc > 0, where it has simple zeroes corresponding to bound states. 
Indeed, if a(k) vanishes at the point k 0y then 



W[4>(x, k 0 ), ip(x, A 0 )] = 0 , 



so that <f>(x,ko) and ip(x, ko) are linearly dependent. Therefore, we obtain 

iP(x,ko)=f3(k 0 )<Kx,ko). (G.12) 



On the other hand, the solution <f>{x , k) decreases exponentially for x — > oo 
as well as ip(x y k) when x — > — oo, since Qmk > 0, so that we can conclude that 
ko) and 0(#, ko) are the wave functions of a bound states if Qmko > 0. 
Since, 18 rea ^ will be purely imaginary ko = i\o- 
In order to show that ko is a simple zero, let us introduce, for the sake of 
simplicity, the notation 



0 = 0(x,fc), 0 =0(x,fc), 



d(fc) — 



da(k) 
dk * 





and let us consider the Schrodinger equations for <j> and 0: 



(j> n + k 2 (j> = U4 > , 0" 4- fc 2 0 = 170 . 



By taking the derivative, with respect to fc, of the second equation, we have 

0" + fe 2 0 = t/0 - 2fc0 . 

The difference between the first Schrodinger equation multiplied by 0 and the 
above equation multiplied by 0, gives 

0"0 - 0"0 = 2 fe00 , 



W[0,0]=2fc00, 



or equivalently, 
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so that 



-W[4>A] I 



-i: 



2 k / <jnj>dx , 



(G.13) 



where l is an arbitrary parameter. 

With the same procedure we also have 



-W[4>, ij) 



2k 



/ (j>%l>dx . 
Jx 



On the other hand, by using Eq, (G.8), we can write 

d 



dk 



(2 ika) = 2 ia(k) + 2ika(k) = — W{<j>, ip] — W\<j>, ip] 



(G.14) 



(G.15) 



Let us now observe that 

# the above equation does not depend on x; 

* for k — fc 0 , both (j> and ^ vanish; 

• both Wfytip] and W[<f>, *ip\ vanish at x = ±1 — ► ±oo. 

Therefore, in such limits, by adding Eqs. (G.13) and (G.14), Eq. (G.15) 
gives 

/ +oo r+oo 

<j)(x , fco)^(ar, ko)dx — 2kofi(ko) I <£ 2 (ir, ko)dx ^ 0 , 

-oo J — oo 

(G.16) 

where Eq. (G.12) has been used. 

The above equation shows that k$ is a simple zero of a(k ). 

Let us continue the calculation of the integral D, by applying the residues 
method according to which 



f 71 

I f(z)dz = 2?ri TZ(zj) 

JdV 



i 

for every domain dV completely belonging to the field of the analyticity of the 
function (/> and containing a finite number of singular isolated points z&. 

For our purpose, let us choose the half-circle, with an infinite radius, con- 
tained in the upper plane, Qmk > 0, 

For an infinite radius of the half-circle, the factors of the type exp[ik(y±x)} ) 
with y > x, give rise to a vanishing contribution from the integral along the 
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boundary. Therefore, the only contribution to the integral comes from the 
integral along the real k axis; that is, from D. Thus, 

n 

D = 27ri'%2'%( i Xj) , 

j = 1 



where the correspond to the bound states; i.e, a(ixj) = 0* 
On the other hand, 



) — • 



lim (k - iXj) 



a(k) 



e iky 



= e lim 



a(k) 



— e Xiy i>(^^ixi) ten 



(* - i%j) 



k~*xi a(k) - a(ixj) 



= e x * y ip(x,iXj) 



( fc ~ iXi) 

k^xj a(k) - a(%Xj) 



= e x i y t}){x,iXj) 
= ixj) 




-i 







== ie Xjy< ijj{Ztixj) 



P(iXj) 



where Eq. (G.16) has been used and where the c’s are the normalization con- 
stants of the <f>'s, specified below. 

The waves functions of bound states £ {x,ixj) are given by 



^ z * ^ x , . x _ #M*i) 

C(x,iXj) = Cj<t>(x,i X j) = Cj , 

where Eq. (G.12) has been used. The c’s are the normalization constants of 
the (p's defined by 

1 = J IC( x >*Xj)| 2 da: = Cj j \(f>(x,ixj)\ 2 dx , 
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and appear in the asymptotic behavior 



Cfa'ikj) x~>oo 



of the C s. 

Thus, we have shown that 

n(ixj) = ic?e~ x > y 4>(x,iXj) ■ 



Therefore, by using for <f> the expression given by Eq, (G.5), we finally have 



D = 




p OO 

e -xj(x+y) + / A(x,z)e~x^ z+V) dz . 
J X 



By setting 



F„(x) = E c I e_X/ * 

3 



and 



F(x) = F b (x) + F b (x)^F c (x) 



1 f*°° 

2tt J _oo 



J2(*)e ifc *dJfe + £]c^rX^, 



we can write Eq. (G.ll); i.e. B — D, in the following form: 



poo 

A(x,y) + F(x + y) + A{x,z)F(z + y)dz 
Jx 



The above equation, which is an integro-differential equation of Voiterra type, 
is known as the Marchenko equation for x € 3? and as the Geljand-Levitan 
equation for x € U {0}, 

The Gel’fand-Levitan-Marchenko equation allows us to recover the inter- 
action potential U once the scattering data S = {Xj,Cj, R(k)} are given, since 
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the following relation can be proven*: 

U(x) = ~2^A(x } x) , 

In order to prove that the above relation holds, let us compute, from Eq. (G.5), 
the derivative of <f>(x , k) with respect to x. 

We have 

~~<£(x,fc) - ike ikx + f A x (x,y)e iky dy - A(x,y)\ y=ix e ikx , 

so that 

~<p{x, k) = -k 2 e ikx + A xx (x, y)e iky dy - A x (x, y) \ v=x e ik * 

- [A x {x,y)\ v=x + A v (x,y)\ y=x }e ikt - ikA(x,y)\ v=x e ikx . 

On the other hand, performing the integral in Eq. (G.5) by part twice, with 
the assumption 



lim A(x,y) 

X->00 



0 , 



we obtain 

*(»,*) - + LA(x,y)e iky \? - ~ £ A^y^dy 

= e ik * - L A (x,x)e ikx - i J~ A y (x,y)e iky dy 

= e ikx - L A ( X ,x)e ikx - ^ Ay (x,y)e iky |~ 

tit is worth recalling that A(x,y) is defined only for y > x. Thus, 

U(x) = lim (gM + MM) ) 
v-+* \ dx dy ) 

Of course, A{x , y) can be defined by continuity at y = as, and if it is differentiable at the 
point, the potential will be given by 



dx 
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1 f°° 

+ Wfj x A w( x >y) e Vd y 



i 

ik 

poo 



= e ikx - ~A(x,x)e ik * + ~A y (x, y)\ 9 ^ e ik * 



1 poo 

- ¥ j x A m (x,y)e ik Uy. 

By replacing the previous expressions of <j> and <f>*' on the left-hand side of 
Schrodinger’s equation, we obtain 

fOQ 

—2A x (x, x)e lkx + / {A xx (x, y) - A yy (x, y)]e lkv dy = U <p( x, k ) , 

Jx 

and, by using once again Eq. (G.5) on the right-hand side, also 

f°° 

-2A x (x,x)e ikx + / [A xx (x,y] - A yv (x,y)}e tkv dy 

J X 



= U 



e ikx + 



poo 

/ A(x,y)e ik Uy 
Jx 



which finally gives 



U(x) = — 2— A(x,x) , 



A xx (x,y) - A vy {x,y) - U(x)A(x,y) = 0. 
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